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Área de concentração: Economia

Orientador: Caio Ibsen Rodrigues de Al-

meida

Rio de Janeiro

2013



 
 
          Ficha catalográfica  elaborada pela Biblioteca Mario Henrique Simonsen/FGV 
 

 
 

                   Glasman, Daniela Kubudi 
                        Ensaios sobre a estrutura a termo da taxa de juros / Daniela Kubudi Glasman. –  
                   2013.  

    100 f.  
 

                        Tese (doutorado) - Fundação Getulio Vargas, Escola de Pós-Graduação em  
                   Economia.                         
                         Orientador: Caio Ibsen Rodrigues de Almeida. 
                         Inclui bibliografia. 
 

     1. Taxas de juros – Modelos matemáticos. 2. Análise de séries temporais. 3.   
Inflação. I. Almeida, Caio Ibsen Rodrigues de. II. Fundação Getulio Vargas. 
Escola de Pós- Graduação em Economia. III. Título. 

 
                                                                                    CDD – 332.8 
 

 





Agradecimentos

Agradeço,

Ao professor Caio por sua inesgotável paciência e por sua atenciosa e indispensável ori-

entação;

Ao Jose Valentim Vicente, meu co-autor, pela ajuda e inteira disponibilidade para discutir

os trabalhos;

Aos meus colegas de doutorado, pela amizade ao longo desses anos e pela disposição para
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Resumo

Esta tese é composta de três artigos que analisam a estrutura a termo das taxas de juros usando

diferentes bases de dados e modelos.

O caṕıtulo 1 propõe um modelo paramétrico de taxas de juros que permite a segmentação e

choques locais na estrutura a termo. Adotando dados do tesouro americano, duas versões desse

modelo segmentado são implementadas. Baseado em uma sequência de 142 experimentos de

previsão, os modelos propostos são comparados à benchmarks e conclúı-se que eles performam

melhor nos resultados das previsões fora da amostra, especialmente para as maturidades curtas

e para o horizonte de previsão de 12 meses.

O caṕıtulo 2 acrescenta restrições de não arbitragem ao estimar um modelo polinomial gaus-

siano dinâmico de estrutura a termo para o mercado de taxas de juros brasileiro. Esse artigo

propõe uma importante aproximação para a série temporal dos fatores de risco da estrutura a

termo, que permite a extração do prêmio de risco das taxas de juros sem a necessidade de oti-

mização de um modelo dinâmico completo. Essa metodologia tem a vantagem de ser facilmente

implementada e obtem uma boa aproximação para o prêmio de risco da estrutura a termo, que

pode ser usada em diferentes aplicações.

O caṕıtulo 3 modela a dinâmica conjunta das taxas nominais e reais usando um modelo afim

de não arbitagem com variáveis macroeconômicas para a estrutura a termo, a fim de decompor a

diferença entre as taxas nominais e reais em prêmio de risco de inflação e expectativa de inflação

no mercado americano. Uma versão sem variáveis macroeconômicas e uma versão com essas

variáveis são implementadas e os prêmios de risco de inflação obtidos são pequenos e estáveis

no peŕıodo analisado, porém possuem diferenças na comparação dos dois modelos analisados.

Palavras-chave: Estrutura a Termo das Taxas de Juros, Modelos Paramétricos, Modelos Afins,

Teoria da Preferência por Habitat, Modelo de Correção de Erros, Seleção de Modelos, Splines

Exponenciais, Choques Locais, Análise de Séries Temporais, Expectativa de Inflação.



Abstract

This thesis consists of three works that analyses the term structure of interest rates using different

datasets and models.

Chapter 1 proposes a parametric interest rate model that allows for segmentation and local

shocks in the term structure. Adopting U.S. Treasury data, two versions of this segmented model

are implemented. Based on a sequence of 142 forecasting experiments, the proposed models are

compared to established benchmarks and find that they outperform in out-of-sample forecasting

results, specially for short-term maturities and for the 12-month horizon forecast.

Chapter 2 adds no-arbitrage restrictions when estimating a dynamic gaussian polynomial

term structure model for the Brazilian interest rate market. This article propose an important

approximation of the time series of term structure risk factors, that allows to extract the risk

premium embedded in interest rate zero coupon instruments without having to run a full opti-

mization of a dynamic model. This methodology has the advantage to be easily implemented

and provides a good approximation for the term structure risk premia that can be used in many

applications.

Chapter 3 models the joint dynamic of nominal and real yields using an affine macro-finance

no-arbitrage term structure model in order to decompose the break even inflation rates into

inflation risk premiums and inflation expectations in the US market. The Yields-Only and the

Macro version of this model are implemented and the estimated inflation risk premiums obtained

are small and quite stable during the sample period, but have differences when comparing the

two versions of the model.

Keywords: Term Structure of Interest Rates, Parametric Models, Affine Models, Preferred-

Habitat Theory, Error Correction Models, Model Selection, Exponential Splines, Local Shocks,

Time Series Analysis, Inflation Expectations.
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Chapter 1

Forecasting Bond Yields with

Segmented Term Structure Models

Abstract

We propose a parametric interest rate model that allows for segmentation and local shocks in the

term structure. A class of segmented models is derived and compared to historically successful

term structure models based on a sequence of out-of-sample forecasting exercises. Empirical

results adopting U.S. Treasury data indicate that local shocks help to improve yield forecasts,

especially before the recent zero lower bound period. As an interesting additional byproduct,

we find that models with ECM dynamics consistently outperform their corresponding autore-

gressive versions.

Keywords: Preferred-Habitat Theory, Error Correction Models, Model Selection, Exponen-

tial Splines, Local Shocks.
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1.1 Introduction

There is considerable empirical evidence that Treasury bond supply and demand have important

effects on yield spreads, term structure movements, and bond risk premium.1 Those findings are

aligned with the preferred-habitat theory of the term structure, which advocates that interest

rates for each maturity may be influenced by local shocks (Culbertson, 1957 and Modigliani and

Sutch, 1966).

In this paper, motivated by the preferred-habitat theory and empirical findings mentioned

above, we build segmented models with local term structure shocks. An analysis of their out-of-

sample econometric performance based on a sequence of forecasting experiments suggests that

local shocks should indeed be considered as part of yield curve dynamics.

We are certainly not the first to include restrictions based on economic theory to improve

statistical models.2 Among others, Campbell and Thompson (2008) impose theoretically moti-

vated conditions on predictive regressions yielding better out-of-sample performance on equity

markets. Almeida, Graveline and Joslin (2011) include options on the estimation of Dynamic

Affine Term Structure Models improving the econometric identification of bond risk premia.

Also, an important strand of the empirical interest rate literature has tested how no-arbitrage

restrictions affect model forecasting ability.3

The segmented models proposed here split the original set of maturities into a group of

segments. In such model, a shock to a local factor affects maturities specific to its segment.

The model is completed by imposing smoothing conditions to the yield curve that interconnect

all local factors as part of a unique global system. For obvious reasons we will call this class of

models by Segmented-Loading term structure models or SL models, for brevity.

There are many choices to be made in terms of model specification within the class of SL

models. In particular, choosing the number of segments, the parametric functional form within

segments, and the dynamics of the latent factors, among others. In this work, we concentrate in

how the choices of parametric functional form and factor dynamics affect forecasting. We select

the functional form to be either polynomial or exponential functions. The exponential SL models

are designed with Nelson and Siegel (1987) exponential-type functions, directly generalizing the

model proposed by Diebold and Li (DL, 2006). The polynomial models adopt the Bowsher

and Meeks (BM, 2008) piecewise natural cubic spline functions. Concerning the dynamics of

the latent factors, following the vast majority of papers in term structure modeling4 we adopt

1See Krishnamurthy (2002), Longstaff F. (2004), Greenwood and Vayanos (2010, 2013), and Krishnamurthy
and Vising-Jorgensen (2012).

2See Elliott and Timmermann (2008) for a discussion on the use of economic theory in forecasting.
3While Ang and Piazessi (2003), Almeida and Vicente (2008), Favero, Niu and Sala (2012), Carriero (2011)

and Christensen, Diebold, and Rudebusch (2012) find that the imposition of no-arbitrage improves Root Mean
Squared Error forecasts (RMSE), Duffee (2011a), Joslin, Singleton and Zhou (2011), and Joslin, Le and Singleton
(2013) find that no-arbitrage is not important, at least for Gaussian models. Carriero and Giacomini (2011)
find no-arbitrage to be important when using an economic measure of accuracy. Almeida and Vicente (2008)
interestingly find that no-arbitrage helps to improve forecasting ability especially for parametric polynomial
models with stochastic volatility.

4Note that most dynamic affine term structure models are Vector autoregressive models of order one in con-
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autoregressive processes. In addition, motivated by the work of Hall, Anderson and Granger

(1992) and BM (2008) we also make use of Error Correction Models (ECM) to describe the time

evolution of the latent factors.

In our empirical section, we compare out-of-sample forecasts of two versions of the exponen-

tial SL model, and one polynomial SL model (BM) against three very successful competitors

according to the term structure literature: The Random Walk (RW), the DL model, and an

extended version of DL model that adds a fourth movement to the term structure dynamics

(Dynamic Svensson Model, DSM).5 The choice of the benchmark models is supported by a

number of previous studies in the literature of yield curve forecasts. First, we include DL and

DSM as reference models motivated respectively by the studies of DL (2006), who adopted a

parsimonious three-factor exponential term structure model that achieved Root Mean Squared

Errors (RMSE) statistically smaller than the RW, and by Almeida et al. (2009) who showed that

the DSM performs well on out-of-sample forecasting exercises with volatile yield curves.6 We

include the RW grounded on the work of Carriero, Kapetanios, and Marcellino (2012) who show

that a large number of term structure models are outperformed by the RW when forecasting

out-of-sample interest rates. Finally, we do not include arbitrage-free affine models given that

they are outperformed by the RW in forecasts of future interest rates (see Duffee, 2002).

Comparisons are based on a dataset of U.S. zero coupon Treasury yields with monthly

frequency ranging from January of 1985 to October of 2012. In a first step, we follow DL and

estimate all models imposing an autoregressive dynamics to the latent factors. In such context,

we observe that the SL models have consistently smaller RMSEs than the traditional forms of

DL and DSM models. In addition, the two exponential SL models exhibit better out-of-sample

forecasting ability than the BM model. These findings indicate that segmentation may help in

capturing some of the dynamics of the yield curve.

Motivated by the initial good performance of the SL models and by the studies of Hall,

Anderson and Granger (1992) and BM (2008), we also estimate the models by replacing the

autoregressive dynamics by an ECM dynamics. In this case, with an exception of the 1-month

forecasting horizon, exponential SL models achieve better results than DL and DSM models.

Moreover, they outperform the BM model for all horizons and maturities.

For each tested model, confronting ECM versions with the respective autoregressive version,

we note that the former improves the predictive power significantly. This is an interesting

finding since most of the models adopted in term structure forecasting papers belong to the

class of autoregressive dynamics. Given that ECM appears to significantly contribute, at least

within our particular experiments and dataset, our results encourage testing ECM dynamics for

a broader set of models in future research.

We leave to the final experiment a comparison between the exponential SL models (with

tinuous time (see Singleton, 2006). Moreover, the DL model and its variations also adopt VAR dynamics (see
Diebold and Rudebusch, 2013).

5See Svensson (1994) for the static original version of the model, and Almeida et al. (2009) for a dynamic
version.

6For a list of papers that were inspired by the DL model see Diebold and Rudebusch (2013).
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ECM dynamics) and the RW. Considering an average of all out-of-sample experiments that

we perform7, the exponential SL models have much smaller RMSEs for short-maturities for all

forecasting horizons, and with mixed results that depend on the forecasting horizon for medium

and long maturities8.

In a nutshell, segmentation appears to have some important role in fixed income modeling.

In particular, our results indicate that the yield curve is affected by local shocks, at least on

its short-term segment. In addition, from an econometric perspective, we show that ECM

is an interesting alternative to capture interest rate dynamics in the U.S. market, reinforcing

and extending the results obtained by Bowsher and Meeks (2008). From a functional form

perspective, we also find that exponential models have a better out-of-sample performance than

polynomial models.9

The rest of the paper is organized as follows. Section 2 describes the theoretical model.

Section 3 presents a description of the data adopted, model estimation, and forecasting results.

Section 4 concludes. The Appendix contains technical details about the model derivation.

1.2 Segmented Loading Model

Our model builds on the work of BM (2008), who define the yield curve as a piecewise polynomial

function plus an error term. Letting [Tm, TM ] be the interval for maturities of the yields, consider

the following partition fixed over time:

φ = {Tm = x0 < x1 < ... < xk = TM}, (1)

where the xi’s are denominated knots of the model. The yield with maturity x ∈ [Tm, TM ] at

time t will be expressed by:

yt(x) =
k∑
i=1

f it (x)χ(Ai), (2)

where χ(Ai) is the indicator function of set Ai which is defined by:

Ai =
{
{x |xi−1 ≤ x ≤ xi }, i = 1, ..., k

}
(3)

7A second contribution is to design a set of forecasting experiments to compare models in a robust way. We
work with several experiments were the starting points of the in-sample (out-of-sample) windows roll from January
of 1985 (1994) to November of 1996 (2005). This allows us to obtain a large number of out-of-sample experiments
and a dynamic view on each competing model robust to data mining criticisms. For a recent formal statistical
treatment on the choice of window size and sample split in out-of-sample forecasting exercises see Hansen and
Timmermann (2011) and Rossi and Inoue (2012).

8Segmented models outperform the RW for the 12-month forecasting horizon for all maturities, and do slightly
worse than the RW for the 6-month forecasting horizon for most intermediate and long maturities.

9Cochrane and Piazzesi (2005) documented that an important component of interest rate forecasting is re-
lated to higher order movements of the yield curve. Apparently, due to the fact that exponential functions can
be represented by an infinite order polynomial, they capture more appropriately higher order movements than
polynomial functions.
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and

f it (x) = ait + bitgi(x) + cithi(x) + ditzi(x), i = 1, ..., k. (4)

The interpolation functions gi, hi and zi represent the local loadings of the yield curve within

each segment, and are also fixed over time. To ensure smoothness, we require those functions to

be of class C2 in the closure of Ai and to satisfy the splines constraints, i.e., f i−1
t and f it share

common values of derivatives of order zero (the function), one and two at each knot.

Let βt = [β1
t · · ·βkt ] = [a1

t b
1
t c

1
t d

1
t · · · akt bkt ckt dkt ]′ be the vector of parameters and Yt(τ)

and τ the m × 1 vectors of the observable yields and respective maturities. The model can be

represented in the following matrix specification:

Yt(τ) = W (τ)βt + εt(τ) s.a. R(τ)βt = 0. (5)

where W and R are m× 4k and 3k− 1× 4k, matrices, and ε is a residual term. Each line of W

defines the spline function for each specific maturity (details appear in the Appendix). Condition

R(τ)βt = 0 represents the spline restrictions guaranteeing that even though coefficients and

functional loadings may change with segments, the term structure is smooth at the domain of

maturities [Tm, TM ].

We distinguish two forms of segmentation conveniently denominated weak and strong. Under

the former, only factor local dynamics within each segment (β’s) contribute to local movements

since basis functions are the same across segments (functions gi, hi, and zi are independent of

i). It may be viewed as a reduced-form version of the equilibrium model proposed in Vayanos

and Vila (2009). Segmentation arises because although segments have the same basis functions,

factor loadings are particularly different across segments. On the other hand, under the strong

segmentation form, not only factors dynamics vary across segments but also the functional form

of the loadings, i.e., both the coefficients ai, bi, ci and di and the functions gi, hi, and zi are not

independent of i.

Since there are only equality restrictions, we are able to rewrite Equation (5) in an uncon-

strained form, reducing the dimensionality of the model from 4k to k + 1. After some algebraic

manipulations (see the Appendix), observable yields must satisfy the following equation:

Yt(τ) = Z(τ)θt + εt(τ), (6)

where the dimensions of Z and θt are m × k + 1 and k + 1× 1, respectively. Therefore, like in

BM (2008), our model can be specified in a restricted form (Equation (5)) or in an unrestricted

form (Equation (6)).

Equation (6) is valid for any pair of maturities and yields. In particular, if the yields

corresponding to the knots φ are obtained without error, then Yt(φ) = Z(φ)θt. In general,

the yields Yt(φ) are latent. However, since the matrix Z(φ) is square and invertible, there is a
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relationship between Yt(τ) and Yt(φ):

Yt(τ) = Z(τ) (Z(φ))−1 Yt(φ) + εt(τ) =⇒ Yt(τ) = Π(τ, φ)Yt(φ) + εt(τ). (7)

Thus, the latent yields can be estimated in the cross-section by OLS:

Ŷt(φ) = Z(φ)(Z(τ)′Z(τ))−1Z(τ)′Yt(τ). (8)

If we set gi(x) = x, hi(x) = x2 and zi(x) = x3 for all i in Equation (7) we have the cross-

section specification of the BM model. In this work, we propose two other versions of Equation

(7) using exponential loadings instead of polynomials. The first (NS4) builds on the Nelson and

Siegel (1987) / Svensson (1994) framework. While Nelson and Siegel (1987) has been adapted to

a dynamic context by DL (2006), Almeida et al. (2009) showed that a dynamic Svensson (1994)

model is more suitable to forecast future yields in environments with high variability of interest

rates. We build on DL (2006) and Almeida et al. (2009) suggesting the use of the following

local splines loadings:

gi(x) =
(1− e−λ1x)

λ1x
, (9)

hi(x) =
(1− e−λ1x)

λ1x
− e−λ1x, (10)

zi(x) =
(1− e−λ2x)

λ2x
− e−λ2x, ∀i, (11)

where λ1 and λ2 are constants that control the decaying speed on each exponential. The BM

and NS4 models are examples of segmentation of the yield curve in the weak form according to

the definition above.

The second version (NS4E) is also based on the Nelson and Siegel (1987) - Svensson (1994) -

DL model. However, we allow different functional forms for gi, hi, and zi within each segment.

Despite the fact that we introduce a discontinuity in the loadings at the knots, the smoothing

restrictions guarantee that the yield curve will remain smooth and continuous. Under this model,

each segment has its own dynamics and functional loadings, while smoothing constraints connect

local to global dynamics across maturities, reinforcing again the analogy with the preferred-

habitat theory. We propose the following form for the interpolation functions:

gi(x) =
(1− e−λ1Λi(x))

λ1Λi(x)
, (12)

hi(x) =
(1− e−λ1Λi(x))

λ1Λi(x)
− e−λ1Λi(x), (13)

zi(x) =
(1− e−λ2x)

λ2x
− e−λ2x, (14)

where Λi’s are functions that introduce discontinuities in the loadings at the knots, i = 1, . . . , k10.

10The choice of how to introduce a discontinuity in the loadings, and in which loadings to introduce such
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Note that the NS4 model is a special case of NS4E where Λi(x) = x for all i.

Although there are many possibilities for Λ, just as a first assessment of how strong segmen-

tation could affect forecasting, we adopt the following linear functional form in the empirical

section:

Λi(x) = x− xi−1(1− p), x ∈ Ai and p ∈ [0, 1]. (15)

It is important to observe that while the parameters λ1 and λ2 control the decay rates on

the exponential loadings, the parameter p has a different role. It controls the degree of loading

segmentation.

The SL models can be classified in two different ways: with respect to the functional form

of the loadings, there are polynomial versions (BM model) and exponential versions (NS4 and

NS4E); with respect to the loading form, models may present strong (NS4E) or weak (BM and

NS4) segmentation.

The final step of the model specification is to choose the dynamics of the latent factors. At

this point, we make use of two different approaches. First, we follow DL adopting univariate

AR(1) processes for the latent yields. Thus, the representation of the model in a state-space

form is

Yt(τ) = Π (τ, φ)Yt(φ) + εt(τ), (16)

Yt+1(φ) = c+ γYt(φ) + νt, (17)

for t = 1, 2, ... where c is a k + 1 vector and γ is a k + 1× k + 1 diagonal matrix.

In the second approach, we follow the cointegration based yield curve literature (see Hall,

Anderson and Granger, 1992, and BM, 2008) assigning an Error Correction Model (ECM) to

the dynamics of the latent yields. The representation of the model in a state-space form is

Yt(τ) = Π (τ, φ)Yt(φ) + εt(τ), (18)

∆Yt+1(φ) = α(ρ′Yt(φ)− µs) + Ψ∆Yt(φ) + νt, (19)

for t = 1, 2, . . . where α, and ρ are k+1×k matrices, Ψ is a k+1×k+1 matrix, and µs is a k+1

vector. ρ is a cointegration matrix that here is fixed such that ρ′Yt(φ)−µs is a stationary mean-

zero vector of cointegrating relations. More specifically, ρ′Yt(φ) are the k spreads between the

knot yields.11 The error terms ε and ν are such that E(εt(τ)εt(τ)′) = Σε, E(νt(τ)νt(τ)′) = Σν ,

E(εt(τ)νt) = 0. For more details on this specification we refer to BM (2008).

Both systems (16 and 17) and (18 and 19) can be estimated with the use of a Kalman

filter (BM, 2008). Alternatively, Diebold and Li (2006) suggest a simpler two-step estimation

procedure that produces very strong out-of-sample forecasting results. In addition, according to

Diebold and Rudebusch (2013) “little is lost in practice by using two-step estimation because

discontinuity is completely arbitrary. For illustration purposes we choose to segment only the slope and the first
curvature, keeping the level and the second curvature intact.

11The ith column of ρ contains -1 at the ith line, 1 at the (i+ 1)th line, and zero for all other entries.
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there is typically enough cross-sectional variation...”. By privileging simplicity, we adopt the

two-step procedure proposed by DL, by first estimating the latent yields running an OLS (see

Equations (7) and (8)), and then estimating the AR(1) in Equation (17) and the ECM in

Equation (19) to obtain the parameters {c, γ} and {α, µs,Ψ,Σε,Σν}, respectively.

1.3 Empirical Results

1.3.1 Data

We adopt a time series provided by the Federal Reserve Bank of St. Louis of monthly constant-

maturity U.S. Treasury yields starting in January 1985 ending in October 2012. Figure 1.1

presents the time evolution of those yields, with maturities of 3-, 6-, 12-, 24- 36-, 60-, 84- and

120-months. Observe that on a lower frequency (annual) the yields decline over time, but on a

monthly basis there are many periods where the yields oscillate around the same region. The

yields achieve a maximum of 11.9% at the beginning of the sample and a minimum of 0.01% at

the end, with term structures almost always having an downward sloping shape.

1.3.2 Competing Models

The goal of our exercise is to identify if SL term structure models generate better out-of-sample

forecasting results than traditional models adopted by interest rate researchers. Although we

could choose from a large pool of models, we preferred to concentrate on a small number of

well-established benchmarks.

Carriero, Kapetanios, and Marcellino (2012) showed in a recent study that a large number

of term structure models fail to outperform the RW, for most maturities, for either 1-,3-, 6-, or

12-month forecasting horizons. Moreover, the superiority of the RW is especially strong for more

recent data (2001-2008). The outperformed models include one-dimensional and multivariate

autoregressive models for yields (ARs and VARs), the Stock and Watson (2002) factor model,

forward rate models (like Fama and Bliss, 1987; Cochrane and Piazzesi, 2005), the DL model,

and to a less extent, Dynamic Affine Term Structure Models (Duffie and Kan, 1996; Duffee,

2002; Ang and Piazzesi, 2003).

Inspired by their negative results, we concentrate on comparisons of SL term structure models

with the RW, the DL model and the DSM model. We decided to keep the DL model because at

the sample analyzed by Diebold and Li (2006) it strongly outperformed the RW in out-of-sample

forecasts, especially for long forecasting horizons. We also include modified versions of DL and

DSM models in this comparison that uses an Error Correction Model (ECM) to describe latent

yields dynamics. The decision to exclude affine arbitrage-free models came from the findings

that no-arbitrage is not important for forecasting purposes at least when the models are affine

and Gaussian (see Duffee, 2011a; Joslin, Singleton and Zhou, 2011).
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1.3.3 Model Estimation

An important issue is to identify the appropriate number of latent factors that will drive term

structure dynamics. Traditionally, Litterman and Scheinkman (1991) have showed that three

factors describe more than 95% of the variability of a whole set of interest rates. Building on their

result, most term structure models adopt three or less factors to capture the dynamics of the yield

curve.12 On the other hand, Cochrane and Piazzesi (2005) identify that more than three factors

are necessary to capture future short-term rate dynamics and bond risk premia.13 Ludvigson

and Ng (2009) and Joslin, Priebsch and Singleton (2011) identify macroeconomic risks that are

not spanned by the traditional three movements of the term structure and propose models with

a larger number of latent factors.14 Duffee (2011b) implements a five-factor Gaussian affine

filtered model to monthly U.S. Treasury yields, finding a latent factor with almost no effect in

cross-sectional fitting that explains around 30% of the total variance in expected bond returns.

All those papers together suggest that it is not unreasonable to search in a range of 3 to 5

factors to determine the optimal number of latent factors in a term structure model.15 Since the

number of factors in our model directly relates to the number of term structure knots, by fixing

the number of knots we fix the number of latent factors and vice versa. In this paper, we follow

Duffee (2011b) and Joslin, Priebsch and Singleton (2011) and adopt five factors for forecasting

purposes. This will directly translate into five knots, and 16 loadings in the unrestricted form

of the model.

We use the same methodology as in BM (2008) to choose knots positions. The data from

January 1985 to January 1994 inclusive were used as training data for an in-sample model

selection stage in which the number of knots and their positions were determined. The in-

sample stage for knot selection is based on assessing the cross-sectional fit for NS4 and NS4E

models using different knots vectors. All the candidate knot vectors have extreme knots at 1

and 120 months, internal knots between 13 and 108 months, and avoid combinations in which

the distance between neighboring knots is less than 12 months. The best knot vector is the one

that minimizes the root mean square error (RMSE) of the panel of yields given by the training

data. Optimal knot positions for the NS4E are at 1, 16, 55, 108 and 120 months, and for the

NS4E model at 1, 13, 39, 108 and 120 months. These knots represent four different segments

of the term structure: two short-maturity segments, one medium-maturity segment and one

long-maturity segment.

12See, for instance, Dai and Singleton (2000), Duffee (2002) and references therein for arbitrage-free models. For
parametric exponential term structure models, see Nelson and Siegel (1987), and DL (2006) and for polynomials
models see Almeida, Duarte and Fernandes (1998).

13In particular, Cochrane and Piazzesi (2005) find that a linear combination of forward rates that has an
important component unrelated to the traditional level, slope and curvature movements, has a strong forecasting
power on expected excess returns on bonds.

14Based in the methodology proposed by Joslin, Singleton and Zhou (2011), Joslin, Priebsch and Singleton
(2011) propose five-factor Gaussian affine models, where three factors are latent and two are macroeconomic
variables that have no effect on the cross section of yields but directly affect their dynamics.

15Among other articles that work with more than three factors, we can cite the four factor arbitrage-free models
of Collin-Dufresne, Goldstein, and Jones (2009), and Joslin (2007), and some dynamic versions of the Svensson
(1994) model (see Koopman, Mallee, and van der Wel (2010), De Pooter (2007) and Almeida et al. (2009)).



19

For the exponential models, rather than estimating each decay parameter lambda we fix

both at values that will concentrate the curvature factors in important areas of maturities.

By following DL, we fix λ1 = 0.0609, making the first curvature factor loading to achieve its

maximum at 30 months, directly relating to a medium-term factor. Following Almeida et al.

(2009), we decided to fix λ2 at a higher value to make the second curvature term to achieve a

maximum at the short end of the yield curve. In fact, Almeida et al. (2009), adopt a Svensson

dynamic model and estimate the two decay parameters (lambdas) that minimize in-sample

RMSEs. They find that a second curvature factor controlling short-term movements is very

important in out-of-sample forecasting exercises. Here, we repeat this procedure with training

period from January 1985 to January 1994. However, we set the first decay factor at λ1 = 0.0609

and minimize the in-sample RMSE varying only λ2. We find a optimal value of λ2 = 0.24 which

makes the second curvature to achieve its maximum around 7 months, becoming responsible for

driving short-term movements before spline restrictions. We will see that this short-maturity

peek for the second curvature factor will generate important short-term movements after the

spline smoothing restrictions are imposed.

For the NS4E model, we have to either estimate or fix the parameter p from Equation (15)

that allows for differences in the decaying structure of the exponential functions. Note that

p = 0 corresponds to maximum loading segmentation and for p = 1 the model becomes the NS4

model, with no loading segmentation. For simplicity, we have arbitrarily decided for a moderate

level of segmentation by choosing p = 0.5. However, before proceding, we verified if different

levels of loading segmentation imply much difference in in-sample forecasting results. A grid of

values for p, ranging from 0 to 0.95 with increments of 0.05 was adopted. For values of p close

to 0.95, the NS4E model produces slightly worse forecasts than for p = 0.5. For values of p

close to 0 results are mixed. For instance, while the NS4E(p = 0) produces better long-horizon

forecasts than NS4E(p = 0.5) with a decrease of 2 to 3% on the average (across experiments)

RMSEs, it produces worse results for short-horizon forecasts with an increase of 1% on the

average RMSEs. Apparently a strong degree of loading segmentation behaves slightly better

but we keep the moderate segmentation in our analysis.16

Figure 1.2 shows the unrestricted loadings for the BM, NS4 and NS4E models, before the

transformation that imposes the smoothing restrictions to the term structure at each knot.

Vertical black lines indicate the positions of knots. Note that each of the three models contains

a set of four loading functions within each segment. For the BM and NS4 models, we keep the

loading functions equal across the segments. Then, the sixteen loadings that appear considering

all segments are equivalent to four unrestricted loadings for the whole set of maturities, exactly

as in traditional term structure models. The difference lies on the yield curve response to shocks

in the loadings: On the BM and NS4 models the response is dependent on the segment, while

in traditional models the response depends on the whole set of maturities. On the other hand,

NS4E model presents unrestricted discontinuous loadings (for the slope and first curvature)

implying that the responses to shocks are not only dependent on the particular segments of the

16Results for different values of p are available upon request.
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term structure, but also may affect the segments with different intensities.

Figure 1.3 shows the restricted loadings. Now instead of having sixteen (4k) loadings we

will have only five (k + 1). First, note that all models present level (in red) with loadings very

similar to a traditional level factor in the spirit of Litterman and Scheinkman (1991). The same

can be said for the slope factor of the BM and NS4 models (in cyan). On the other hand, slope

for the NS4E model (in magenta) is non-linear being almost constant for long maturities, what

already makes it different from the other two models and from traditional models in general.

Each model in Figure 1.3 presents a set of traditional factors (as in Litterman and Scheinkman,

1991) and one of local factors. Local factors, in this paper, are those that after a certain range

of maturities present a fast decay to zero, and stay at zero for all other maturities. This is the

case of the blue and green factors for BM, NS4 and NS4E, and of the cyan factor for the NS4E

model. These local loadings are important only for certain sub-sets of maturities. We believe

that part of the differences in the ability of models in forecasting future yields will come from

the existence of local factors, and from the differences across these local factors. They will help

to capture additional yield dynamics that is not identified by traditional non-segmented factor

models.

In this context, the most interesting differences between the three SL models come from these

local factors. Under the exponential models, both factors (blue and green) have a faster decay,

specially the green factor. This fast decay is related to the role that the second curvature factor

plays at the short-end of the yield curve before imposing spline smoothing restrictions. While the

green factor achieves zero for a maturity of 60 months under the BM model, it achieves zero for

a maturity around 45 months, under the exponential models. For the NS4E model, as observed

before, there are three local factors (blue, green and cyan) and only two traditional factors

(level and curvature). We will see in the forecasting exercise that this third factor contributes

for forecasts at the short-end of the yield curve stronger than those obtained by the two other

SL models (see Table 1.2).

1.3.4 Forecasting Exercise

When evaluating the econometric performance of interest rate models, researchers work in gen-

eral with a unique out-of-sample window, sometimes considering a small number of subsamples

for robustness purposes.17 Alternatively, in this paper, we compare models based on a set of

multiple in-sample and out-of-sample windows, providing results less subject to data mining

issues.

Although we propose the use of multiple out-of-sample windows, we still have to choose

between two usual approachs adopted in comparisons of out-of-sample forecasts: Rolling-window

versus recursive method (see MacCracken, 2007). The rolling-window method performs model

re-estimation with a fixed-size window, while the recursive method re-estimates models with

cumulative data. Giacomini and White (2006) show that the rolling-window method produces

17Papers that adopt subsample robustness tests include De Pooter (2007), Jungbaker, Koopman and van der
Wel (2013), Koopman and van der Wel (2013).
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substantial forecasting accuracy gains relative to the recursive method, for important economic

time series and a number of forecasting models. Therefore, based on their results we adopt the

rolling-window method for each of the 142 out-of-sample experiments in our dataset.

In a recent paper, Hansen and Timmermann (2011) observe how it is important to control

for the split point of a dataset into estimation and evaluation periods in out-of-sample evaluation

tests, and propose a test statistic robust to mining over the start of the out-of-sample period.

On a related issue, Rossi and Inoue (2012) propose a robust approach to data snooping across

the length of the estimation window, in rolling-window forecasting evaluations.18 In this paper,

we do not examine variations of window-size nor mining over the sample split. Instead, we

vary the datasets creating different experiments but keeping both window-size and sample split

constants, with in-sample window-size equal to 108− h+ 1 months (h, forecasting horizon) and

out-of-sample window-size equal to 84 months, keeping the numbers proposed by DL (2006).

An experiment consists of a sequence of 84 out-of-sample monthly forecasts constructed with

the rolling-window method. For each experiment, and each forecasting horizon, we define the

Root Mean Square Error (RMSE) of the m-maturity yield by:

RMSE(TE , h,m) =

∑84
i=1

(
Ŷ h
TE−84+i(m)− YTE−84+i(m)

)2

84
, (20)

where TE is the last prediction date and ŶTE−84+i(m)−YTE−84+i(m) is the prediction error, since

ŶTE−84+i(m) = ETE−84+i−h (YTE−84+i(m)) is the model expected value for the m-maturity yield.

To calculate this expected value, the model is estimated based on data between TE−192+ i and

TE − 84 + i (in-sample period). For example, suppose TE = January 2001 and h = 6. In this

experiment, the first prediction is done for February 1994, with an in-sample period from August

1984 to August 1993. Similarly, the eighty-fourth (last) prediction is done for January 2001 with

an in-sample period from July 1991 to July 2000. The set of all 142 different experiments is

obtained by changing TE monthly between December of 2000 and October 201219.

Figure 1.4 presents the dynamics of the RMSE for the RW along the 142 experiments based

on different out-of-sample datasets.20 For each experiment, the element in the x-axis is TE , and

the value in the y-axis corresponds to the average of the 84 out-of-sample squared prediction

errors (see Equation (20)). Note that the RMSEs for the 1-month forecasting horizon are

approximately constant through time, ranging between 18 and 27 basis points (bps) depending

on the maturity. In contrast, the RMSEs for longer forecasting horizons (6-, and 12-month)

are clearly time-varying, increasing for shorter maturities like 3-, and 12-month and strongly

18See also Pesaran and Timmermann (2005) who analyze small sample properties of autoregressive models
under the presence of breaks and offer practical recommendations regarding the length of estimation window for
such models.

19Our methodology based on the analysis of multiple datasets, although less formal from a statistical viewpoint,
is related to Giacomini and Rossi (2010). They develop statistical tests to examine the stability over time of out-
of-sample relative forecasting performance of a pair of models in the presence of an unstable environment.

20Although, some pairs of neighbor datasets (among the 142) share a large subset of observations, the farther a
pair of datasets is in time the less information they share. In particular, the first dataset shares no observations
at all with the last 12 datasets.
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decreasing for longer maturities like 60- and 120-month. For instance, for a 12-month forecasting

horizon the RMSE for the 120-month maturity starts around 109 bps ending 12 years later below

76 bps. This decrease along time in RMSE values for longer maturities makes it much more

difficult for models to beat the RW in individual experiments.

We are particularly interested in making three kinds of comparisons: Segmented models

versus traditional models (represented by DL and DSM here), segmented models versus the

RW, and exponential versus polynomial segmented models. First we estimate all models with

an AR(1) dynamics. Table 1.1 summarizes the results. In this table, we aggregate information

about the different experiments by providing on each entry (per maturity and horizon) the

average of all 142 different relative RMSEs. If an entry is lower than one, the model is better

than the RW on average. We have some conclusions. First, segmented models outperform

traditional models. Second, comparing polynomial and exponential models, clearly the latter

have lower RMSEs. Last, none of the models with autoregressive dynamics has higher predictive

ability than RW for the period analyzed.

In view of the poor performance of all models when compared to the RW and also based on

the findings of Hall, Anderson and Granger (1992), we adopt alternative ECM dynamics for the

latent yields of the segmented models. We decided to also estimate the DL and DSM benchmarks

with ECM dynamics what will later allow us to better separate the role of segmentation from the

role of ECM dynamics in our analysis. We end up with five competitors to be compared with SL

models: DL with AR(1), DL with ECM, DSM with AR(1), DSM with ECM and RW. Figures

1.5, 1.6 and 1.7 present the time series of RMSEs (relative to the RW) for 1-, 6-, and 12-month

forecasting horizons and selected maturities. In addition, Table 1.2 contain similar information

to Table 1.1, but with all models estimated using an ECM process. Observing the pictures and

Table 1.2 we are able to extract important information relative to the performance of each term

structure model under analysis. First, the ECM dynamics provides a clear improvement over

AR(1). RMSEs are much smaller under ECM dynamics, for all models for the vast majority of

maturities and forecasting-horizons.

For short-maturities like 3- and 6-month, the DL, DSM, the polynomial model (BM) and the

exponential SL models with ECM dynamics all have an impressive performance when compared

to the RW, for all forecasting horizons. The second version of the exponencial SL model has a

slighty better performance than the other models, having the lower average RMSE for 6- and

12-month horizons. For these forecasting horizons, in more than 78% of the experiments, the

RMSE is smaller than one, achieving values like 0.7, i.e., 30% smaller than the one obtained by

the RW.

For the 12-month maturity, only the exponential SL models keep the good performance, for

all forecasting horizons, when compared to the RW. In special, for the 1-month forecasting-

horizon, in 140 out of 142 different experiments, the relative RMSE of the second version of SL

exponential model (NS4E) is smaller than one (see Figure 1.5).

The strongest performance of the SL models in forecasting short-maturity yields appears

to come from the local factors driving specifically short-maturities (see Figure 1.3) that do not
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exist in traditional term structure models. Those findings are in line with the existence of

local-maturity shocks driving term structure models as suggested by Vayanos and Vila (2009).

For longer maturities (24-, 36-, 60-, 84-, 120-month), all models behave similarly for the 1-

month forecasting horizon. Figure 1.5 shows that all the time series of relative RMSEs oscillate

around one, with more favorable results for the RW towards the most recent experiments.

Still considering longer maturities but now the 6-month forecasting horizon, the RW outper-

forms (on average) all analyzed models (see Table 1.2). However, it is interesting to note that

apart from the RW, the NS4E model presents the smallest RMSE across models. Now, by look-

ing at Figure 1.6, we observe a deterioration of model results with respect to the RW specially

after the end of 2007. This may be due to a change in the behavior of the U.S. yield curve that

was not directly identified by any of the models analyzed here. Such change is due to the zero

lower bound constraints for interest rates achieved in the period 2008-2012. In fact, analyzing

Japanese yields Kim and Singleton (2013) identify that during a zero lower bound period, inter-

est rates have a very different behavior from regular periods. In general, they present smaller

volatilities but with still substantial fluctuation of longer-term yields, and have market prices of

risk and yield volatilities more positively correlated across short and intermediate maturities.

When considering the 12-month forecasting horizon, the second version of SL model (NS4E)

strongly outperform the RW, on the average experiment. The average RMSEs are around 5%

smaller for longer maturities and the RMSE in some experiments is more than 20% smaller than

the corresponding RMSE obtained by the RW. By observing Figure 1.7, we note that, for the

12-month horizon and longer maturities, the SL models have smaller RMSEs than RW in at

least 60% of the experiments. The DL ECM model, for example, behaves better than the RW

benchmark in less than 35% of the experiments. Again, results are worse for all models (with

respect to the RW) during the zero lower bound period.

We also note that the exponential SL models have lower RMSEs than the polynomial model

(BM). For all forecasting horizons and maturities, the mean relative RMSE of the BM model is

equal or higher than the mean relative RMSE of NS4E exponential version. This is also true for

the NS4 exponencial version for 6-month and 12-month horizons (see Table 1.2). In particular

RMSEs of exponential models for a 12-month forecasting horizon are more than 10% smaller

for longer maturities and get up to 6% smaller for short maturities, when compared to the

polynomial model (BM) results. Given that very recent papers explore the structure of factor

models with polynomial splines (see BM, 2008, Jungbaker, Koopman and van der Wel, 2013,

and Koopman and van der Wel, 2013), our novel results suggest that exponential spline models

should be further explored in forecasting problems.

Table 1.3 analyzes the statistical significance of individual experiment results. Each individ-

ual forecasting experiment adopts a Diebold and Mariano (1995) test with quadratic loss and a

5% significance level. Candidate models (DL, DL ECM, DSM, DSM ECM, BM, NS4, or NS4E)

are tested against the RW. The first number in each entry of the table provides the percentage

of experiments were the candidate model achieves statistically significant smaller RMSE than

the RW. The second number on the same entry represents the percentage of experiments were
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the RW achieves statistically significant smaller RMSE than the candidate model. Of course,

100 minus the sum of those two numbers gives the percentage of experiments were there is a

statistical tie between RW and candidate model.

This table corroborates the findings based on the average experiment, also revealing some

interesting additional information. It shows, for instance, that the exponential SL models are

stronger than the RW in a robust way. In particular, the NS4 and NS4E models together

present RMSE statistically smaller than the RW according to the Diebold and Mariano test in

23 entries from a total of 48 entries. On the other hand the RW is statistically better on only 12

entries, with 10 ties. Moreover, the percent of experiments in which the SL models are better

is in general much higher than the corresponding cases where the RW is better. For instance,

the best result for the RW is when it is statistically better than the NS4 model in 25% of the

experiments for the 120-month maturity and 12-month forecasting horizon. On a comparative

basis the NS4E model is statistically better than the RW in more than 39% of the experiments

for at least three entries of the table.

Finally, Table 1.4 presents Diebold and Mariano (1995) test results for individual experiments

of SL models against a Dynamic Svensson model with ECM dynamics (DSM ECM). The aim of

this test is to show that the superior forecasting performance of exponential SL models for the

12-month horizon is neither due to the presence of the fourth factor in term structure dynamics

nor due to the Error Correction Model (ECM) applied to describe yield dynamics. Results

show that both the NS4 and NS4E models strongly outperform the DSM ECM model for the

12-month forecasting horizon for all maturities, suggesting again the importance of allowing for

local term structure factors in term structure models.

1.4 Conclusion

Motivated by recent empirical studies that evidence the preferred-habitat theory of the term

structure, we propose a family of segmented term structure models with local movements to

forecast future yields. Based on a series of 142 different out-of-sample experiments with U.S.

Treasury yields, we identify that the segmented models produce significantly smaller RMSEs

than the Random Walk for short-term maturities and long-term forecasting horizons. We show

that exponential segmented models provide better forecasting results than polynomial segmented

models, Diebold and Li (2006), and Dynamic Svensson models. Also, as a byproduct of our

analysis, we find that for all models included in our study (Diebold and Li, Dynamics Svensson,

Bowsher and Meeks, and two types of segmented models), ECM dynamics provides clearly

better out-of-sample forecasting results when compared to forecasting results obtained with

corresponding autoregressive dynamics. We leave for future research analyzing a larger number

of loading functional forms and variations on the kind of segmentation when testing for the

effects of segmentation on forecasting ability.
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1.6 Appendix

In this Appendix, we describe the construction of matrices W and R of Equation (5), and Z of

Equation (6). In order to simplify the notation, we drop the time index t.

The splines restrictions can be written as

f i(xi) = Y (xi), i = 0, 1, ..., k (21)

and

f i(xi) = f i+1(xi), i = 1, ..., k − 1 (22)

f i
′
(xi) = f i+1′(xi), i = 1, ..., k − 1 (23)

f i
′′
(xi) = f i+1′′(xi), i = 1, ..., k − 1. (24)

The first set of restrictions (Equation (21)) states that f(x) must pass exactly at the latent yields

when the maturities are the knots. The second set (Equations (22), (23) and (24)) guarantees

continuity and smoothness at the knots.

Note that the system (21), (22), (23) and (24) has 4k − 2 equations and 4k variables β =

[a1 b1 c1 d1 · · · ak bk ck dk]′. So, it is necessary to impose two additional restrictions to have

only one solution. One of the ways suggested by the literature is to impose that the second

derivatives of f(x) are set equal to zero at the endpoints of the interval [0, T ],

f1′′(x0) = 0 (25)

fk
′′
(xk) = 0, (26)

Let us define the following vector functions

Xi
1(x) =

[
1 gi(x) hi(x) zi(x)

]
(27)

Xi
2(x) =

[
0 g′i(x) h′i(x) z′i(x)

]
(28)

Xi
3(x) =

[
0 g′′i (x) h′′i (x) z′′i (x)

]
. (29)
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Then the R matrix is given by:

R =



X1
1 (x1) −X2

1 (x1) 01×4 ... 01×4 01×4 01×4

01×4 X2
1 (x2) −X3

1 (x2) ... 01×4 01×4 01×4

...
...

...
. . .

...
...

...

01×4 01×4 01×4 ... 01×4 Xk−1
1 (xk−1) −Xk

1 (xk−1)

X1
2 (x1) −X2

2 (x1) 01×4 ... 01×4 01×4 01×4

...
...

...
. . .

...
...

...

01×4 01×4 01×4 ... 01×4 Xk−1
2 (xk−1) −Xk

2 (xk−1)

X1
3 (x1) −X2

3 (x1) 01×4 ... 01×4 01×4 01×4

...
...

...
. . .

...
...

...

01×4 01×4 01×4 ... 01×4 Xk−1
3 (xk−1) −Xk

3 (xk−1)

X1
3 (x0) 01×4 01×4 ... 01×4 01×4 01×4

01×4 01×4 01×4 ... 01×4 01×4 Xk
3 (xk)



. (30)

The latent yields are measured without error, that is,

Y (φ) = W (φ)β, s.t. Rβ = 0, (31)

where the W (φ) matrix has the following form,

X1
1 (x0) 01×4 · · · 01×4 01×4

X1
1 (x1) 01×4 · · · 01×4 01×4

01×4 X2
1 (x2) · · · 01×4 01×4

...
...

. . . Xk−1
1 (xk−1) 01×4

01×4 01×4 · · · 01×4 Xk
1 (xk)


.

Note that the form of matrix W allows one to have different factor loadings defined by Xi
1(·)

within each segment.

In contrast, the observed yields are measured with noises:

Y (τ) = W (τ)β + ε s.t. Rβ = 0. (32)

For each (yj , tj) ∈ Y (τ)× τ , ∃i such that tj ∈ Ai. The j-th row of W (τ) is given by21

W (τ)(j, :) =
[

01×4 · · · 01×4 Xi
1(τj) 01×4 · · · 01×4

]
.

For instance, let Y (τ) = {y1, y2, y3} be a set of yields with respective maturities τ =

{t1, t2, t3} where

21Assuming m− 1 > i(tj) > 2
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0 < t1 < x1

xi−1 < t2 < xi

xk−1 < t3 < xk

then

W (τ) =


X1

1 (t1) 01×4 · · · 01×4 01×4 01×4 · · · 01×4

01×4 01×4 · · · 01×4 Xi
1(t2) 01×4 · · · 01×4

01×4 01×4 · · · 01×4 01×4 01×4 · · · Xk
1 (t3)

 .
The dimension of the restriction matrix R is 3k − 1 × 4k. By construction, all rows are

linearly independents, hence the rank of R is equal to 3k − 1. Thus, it is possible to partition

the R matrix into two submatrix: a squared full-rank matrix R1 with dimension 3k − 1, and

the complement matrix R2 with dimension 3(k − 1) × k + 1. The system of restrictions can be

written as:

R1θ̂ +R2θ = 0,

where R = [R1 R2] and β = [θ̂ θ]. Using the fact that R1 is invertible, we solve for θ̂:

θ̂ = −R−1
1 R2θ. (33)

Reorganizing the measurement equation we have:

Y (τ) = W1(τ)θ +W2(τ)θ̂ + ε(τ).

Then the measurement equation with the restrictions included becomes:

Y (τ) = Z(τ)θ + ε(τ),

where Z(τ) is the restricted loading matrix given by:

Z(τ) = (W1(τ)−W2(τ)R−1
1 R2). (34)
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Horizon
(in months) RW DL DSM BM AR NS4 AR NS4E AR

3-month yield
1 22.05 1.105 1.053 1.012** 1.024 0.995*
6 89.48 1.113 1.120 1.046 1.007* 1.032**
12 156.63 1.063** 1.068 1.100 1.045* 1.077

6-month yield
1 21.53 1.043 1.080 1.040 1.002* 1.021**
6 90.06 1.112 1.139 1.054 0.981* 1.036**
12 157.02 1.065** 1.082 1.105 1.014* 1.088

12-month yield
1 21.78 1.033 1.061 1.017 0.997* 1.009**
6 85.93 1.143 1.172 1.075 1.011* 1.065**
12 146.63 1.110** 1.126 1.153 1.066* 1.147

24-month yield
1 24.33 1.056 1.060 1.022 1.012** 1.008*
6 84.49 1.135 1.152 1.065 1.011* 1.076**
12 134.97 1.141** 1.146 1.180 1.031* 1.195

36-month yield
1 25.43 1.069 1.040 1.014* 1.034 1.019**
6 81.96 1.130 1.138 1.072** 1.016* 1.094
12 123.65 1.171 1.170** 1.202 1.076* 1.226

60-month yield
1 25.16 1.046 1.022 1.010** 1.007* 1.014
6 74.19 1.108 1.110 1.096** 1.076* 1.099
12 104.27 1.197 1.196** 1.233 1.195* 1.238

84-month yield
1 24.13 1.042 1.040 1.016* 1.021** 1.029
6 67.69 1.085 1.089 1.111 1.065* 1.075**
12 92.17 1.189** 1.190 1.269 1.178* 1.213

120-month yield
1 23.11 1.019 1.019 1.009* 1.013** 1.015
6 60.54 1.088** 1.095 1.086* 1.095 1.100
12 79.96 1.219* 1.228** 1.234 1.249 1.254

Table 1.1: RMSE Mean - AR dynamics.
This table presents the mean over TE of the relative RMSE with respect to the RW for Diebold and
Li (2006) model (DL), Svensson model (DSM), the cubic-spline model of Bowsher and Meeks (2008)
(BM), and two exponential loading models, one with fixed loadings (NS4), and the other with loadings
varying across segments (NS4E), all with AR factor dynamics. At the second column we present the
absolute RMSE of the RW model. Bold face values represent a RMSE lower than RW. An * represents
the lowest RMSE for each fixed horizon and maturity while ** represents the second lowest. The mean
is obtained over 142 different out-of-sample experiments.
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Horizon
(in months) RW DL DSM DL ECM DSM ECM BM NS4 NS4E

3-month yield
1 22.05 1.106 1.053 0.865* 0.872** 0.894 0.902 0.877
6 89.48 1.114 1.120 0.901 0.891** 0.913 0.901 0.884*
12 156.63 1.063 1.068 0.960 0.915 0.951 0.893** 0.861*

6-month yield
1 21.53 1.043 1.080 0.912 0.880* 0.931 0.901 0.897**
6 90.06 1.112 1.139 0.953 0.928** 0.960 0.929 0.920*
12 157.02 1.065 1.082 0.979 0.933 0.970 0.904** 0.876*

12-month yield
1 21.78 1.033 1.062 0.960 0.915** 0.929 0.916 0.899*
6 85.93 1.143 1.172 1.020 1.001 1.037 0.990** 0.973*
12 146.63 1.110 1.126 1.019 0.973 1.012 0.931** 0.900*

24-month yield
1 24.33 1.056 1.060 0.983* 1.005 1.024 0.997** 0.997**
6 84.49 1.135 1.152 1.059 1.056 1.113 1.047** 1.027*
12 134.97 1.141 1.146 1.042 1.005 1.058 0.962** 0.928*

36-month yield
1 25.43 1.069 1.040 0.991* 0.998** 1.031 1.038 1.003
6 81.96 1.131 1.138 1.062 1.066 1.132 1.060** 1.039*
12 123.65 1.171 1.170 1.052 1.022 1.079 0.974** 0.942*

60-month yield
1 25.16 1.046 1.022 0.994** 0.998 1.032 1.003 0.991*
6 74.19 1.108 1.110 1.048 1.055 1.121 1.038** 1.019*
12 104.27 1.197 1.196 1.053 1.031 1.094 0.976** 0.946*

84-month yield
1 24.13 1.042 1.040 1.025* 1.045** 1.053 1.049 1.055
6 67.69 1.085 1.089 1.042** 1.057 1.147 1.046 1.029*
12 92.17 1.189 1.190 1.054 1.042 1.137 0.994** 0.963*

120-month yield
1 23.11 1.019* 1.019* 1.037 1.036 1.053 1.033 1.019*
6 60.54 1.088 1.095 1.046 1.055 1.136 1.039** 1.016*
12 79.96 1.219 1.228 1.076 1.067 1.160 1.017** 0.984*

Table 1.2: RMSE Mean - ECM dynamics.
This table presents the mean over TE of the relative RMSE with respect to the RW for Diebold and Li (2006)
model (DL), Svensson model (DSM), Diebold and Li (2006) model with ECM factor dynamics (DL ECM),
Svensson model with ECM factor dynamics (DSM ECM), the cubic-spline model of Bowsher and Meeks
(2008) (BM), and two exponential loading models, one with fixed loadings (NS4), and the other with loadings
varying across segments (NS4E). At the second column we present the absolute RMSE of the RW in bps. Bold
face values represent a RMSE lower than the RW. An * represents the lowest RMSE for each fixed horizon
and maturity while ** represents the second lowest. The mean is obtained over 142 different out-of-sample
experiments.
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Horizon Model
(in months) DL DSM DL ECM DSM ECM BM NS4 NS4E

3-month yield
1 0/46 0/64 30/0 49/0 30/0 30/0 46/0
6 0/39 0/45 0/1 20/0 15/0 15/0 16/1
12 0/0 0/0 0/5 15/4 6/0 15/3 15/4

6-month yield
1 0/37 0/63 0/0 45/0 1/1 8/0 41/0
6 0/37 0/46 0/1 14/1 0/1 12/1 12/1
12 0/0 0/0 0/4 13/4 0/0 15/4 14/4

12-month yield
1 27/58 0/61 0/0 22/0 25/0 30/0 39/0
6 0/48 0/60 0/11 2/0 0/0 6/1 4/0
12 0/0 0/0 0/10 11/0 0/0 14/2 18/0

24-month yield
1 0/91 0/57 0/0 0/0 0/0 0/0 0/0
6 1/32 1/44 0/30 0/9 0/5 0/0 0/0
12 3/1 3/4 0/8 3/4 0/1 11/0 14/0

36-month yield
1 0/36 0/16 0/0 0/0 0/0 0/5 0/0
6 0/12 0/9 0/41 0/11 0/14 0/6 0/2
12 0/8 1/6 0/27 1/6 0/3 8/0 11/1

60-month yield
1 0/15 0/3 0/0 0/0 0/0 0/0 0/0
6 0/10 0/4 0/35 0/9 0/20 0/2 0/2
12 0/22 0/25 0/30 0/26 0/13 4/4 11/3

84-month yield
1 0/7 0/6 0/0 0/0 0/4 0/0 0/0
6 0/6 0/4 0/33 0/16 0/21 0/3 0/2
12 0/25 0/26 0/29 0/25 0/26 3/11 6/6

120-month yield
1 0/17 0/1 0/0 0/0 0/8 0/0 0/0
6 0/4 0/4 0/8 0/9 0/18 0/9 0/4
12 0/25 0/29 0/26 0/25 0/26 0/25 10/18

Table 1.3: Diebold and Mariano Test - RW.
This table presents the Diebold and Mariano (1995) test with a signficance of 5% using quadratic
loss for the Diebold and Li (2006) model (DL), Svensson model (DSM), Diebold and Li (2006) model
with ECM factor dynamics (DL ECM), Svensson model with ECM factor dynamics (DSM ECM), the
cubic-spline model of Bowsher and Meeks (2008) (BM), and two exponential loading models, one with
fixed loadings (NS4), and the other with loadings varying across segments (NS4E). The first number
in each cell represents the percentage of times that the model produces statistically significant better
forecasts than the RW. The second number is the percentage of times that the RW produces statistically
significant better forecasts than the model. All 142 out-of-sample experiments are considered.
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Horizon Model
(in months) NS4 NS4E

3-month yield
1 0/20 0/0
6 0/0 0/0
12 13/0 15/0

6-month yield
1 0/10 0/1
6 0/0 0/0
12 15/0 16/0

12-month yield
1 0/0 6/0
6 1/1 0/0
12 15/1 23/0

24-month yield
1 0/0 1/0
6 0/0 0/0
12 16/0 28/0

36-month yield
1 0/11 0/0
6 0/0 0/0
12 16/0 27/0

60-month yield
1 0/0 4/0
6 0/0 0/0
12 16/0 30/0

84-month yield
1 0/0 1/2
6 1/0 0/0
12 23/0 34/0

120-month yield
1 0/0 0/0
6 0/0 0/0
12 19/0 35/0

Table 1.4: Diebold and Mariano Test - DSM ECM.
This table presents the Diebold and Mariano (1995) test with a signficance of 5% using quadratic
loss for the two exponential loading models, one with fixed loadings (NS4), and the other
with loadings varying across segments (NS4E). The first number in each cell represents the
percentage of times that the model produces statistically significant better forecasts than the
DSM ECM. The second number is the percentage of times that the DSM ECM produces
statistically significant better forecasts than the model. All 142 out-of-sample experiments are
considered.
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Figure 1.1: U.S. Treasury Yields.
This figure contains time series of monthly U.S. Treasury yields from January of 1985 to October of
2012, with maturities of 3, 6, 12, 24, 36, 60, 84 and 120 months.
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Figure 1.2: Unrestricted Loadings.
This picture presents the original loadings before smoothing transformation, for the Segmented Loading
models (BM, NS4 and NS4E). The BM model is implemented via a natural cubic splines, the NS4 model
with fixed exponential loadings, and the NS4E model uses exponential loadings with different functional
forms across segments. BM and NS4 models have the same set of knots (1, 16, 55, 108, 120 months)
and NS4E model has the following set of knots 1, 13, 39, 108, 120 months. Within each pair of knots
(separated by black vertical lines) there is a total of four basis functions representing loadings.
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Figure 1.3: Restricted Loadings.
This picture presents loadings after smoothing transformation, for the Segmented Loading models (BM,
NS4 and NS4E). The BM model is implemented via a natural cubic splines, the NS4 model with fixed
exponential loadings, and the NS4E model uses exponential loadings with different functional forms
across segments. BM and NS4 models have the same set of knots (1, 16, 55, 108, 120 months) and NS4E
model has the following set of knots 1, 13, 39, 108, 120 months.
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Figure 1.4: RMSE of random walk.
This picture presents the RMSE of random walk for all experiments. Each experiment is defined by
the month at which the last prediction is done (TE). TE varies on a monthly basis between December
2000 and October 2012.
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Figure 1.5: Time Series of RMSE for 1-month forecasting horizon.
This picture presents the mean of the RMSE relative to the RW for the 1-month forecasting horizon
for the models studied in this paper. This mean is computed for each experiment which is defined
by the date for which the last prediction is done (represented in the graphs above by the x-axis).
An experiment consists of a sequence of forecasts constructed such that when a new observation is
available, the in-sample window is shifted across time one month ahead, the model is reestimated
and a new forecast is computed. For all experiments, we run a total of 84 monthly forecasts. The
models studied in this work are the Diebold and Li (2006) model (DL), the Svensson model (DSM), the
Diebold and Li (2006) model with ECM factor dynamics (DL ECM), the Svensson model with ECM
factor dynamics (DSM ECM), the the cubic-spline model of Bowsher and Meeks (2008) (BM), and two
exponential loading models, one with fixed loadings (NS4), and the other with loadings varying across
segments (NS4E).
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Figure 1.6: Time Series of RMSE for 6-month forecasting horizon.
This picture presents the mean of the RMSE relative to the RW for the 1-month forecasting horizon

for the models studied in this paper. This mean is computed for each experiment which is defined

by the date for which the last prediction is done (represented in the graphs above by the x-axis).

An experiment consists of a sequence of forecasts constructed such that when a new observation is

available, the in-sample window is shifted through time one month ahead, the model is reestimated

and a new forecast is computed. For all experiments, we run a total of 84 monthly forecasts. The

models studied in this work are the Diebold and Li (2006) model (DL), the Svensson model (DSM), the

Diebold and Li (2006) model with ECM factor dynamics (DL ECM), the Svensson model with ECM

factor dynamics (DSM ECM), the the cubic-spline model of Bowsher and Meeks (2008) (BM), and two

exponential loading models, one with fixed loadings (NS4), and the other with loadings varying across

segments (NS4E).
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Figure 1.7: Time Series of RMSE for 12-month forecasting horizon.
This picture presents the mean of the RMSE relative to the RW for the 12-month forecasting horizon

for the models studied in this paper. This mean is computed for each experiment which is defined

by the date for which the last prediction is done (represented in the graphs above by the x-axis).

An experiment consists of a sequence of forecasts constructed such that when a new observation is

available, the in-sample window is shifted through time one month ahead, the model is reestimated

and a new forecast is computed. For all experiments, we run a total of 84 monthly forecasts. The

models studied in this work are the Diebold and Li (2006) model (DL), the Svensson model (DSM), the

Diebold and Li (2006) model with ECM factor dynamics (DL ECM), the Svensson model with ECM

factor dynamics (DSM ECM), the the cubic-spline model of Bowsher and Meeks (2008) (BM), and two

exponential loading models, one with fixed loadings (NS4), and the other with loadings varying across

segments (NS4E).



Chapter 2

Approximating Risk Premium on a
Parametric Arbitrage-free Term
Structure Model

Abstract

In this paper we approximate the risk factors of a polynomial arbitrage-free dynamic term

structure model by running a sequential set of linear regressions independent across time. This

approximation avoids full optimization in the estimation process allowing for a simple method

to extract the risk premium embedded in interest rate instruments. Closed-form bond pricing

formulas provide a clear interpretation of each source of aggregate risk as known term structure

movements. Assuming, for illustrative purposes, the existence of three sources of aggregate risk

(level, slope and curvature) in the economy, we test the validity of our approximation adopting

a dataset of Brazilian zero coupon interest rate swaps. The new methodology generates accu-

rate parameters, standard deviations and risk premium dynamics when compared to the exact

dynamic model.

Keywords: Term Structure of Interest Rates, Parametric Models, Affine Models, Cross Sec-

tional Estimation, Time Series Analysis.
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2.1 Introduction

Parametric arbitrage-free term structure models are dynamic models with closed-form bond

pricing formulas explicitly depending on the risk factors underlying the economy. Although

theoretical results on such models were derived about fifteen years ago, corresponding empirical

implementations and applications have only recently gained more attention1. An important

message behind these implementations is that parametric models are useful and simple to un-

derstand precisely because factor loadings are known before model estimation.

The a priori knowledge of factor loadings brings some advantages when compared to tradi-

tional dynamic affine and quadratic models2. In particular, closed-form formulas for bond prices

guarantee that each source of risk in the economy has interpretation as a known movement of

the term structure3. Nonetheless, perhaps the most important advantage is that this a priori

knowledge of factor loadings allows researchers to better disentangle the role of cross-sectional

and time series information on the identification of model parameters.

In this paper, adopting a Legendre Dynamic Term Structure Model (Almeida, 2005)4, we

explore this last point to produce a simple and fast method to estimate the risk premium implicit

in fixed income securities without having to fully optimize a dynamic term structure model.

We explore closed-form formulas of bond prices to separate the estimation procedure in two

sequential steps: Cross-section and time-series. In the cross-section step, we approximate the

model state vector by running, for each date, a linear multiple regression of observed zero-coupon

yields on a set of predetermined term structure movements whose loadings are represented by

Legendre polynomials. In the second step, we run a Vector autoregressive (VAR) regression of

lag one on the time-series of the approximated state vector to estimate the parameters under

the physical probability measure.

This separation of estimation in two stages allows us to come up with our approximation for

risk premium. After running the two pairs of regressions to obtain respectively the approximated

state vector, and estimates for model parameters under the physical measure, risk premium is

backed out from a simple analytical formula that connects those two probability measures as done

in traditional dynamic models5. As a byproduct, once all risk-neutral parameters are known,

the model can be readily used in financial applications such as risk management procedures or

pricing interest rate options6.

1For theoretical papers see Bjork and Christensen (1999), Filipovic (1999, 2000, 2000b, 2002), Bjork and
Landen (2002), Sharef and Filipovic (2004) and Almeida (2005). For empirical applications, see Almeida and
Vicente (2008) and Christensen, Diebold and Rudebusch (2011).

2For affine models see (Duffie and Kan, 1996), for quadratic see (Ahn, Dittmar and Gallant, 2002).
3In contrast, the loadings of each source of risk in usual dynamic models, once estimated have to be associated

with approximations for the level, slope, curvature, and other term structure movements.
4The Legendre Dynamic Model is a separable term structure model that parameterizes the term structure of

interest rates as a linear combination of Legendre polynomials, with the coefficients of the linear combination
representing the model state vector.

5Due to the parametric nature of the model, all risk neutral parameters, except for the diffusion of the state
vector, are known a priori. Since the diffusion is a common parameter to both physical and risk-neutral measures,
it is estimated with the VAR regression.

6The focus of the current paper is not in empirical applications of the model but in showing that the proposed
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Almeida (2005) showed that it is possible to have dynamics for the state vector of the

Legendre model more general than that of affine models including stochastic volatility. However,

due to the simplicity of the Gaussian models and also following the recent quest to better

understand identification and estimation issues of Gaussian affine term structure models (Joslin,

Singleton and Zhu, 2011; Hamilton and Wu, 2012), we propose our risk premium approximation

in the context of a Gaussian Legendre dynamic model.

Our work is related to the above-cited recent papers that offer fast and efficient methods

for the estimation of Gaussian arbitrage-free term structure models. Joslin, Singleton and Zhu

(2011) suggest a two-step estimation procedure for Gaussian affine term structure models that

consists on a combination of running OLS regressions under the physical probability measure

combined with likelihood maximization methods to obtain risk-neutral parameters on a second

step. Similarly Hamilton and Wu (2012) provide a new estimation methodology based on the

minimization of chi-square distances. Although applicable to a more general class of Gaussian

models than ours, both methods still rely on optimization processes to estimate part of the

parameters while our approximation relies on running only two sets of linear regressions.

Adrian, Crump and Moench (ACM, 2013) have the closest work related to ours. They

suggest using a three-step linear regression estimator to extract the risk premium of Gaussian

term structure models with observable pricing factors. In contrast, in our method, since we build

the pricing factors based on Legendre polynomials we don’t need observable pricing factors to

exist. This has important consequences in especial when analyzing interest rate markets that

contain coupon-bearing bonds. In such cases, by construction, the ACM approach needs external

observable factors to serve as sources of risk since it is not designed to extract the risk factors

from the analyzed market, except if it is a zero coupon market and principal component analysis

can be applied. On the other hand, since we have a parametric arbitrage-free model, we can

extract risk factors by using the model parametric nature and verify the prices of risk of such

factors by using the model arbitrage-free nature, even in markets with coupon-bearing bonds7

We apply this methodology to a database of Brazilian zero coupon swaps adopting an

arbitrage-free Gaussian Legendre polynomial model with three risky stochastic factors. Two

versions of the model are implemented: the exact dynamic model and our approximation based

on regressions. Numerical results show that parameter estimates as well as their standard de-

viations for both versions are very close to each other. In particular, for both implementations,

the same subset of parameters is significant at a 95% confidence interval. In addition, as can be

noted in Figure 2.7, the time series of the risk premium implicit in bonds of different maturities

for both versions of the model move on the top of each other for a large part of the sample, and

are very similar on the remaining part of the sample. This reassures that the approximation

works as a good substitute for the original more complex implementation of the dynamic model

approximation is accurate.
7In this paper, however, we concentrate on the zero-coupon case, keeping in mind that the methodology can

be directly extended to a market with coupon bearing bonds. The extension should be based in Almeida, Duarte,
and Fernandes (2003) who prove that we can build synthetic principal components with Legendre polynomials in
markets with unobservable term structures.
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when we are interested in applications like option pricing and risk premium analysis.

The rest of the paper is organized as follows. Section 2 presents the cross-sectional and the

dynamic Legendre models. A description of data, the results of the Gaussian dynamic model

and its approximated version are presented in Section 3. Section 4 briefly introduces possible

generalizations of the model approximation. Section 5 concludes. The two appendices present

technical information including some important rotation matrices and details on the particular

conditionally deterministic factors that appear on the Gaussian version of the model.

2.2 The Legendre Polynomial Model

2.2.1 The Static Model

Almeida, Duarte and Fernandes (1998) proposed modeling the term structure of interest

rates as a benchmark curve plus a linear combination of Legendre polynomials:

R(τ) = B(τ) +
∑
n≥0

cnPn(
2τ

l
− 1) (1)

where τ denotes time to maturity, B(τ) is a benchmark curve, Pn(.) is the Legendre polynomial

of degree n, and l is the longest maturity of a bond in the market considered.

The first four Legendre polynomials are respectively 1, x, 1
2(3x2 − 1), and 1

2(5x3 − 3x), and

usually they are sufficient to capture a large variability of interest rate curves in fixed income

markets. Figure 2.1 depicts the first four Legendre polynomials. Note that there is a nice

interpretation for each term structure movement driven by these polynomials. The constant

polynomial is related to parallel shifts and may be interpreted as the loadings of a level factor;

the linear polynomial is related to changes in the slope; the quadratic polynomial is related

to changes in the curvature; the cubic polynomial is related to more complex changes in the

curvature.

Whenever there are yields available in the market, i.e., it is a zero coupon market, the model

can be estimated based on a linear regression8. In fact, assuming that we observe the term

structure R̃(τ) with measurement error and B(τ) without measurement error, for maturities

m1,m2, ...,mk, and defining:

y =


R̃(m1)−B(m1)

R̃(m2)−B(m2)
...

R̃(mk)−B(mk)

, and L =


P0(m1) P1(m1) ... PN−1(m1)

P0(m2) P1(m2) ... PN−1(m2)
...

...
...

P0(mk) P1(mk) ... PN−1(mk)

.

the parametrization given in Equation (1) implies the following multiple linear regression:

y = Lβ + ε (2)

8Of course the model also works to extract the term structure of interest rates in markets with coupon-bearing
bonds as shown, for instance, in Almeida, Duarte and Fernandes (1998, 2003).
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whose solution is known in closed-form:

β̂ = (L′L)−1L′y (3)

2.2.2 Legendre Forward Rates

The relation between the instantaneous forward rate curve and the term structure of interest

rates is given by:

r(t, τ) = R(t, τ) + τ
∂R(t, τ)

∂dτ
(4)

An application of Equation (4) to the Legendre parameterized term structure appearing in

Equation (1) yields:

r(τ) = B(τ) + τ
∂B(τ)

∂τ
+
∑
n≥0

cnPn(
2τ

l
− 1) + τ

∑
n≥1

cn
∂Pn(2τ

l − 1)

∂τ

 (5)

Now, just to exemplify, suppose we are interested in obtaining the forward curve for the

Legendre model with the first four Legendre polynomials, setting the benchmark curve to zero

(B(τ) = 0). Defining x = 2τ
l − 1, and using the chain rule to get

∂Pn( 2τ
l
−1)

∂τ = 2
l
∂Pn(x)
∂x , Equation

(5) becomes:

r(τ) = c0 + c1x+
c2

2
(3x2 − 1) +

c3

2
(5x3 − 3x) +

2τ

l

[
c1 + 3c2x+

c3

2
(15x2 − 3)

]
(6)

Observing Equation (6), note that the instantaneous forward rate can be rewritten as a

polynomial in the maturity variable τ :

r(τ) =

3∑
n=0

Ln(c0, c1, ..., cN−1)τn (7)

where each Ln is a linear function of vector c = [c0, c1, ...cN−1]′. In this particular case, L0 =

c0 − c1 + c2 − c3, L1 = 4
l c1 − 12

l c2 − 51
l c3, and so on.

When talking about the dynamic version of the model below, this polynomial form for the

forward rate curve will be important to identify the state space variables.

2.2.3 The Legendre Dynamic Model

Our objective in this section is to frame the parametric Legendre model into a dynamic setting.

To that end, assume the existence of a probability space (Ω, F,Q), with Q being an equivalent

martingale measure under which discounted bond prices are martingales. The existence of

such measure guarantees absence of arbitrages in the market (see Duffie, 2001). Within this

probability space we also assume that there is an N -dimensional Brownian Motion W ∗t and a

state vector Yt whose uncertainty is driven by W ∗t .

Under the Legendre model with a finite number of term structure movements N , bond prices
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are given by9:

P (t, T ) = e−τG(τ)′Yt , (8)

where G(τ) is a vector containing the first N Legendre polynomials evaluated at maturity τ :

G(τ) = [P0(
2τ

l
− 1) P1(

2τ

l
− 1) ... PN−1(

2τ

l
− 1)] (9)

Given a Stochastic Differential Equation (SDE) for the state vector Yt,

dYt = µQ(Yt)dt+ σ(Yt)dW
∗
t (10)

Almeida (2005) asked which restrictions µQ(Yt) and σ(Yt) should satisfy in order to guarantee

that discounted bond prices are martingales.

Writing bond prices as a function of the forward rate curve, applying the Heath, Jarrow and

Morton (HJM, 1992) methodology and Ito’s formula, he derived the martingale drift restriction

that the state vector should satisfy under Q.

Imposing the martingale restriction, he obtained a set of interesting results that we summa-

rize here. First, he showed that arbitrage-free parametric Legendre models generalize the affine

class of models proposed by Duffie and Kan (1996)10. Duffie and Kan (1996) showed that the

state vector dynamics of any affine model can be represented by SDEs whose drift and squared

diffusion matrix are affine functions of the state vector under Q. In contrast, Almeida (2005)

showed that in Legendre dynamic models, although the drift is also an affine function of the

state vector, the diffusion matrix can be an arbitrary integrable function of the state vector.

But arbitrage-free parametric term structure models also have their drawbacks. In the partic-

ular case of the Legendre model, imposing the constraint that term structure movements should

be represented by Legendre polynomials restricts, in a important dimension, the stochastic dif-

ferential system satisfied by the dynamic factors Y under the risk neutral measure Q. Almeida

(2005) showed that in a N-dimensional Brownian setting, the Dynamic Legendre Model with N

factors will only have [N2 ]11 truly stochastic factors, i.e., factors directly driven by the Brownian

Motion vector having diffusion coefficients differing from zero. The other [N2 ] factors are con-

ditionally deterministic factors, i.e., they have null diffusion coefficients and their dynamics is

driven exclusively by the other factors (and the time variable).

Nonetheless, Almeida and Vicente (2008) showed that for practical purposes, a way to bypass

the issue of conditionally deterministic factors is to consider Legendre dynamic models with

2k polynomials driving the term structure whenever we believe that k stochastic factors are

sufficient to drive the uncertainty of the yield curve.

9Although the original statistical Legendre model is formulated with a series of infinite polynomials, to approach
the problem in a dynamic setting similar to that of affine and quadratic factor models we limit the number of
movements to be finite.

10According to Duffie and Kan (1996), affine term structure models are those whose short term rate and bond
prices are respectively affine and exponential-affine functions of the dynamic factors Yt. Note that this is exactly
what happens with the Legendre model. The main question is how different should these two classes of models
be? The answer lays in how different the dynamics of the state vector are within each of these classes.

11where function [.] represents the integer part of the argument.
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In this paper, we restrict our attention to Gaussian Legendre models whose diffusion function

is a constant12. This restriction specializes Equation (10) to become:

dYt = κQ(θQ − Yt)dt+ ΣdW ∗t (11)

Getting to the end of this section we learned that: i) in Legendre dynamic models the

martingale risk-neutral restriction reduces the number stochastic factors in the state vector of

the model, ii) the drift of the SDE driving the dynamics of the state vector should be affine, and

iii) the diffusion should be constant (or a deterministic function of time) if we want the model

to be Gaussian.

In the next section, we present the specific Legendre model that we analyze in this pa-

per: A Gaussian model with six term structure movements, three stochastic (level, slope and

curvature)13, and three conditionally deterministic movements (those related to the Legendre

polynomials of degree 3, 4 and 5). We provide the main steps for the theoretical derivation of

this model.

The Gaussian Model with Six Factors

From Equations (8) and (9), it is straightforward to extract the term structure of interest rates

as a function of the state vector under the Dynamic Legendre Model with N factors (N = 6

here):

R(t, τ) = G(τ)′Yt =

N∑
n=1

Yt,nPn−1(
2τ

l
− 1) (12)

Using the forward rate Equation (4) with R(t, τ) given in (12), and colecting terms in powers

of τ as in (7) we obtain an auxiliary state vector Ỹ , related to the forward rates by the following

equation:

r(t, τ) =

N∑
n=1

Ỹt,nτ
n−1 (13)

This auxiliary state vector Ỹ is used only to simplify the calculation of the Ito’s formula

when imposing the HJM martingale condition (details appear in Almeida (2005), or Almeida

and Vicente (2008)). Note, however, that recovering the original state space vector Y and its

SDE from Ỹ and its SDE should be a simple task.

To obtain Y from Ỹ , we only have to solve the linear system:

Ỹt,j = Lj(Yt), j = 1, 2, ..., N. (14)

12Note that diffusions that are deterministic functions of time also generate a Gaussian model.
13Litterman and Scheinkman (1991) and Heidari and Wu (2003) applying principal component analysis showed

that three factors are statistically adequate to capture the variability of the term structures of U.S. Treasury
bonds and swap yields, respectively. More recent papers advocate in favor of a larger number of factors (say four
or five) if the goal is to forecast future yields (Duffee, 2011) or future bond returns (Cochrane and Piazzesi, 2005).
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where each Lj , j = 1, 2, ..., N comes from (7).

Similarly, there is a simple relationship between the SDE followed by Y and Ỹ . Once we

impose the martingale restriction to one of them the corresponding restrictions on the other are

automatically determined. We will start with restrictions imposed to the SDE of Ỹ and obtain

the restrictions imposed to the dynamics of Y .

By the fact that Y has Gaussian affine dynamics and since Ỹ is a linear transformation of

Y , Ỹ will also present Gaussian affine dynamics:

dỸt = µ̃Q(Ỹt)dt+ Σ̃dW ∗t (15)

where Σ̃ is a N ×N matrix14 and µ̃Q(Ỹt) is an affine function of Ỹ .

Almeida (2005) proved that discounted bond prices areQ-martingales whenever the following

restriction holds for the drift µ̃Q(Ỹt):

N∑
j=2

(j − 1)Ỹt,jτ
j−2 =

N∑
j=1

(µ̃Q(Ỹt))jτ
j−1 −

[N
2

]∑
j=1

[N
2

]∑
k=1

H̃0,jk
τ j+k−1

k
(16)

with Σ̃Σ̃T = H̃0.

By matching τ coefficients in (16), we obtain an explicit expression for the drift of Ỹ :

µ̃Q(Ỹt)2j−1 = (2j − 1)Ỹt,2j +
H̃0,(j−1)j

j +
H̃0,j(j−1)

j−1 +, 1 ≤ j ≤ [N2 ]

µ̃Q(Ỹt)2j = 2jỸt,2j+1 +
H̃0,jj

j +
H̃0,(j+1)(j−1)

j−1 , 1 ≤ j ≤ [N−1
2 ]

µ̃Q(Ỹt)N =


4(N−2)

(N−1)(N−3)H̃0,N−3
2

N−1
2

,N odd

2
N H̃0,N

2
N
2

,N even


(17)

where
H̃0,j(j−1)

j−1 ,
H̃0,(j−1)j

j , and
H̃0,(j+1)(j−1)

j−1 are zero when j = 1.

Further simplifying this restriction we obtain:

µ̃Q(Ỹt)1 = Ỹt,2

µ̃Q(Ỹt)2 = 2Ỹt,3 + H̃0,11

µ̃Q(Ỹt)3 = 3Ỹt,4 +
H̃0,12

2 + H̃0,21

µ̃Q(Ỹt)4 = 4Ỹt,5 +
H̃0,22

2 + H̃0,31

µ̃Q(Ỹt)5 = 5Ỹt,6 +
H̃0,23

3 +
H̃0,32

2

µ̃Q(Ỹt)6 =
H̃0,33

3

(18)

Now we are interested in obtaining what the restrictions on the SDE of Ỹ impose to the

SDE of the original state vector Y . To obtain the original state space dynamics we have to solve

for (14). After some algebraic manipulations expressing r(t, τ) as a polynomial of degree five in

τ and calculating each coefficient for powers of τ we explicitly obtain the linear transformation

14For identification purposes we follow Dai and Singleton (2002) and choose to have a diagonal matrix Σ. Note,
however that the diffusion coefficient Σ̃ of Ỹ will be upper triangular since it is a linear transformation of Σ by
an upper triangular matrix L−1 (see Equation (22) and the appendix).
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of (14)15:

Ỹt = LYt (19)

where L is the upper triangular matrix presented in (32) in the Appendix I.

Note that we are ready to express the drift and diffusion restrictions for the original state

vector Y , by using (19). Let us first rewrite the drift µ̃Q in matrix notation as an affine function

of Ỹ :

µ̃Q(Ỹt) = M + UỸt (20)

where U and M are defined in (33) and (34) in the Appendix I.

Since Y = L−1Ỹ , the drift and diffusion of Y will be:

µQ(Yt) = L−1µ̃Q(Ỹt) = L−1µ̃Q(LYt) = L−1M + L−1ULYt (21)

σ(Yt) = Σ = L−1Σ̃ (22)

Equation (21) provides the functional relationship between κQ, θQ and the matrices L,M,U :

κQ = L−1UL

κQθQ = L−1M
(23)

Equation (23) represents the two restrictions that the risk neutral drift in the Legendre model

should satisfy to avoid arbitrages. The first makes κQ predetermined before model estimation

(see Eq. (37)). This is a restriction coming from the polynomial nature of the model. The

second is a HJM-type restriction relating drift and volatility: The product κQθQ should be a

specific function of the volatility process ΣΣT , since M is a function of Σ (see Eq. (38)).

An important point to be noted is that Y4, Y5, and Y6 are deterministic factors under the

Gaussian case. This is a consequence of the fact that their dynamics do not depend on the

Brownian motion vector, and their drifts do not depend on the first three components of the

state vector. In this case, we can write down explicitly their dynamics as functions of time and

volatility parameters Σ (see Appendix II).

Market Prices of Risk and Risk Premia

The element that connects factors dynamics under the risk neutral (or pricing) measure Q and

the physical measure, which we denominate P , is the market price of risk, or in technical terms,

the instantaneous volatility of the state price deflator16.

Duffee (2002) and Dai and Singleton (2002) tested different specifications of affine processes

using U.S. treasury bonds data and concluded that a flexible time varying risk premia, with

15Noticing that the Legendre polynomials of degrees four and five are P4(x) = 1
8
(35x4 − 30x2 + 3) and P5(x) =

1
8
(63x5 − 70x3 + 15x) and adopting x = 2τ

l
− 1, we obtain the forward curve r(t, τ) = Yt,1 + Yt,2x +

Yt,3

2
(3x2 −

1) +
Yt,4

2
(5x3 − 3x) +

Yt,5

8
(35x4 − 30x2 + 3) +

Yt,6

8
(63x5 − 70x3 + 15x) + 2τ

l

[
Yt,2 + 3Yt,3x+

Yt,4

2
(15x2 − 3)

]
+

2τ
l

[
Yt,5

8
(140x3 − 60x) +

Yt,6

8
(315x4 − 210x2 + 15)

]
.

16The state price deflator is a strictly positive process with the property that it turns deflated price processes
into martingales under the physical measure. Absence of arbitrage implies the existence of at least one state price
deflator (Duffie, 2001).
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prices of risk potentially depending on all risk factors driving interest rates uncertainty, is the

most appropriate to capture interest rates dynamics.

Based on their results and since we are restricting the Legendre model to the affine class,

we adopt the essentially affine risk premia of Duffee (2002) implying the following form for the

market prices of risk:

Λt = λ0 + λY Yt, (24)

where λ0 is a N × 1 vector, λY is a N ×N matrix.

The market prices of risk allow us to relate the Brownian Motion vectors under the probability

measures P and Q:

W ∗t = Wt +

∫ t

0
Λsds (25)

where, by Girsanov’s theorem, Wt is an N -dimensional Brownian Motion under P .

Moreover, while the risk neutral dynamics of the state vector appears in (11), when we

restrict market prices of risk to be essentially affine, its physical dynamics should be expressed

by:

dYt = µ(Yt)dt+ ΣdWt (26)

where µ(Yt) = κ(θ − Yt).
A substitution of Eq. (24) in (25), another of (25) in (11) and, matching (11) with (26)

yields:

κ = κQ + ΣλY (27)

κθ = κQθQ + Σ


λ1

0
...

λN0

 (28)

Exact Estimation of the Model

Understanding the role of each parameter driving factors’ dynamics under probability measures

P and Q is fundamental, during the estimation process. Parameters under the pricing measure

Q are used to fit model implied yields to observed yields, while parameters under the physical

measure P determine factors’ conditional probability distributions used as inputs when the

estimation technique is Maximum Likelihood (Duffie and Singleton, 1997; DS, 2002), or Quasi

Maximum Likelihood (Duffee, 2002; Duarte, 2004)17. Those techniques are implemented either

with direct inversion of the state vector from a subset of yields like in Chen and Scott (1993) or

with the use of a linear Kalman filter that assumes that all yields are priced with error like in

Duan and Simonato (1999).

In order to better understand the estimation process, we first have to identify which pa-

rameters should be estimated and what is their relative importance during estimation. Note,

from Eq. (23), that the risk-neutral drift of the Gaussian model is known a priori as a function

17In a recent paper, Duffee and Stanton (2012) provide empirical evidence against the Efficient Method of
Moments in estimation of term structure models for small sample data.
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of matrices L,U,M , having no free parameters to be estimated except for its dependence in Σ

through matrix M . Therefore, the parameters of interest will be those appearing on the drift

under the physical probability measure (κ, θ), the volatility parameters (Σ11,Σ22,Σ33), and the

initial values for the deterministic factors (Y0,4, Y0,5, Y0,6)18.

It is important to emphasize that, in principle, the volatility parameters are the only reason

that prevent us from separating the estimation process into two stages. As seen before, separa-

tion in two stages would be useful since it would avoid having to solve an optimization process

back and forth between the two probability measures. The reason for failure of separation is that

the latent factors’ volatility parameters are necessary to characterize the deterministic factors

that on their turn are necessary to determine the latent factors, and only a full optimization

of the model dealing simultaneously with the parameters under the risk neutral and physical

probabilities would solve this problem. We will see how to relax this condition in the model

approximation proposed below.

In this paper, to estimate the exact dynamic model with full optimization, we follow Chen

and Scott (1993) adopting a Maximum Likelihood Estimation procedure with inversion of the

state vector directly from a set of observed yields.

Once we are able to choose the three yields to be used in the inversion of the state vector, for

a set of fixed volatility parameters and initial values of deterministic factors we first calculate

the dynamics of the deterministic factors (see Appendix II), and then extract the contribution

that they have on the values of the three chosen yields for invertion. After this step, inversion

of the state vector is immediately obtained by solving a linear system where the three chosen

yields minus the contribution of the determinist factors are the dependent variables and the

three Legendre polynomials are the independent variables. The remaining yields are priced

with i.i.d Gaussian errors with unknown variances that are also estimated parameters under the

maximization of the likelihood function (see Chen and Scott, 1993 for more details).

Estimation by Approximation of the State Vector

The Six-Legendre Polynomial Gaussian Dynamic Model presents three risk factors: level, slope

and curvature and three deterministic factors. The only reason for the existence of the deter-

ministic factors is model internal consistency with the HJM conditions. Since these factors are

not able to capture features of the stochastic behavior of the term structure they should be small

by nature. In our empirical analysis, reinforcing the empirical results obtained by Almeida and

Vicente (2008) with U.S. zero coupon data, we show that the three deterministic factors have

negligible influence on the implied values of the dynamic level, slope, and curvature factors of

the Brazilian analyzed zero coupon curve.

Due to the estimation cost of a full optimization of the dynamic model, we propose an

approximation to simplify estimation. First, we determine the vector of the three risky factors

18Following Dai and Singleton (2002) we set the vector θ equal to zero for econometric identification purposes.
We experienced the estimation with free values for θ and observed that it does not affect any of the important
results of the dynamic model, including the implied state vector and risk-premium dynamics.
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by running the linear regression in Equation (2) using only the three-yields chosen for inversion

in the exact estimation of the dynamic model described in section 2.2.319. With the time series

of the approximated latent factors in hands, we estimate the equations for their dynamics under

the physical probability measure via a discrete version of the autoregressive process appearing

in Equation (26).

Now, by Equation (23) that determines κQ, θQ as a function of matrices L, U , M , we observe

that the risk neutral parameters depend only on the volatility parameters Σ. Thus, once we have

estimated the parameters under the physical measure, which includes Σ, the dynamics under

the risk neutral measure Q is completely determined. Knowledge of the parameters under the

physical measure then allow us to easily extract the market prices of risk by using Equations

(27) and (28).

it is important to emphasize that making use of a pair of linear regressions, one to approxi-

mate the state vector20 and one to fit an autoregressive process for the extracted state vector,

we are able to approximate the risk premia embedded on the original set of zero coupon yields.

The approximated state vector could have been obtained either by running the regression in

Equation (2) adopting all observed yields or adopting only the yields used to invert the state

vector in the exact estimation of the dynamic model. We decided to use only the yields chosen

to invert the state vector in the exact estimation of the dynamic model to isolate the effects

of the deterministic Legendre factors on the difference between the approximated state vector

and the original state vector, from effects of pricing errors, which would appear if all yields were

included. In fact, if we were adopting all yields in the regression, an extra term distinguishing

the approximated state vector from the exact state would come from having the remaining

yields not chosen to invert the state directly affecting the approximate state. The use of such

regression would be justified in an approximation of the state vector if the original exact model

was estimated with a linear Kalman filter instead of with the Chen and Scott (1993) method21.

Next, we estimate both the dynamic model and our suggested approximation and show that

the risk premia parameters and processes are very similar under the two distinct methods of

estimation.

2.3 Empirical Results

2.3.1 The Brazilian Swap Market

The One-Day Inter Bank Deposit Future Contract (ID-Future) with maturity T is a future

contract whose underlying asset is the accumulated daily ID rate22 capitalized between the

19We discuss our choice of adopting only the three yields in the regression two paragraphs below.
20To be more precise, to approximate the state vector we run a sequence of T cross-sectional linear regressions

where T is the number of dates in the dataset adopted.
21In any case, we experimented with both regressions (using only the three yields versus all yields) and identified

that the influence of the additional yields has a magnitude three times bigger than the influence of the deterministic
factors. Results of the approximation adopting all yields in the regression are available upon request.

22The ID rate is the average one-day interbank borrowing/lending rate, calculated by CETIP (Central of
Custody and Financial Settlement of Securities) every workday. The ID rate is expressed in effective rate per
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trading time t (t ≤ T ) and T . The contract size corresponds to R$ 100,000.00 (one hundred

thousand Brazilian Reals) discounted by the accumulated rate negotiated between the buyer

and the seller of the contract.

This contract is very similar to a zero coupon bond, except that it pays margin adjustments

every day. Each daily cash flow is the difference between the settlement price23 on the current

day and the settlement price on the day before corrected by the ID rate of the day before.

A swap that changes the floating rate of an ID-future for a fixed rate is quoted as a zero

coupon bond. At time t, the yield to maturity swτ of a swap with time to maturity τ = T − t
is given by Pt = 100.000e−swτ τ , where Pt is the settlement price of the corresponding ID-future

with time to maturity equal to τ .

The Brazilian Mercantile and Futures Exchange (BM&F) is the entity that offers the ID-

Future and the swaps. The number of authorized contract-maturity months is fixed by BM&F

(on average, there are about twenty authorized contract-maturity months for each day). Contract-

maturity months are the first four months subsequent to the month in which a trade has been

made and, after that, the months that initiate each following quarter. Expiration date is the

first business day of the contract-maturity month. BM&F maintains a historical database with

interest rates on swaps with different fixed maturities synthetically constructed from the prices

of ID-futures. The database can be accessed at ”www.bmf.com.br”.

In this paper, data consists of a set of historical series of Brazilian interest rates swaps

obtained from BM&F with a daily frequency, for maturities of 30, 60, 90, 120, 180, 360 and 720

days. Figure 2.2 presents their historical evolution during the sample period from January 1,

2005 to December 31, 2011. Note that at the beginning of the sample (2005) yields had high

values around 18%. Then, with the gradual improvement of macroeconomic conditions they had

decreased to a level around 8% before the financial crisis, but ended up reaching values around

11% in the end of our sample (2011).

Applying principal component analysis (PCA) to the current sample we identify that three

principal components (PCs) explain around 86% of the term structure movements. Since

Almeida, Duarte and Fernandes (2003) showed that Legendre factors extracted by running

cross-sectional regressions (section 2.2.1) will be specific rotations of PCs of yields, the PCA

analysis suggests that the static Legendre model with three-factors will capture the very same

percent of yields’ variability captured by the first three PCs24.

annum, based on 252 business-days.
23The settlement price at time t of an ID-Future with maturity T is equal to R$ 100,000.00 discounted by its

closing yield quotation.
24The inclusion of a fourth stochastic Legendre factor in the regressions would increase the percent of yields’

variance captured by Legendre factors but with the cost of having a bunch of extra Legendre forward rate
calculations. Since the empirical section works more as an illustration for our risk premia approximation than
a detailed empirical application, we chose not to include a fourth factor to avoid these extra calculations. It is
worth mentioning that these calculations, which are only used to define the linear transformations that appear in
Appendix I, are performed only one time before model estimation therefore not directly affecting the optimization
steps of the estimation process.
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2.3.2 Legendre Dynamic Model: Exact Estimation

We start by running for each day the cross-sectional linear regressions of Eq. (2) in section 2.2.1,

using the first three Legendre polynomials (constant, linear and quadratic) to capture different

movements of the term structure of interest rates. These regressions will help us to choose the

best yields (in the mean square error sense) to be used in the inversion of the state vector on

the estimation of the exact dynamic Gaussian Legendre model.

Figure 2.3 presents the time series of the three Legendre term structure factors and Table 2.4

presents their descriptive statistics. The factor attached to the constant Legendre polynomial

represents the level factor. It has mean and standard deviation of respectively 12.94% and

2.70%. The factor attached to the Legendre polynomial of degree 1 is the slope factor, with low

values associated with flat term structures and high values with steep term structures indicating

expectations of future risks in lending money for short and medium term maturities. It presents

mean and standard deviation much smaller than the level factor, of respectively 0.18% and

0.86%. The factor attached to the Legendre polynomial of degree 2 is the curvature factor

and it basically indicates the degree of concavity of the term structure. Negative values of the

curvature factor are associated to a concave term structure. Its mean and standard deviations

are the smallest among the three factors, being respectively of 0.06% and 0.35%.

By the fact that these factors are built based on our parametric term structure model rather

than a principal component analysis procedure, their time series should be potentially correlated.

Table 2.1 presents their correlation structure. Note that similarly to results obtained with the

use of other parametric term structure models such as the exponential model of Diebold and

Li (2006), the three factors have indeed non-negligible correlations. In particular, the negative

correlation between level and slope indicates that increases on the level are linked to further

increases of short-term rates. Similarly, the negative correlation between slope and curvature

suggests that increases in short-term rates due to the slope come together with increases of

longer-term rates due to the curvature factor.

We use the time series of the Legendre static factors to help us to identify which swap rates

should be priced without error when using the Chen and Scott (1993) methodology. From a

qualitative point of view we would like to choose one short-term rate, one medium-term rate

and one long-term rate to invert from, since it will better represent the dynamic properties of

the yield curve as a whole.

The statistical properties of the residuals obtained with the static fitting procedure shown in

Table 2.2 indicate that the residuals for the yields with 60 and 720 days to maturity present the

smallest bias and standard deviations among all alternatives. We adopt these two yields (60,

720) together with the 360-day yield (since this is usually a liquid intermediate maturity in the

swap market) to invert the state vector when estimating the model by Maximum Likelihood.

Following Chen and Scott (1993), the remaining yields with maturities of 30, 90, 120 and 180

days are priced assuming i.i.d Gaussian errors.

Figure 2.4 presents the time series of the three Legendre term structure factors obtained
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with the exact estimation of the dynamic model. Note that the time series of all three factors

are very similar to those of the corresponding static factors in figure 2.3. Their similarities

are more formally confirmed when we compare the basic statistical properties (i.e., mean and

standard deviation) of these dynamic factors with the static ones. The level factor has mean

and standard deviation of respectively 12.95% and 2.68%, the slope factor presents mean and

standard deviation of respectively 0.17% and 0.87%, and the mean and standard deviation of the

curvature factor are respectively 0.04% and 0.32%. Of course, as is usual with factor analysis,

the differences between static and dynamic factors increase for higher order factors (such as the

curvature) but are still small.

Table 2.3 presents parameter’s values, their standard deviations calculated by the Outer

Product Method (BHHH), and the ratio value
std value , which allows for the asymptotic analysis of

parameter’s significance. Bold ratios indicate significant parameters at a 95% confidence level.

Note that most parameters are statistically significant, except for some parameters related to

the slope factor (mean reversion and one risk premium parameter). First, we can observe that

the speeeds of mean reversion of the three factors are very distinct with the level being the

slowest mean-reverting factor and curvature the fastest, with speed 30 times bigger than the

level speed.

By observing Figure 2.4 we can see how these factors have distinct cycles. Indeed, while

curvature oscillates a lot around its long term mean, in contrast, the level doesn’t complete

even one cycle during the whole sample period. The diffusion coefficients associated to each

Brownian Motion follow the same relative order of magnitude of the standard deviations of the

dynamic factors of figure 2.4, with level having higher diffusion volatility coefficient than slope

(0.014 versus 0.012), and slope having higher diffusion volatility coefficient than the curvature

(0.012 versus 0.009).

Due to our choice of econometric identification structure that follows Duffee (2002) and Dai

and Singleton (2002), the risk premium of the three factors is estimated based on an upper

triangular matrix (λY ), with the level risk premia allowing for a feedback of the three factors,

the slope premium allowing for feedback of slope and curvature, and curvature premium being

affected by only the curvature factor itself. Given this structure, we note that the three market

prices of risk parameters linked to the level factor (λY (1, 1), λY (1, 2), λY (1, 3)) are statistically

significant. This is an indication that the three factors have influence on the level risk premium.

In contrast, only the curvature factor is statistically significantly responsible for the slope risk

premia (see parameter λY (2, 3)). The curvature risk premium is also significantly affected by

the curvature factor (see λY (3, 3)).

Table 2.5 presents statistical properties of the residuals for the maturities 30, 90, 120, and

180 days. The residuals have means and standard deviation values comparable to results that

appeared in the literature using the same estimation method, but for U.S. treasury data (Dai

and Singleton (2000)) as well as for Russian Brady Bonds data (Duffie, Pedersen and Singleton

(2003)).

All that was presented up to this point is standard in the affine term structure literature.
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A point that differs though is the existence of deterministic factors in this Gaussian Legendre

model. For this reason, let us temporarily concentrate our analysis on the three deterministic

factors appearing in Figure 2.5 to understand how they affect the dynamic model. Note that

they are all small when compared to the magnitude of the three factors driving the uncertainty

of the term structure. Y4 is the one that varies more, with variation between -13 and 7 bps and

mean value of 0.95 bps. Y5 and Y6 range between -1 and 3 bps, with means of 0.2 and -0.03 bps,

respectively. Our intention is to identify how much these deterministic factors affect the truly

stochastic factors. Hopefully, if they don’t affect much, this will justify our approximation that

just neglects the existence of these factors in the estimation process.

For a fixed set of model parameters (κ, θ,Σ, Y0,4, Y0,5, Y0,6), at each time t, the implied

stochastic factors, which are the first three variables in the state vector Yt,1, Yt,2, Yt,3, are ex-

tracted using the following linear system:

Swexact
t − [P3(xexact)P4(xexact)P5(xexact)]


Yt,4

Yt,5

Yt,6

 = [P0(xexact)P1(xexact)P2(xexact)]


Yt,1

Yt,2

Yt,3


(29)

where Swexact
t denotes the vector of yields priced exactly, Pi(xexact) the Legendre polynomial of

degree i, xexact is a vector of transformed maturities xexact = 2τexact
l − 1, τexact the maturities of

the exactly priced yields, and Yt,4, Yt,5, Yt,6 the deterministic factors that are known functions

of time and of the subset of parameters (Σ, Y0,4, Y0,5, Y0,6) (see Appendix II).

The influence that the deterministic factors have on the three truly stochastic factors is

closely related to the system above. The question is how much the vector of linear combinations

P3(xexact)Yt,4+P4(xexact)Yt,5+P5(xexact)Yt,6 affect the yields priced exactly and consequently the

values of the stochastic Legendre factors. By the facts that the deterministic factors are small

and that the Legendre polynomials form an orthonormal basis, we conjecture that these linear

combinations will be small. Figure 2.6 confirms the intuition that their influence is negligible.

This picture presents how much the deterministic factors (obtained with the parameters that

maximize the Likelihood function) affect the three stochastic factors (level, slope and curvature).

It confirms that their influence is negligible. In fact, for most of the sample period, the deter-

ministic factors affect the level factor in less than 1 bp, the slope factor in less than 5 bps and

the curvature in less than 2 bps. This means that the model restricts the initial values Y0,4, Y0,5

and Y0,6, and the parameters in Σ to guarantee that the influence of the deterministic factors is

minimal.

2.3.3 Legendre Dynamic Model: Proposed Approximation

The previous results concerning the deterministic factors indicate that we may discard them

when estimating the state vector. The elimination of the deterministic factors allows us to

propose a simple approximation of the state vector of the dynamic model by only solving for
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each time t the following linear system:

Swexact
t = [P0(xexact)P1(xexact)P2(xexact)]


Yt,1

Yt,2

Yt,3

 , t = 1, ..., Tfinal. (30)

The most interesting feature of this approximation is that the linear systems appearing in

Eq. (30) do not depend on any model parameters and therefore can be solved without an

optimization process. Once we solve the sequence of linear systems we end up with a time series

for each stochastic factor. Given that, estimation of a vector autoregressive process of lag one

for these three factors will deliver values of the parameters under the physical probability P 25.

Table 2.6 shows the statistical properties of the difference between the state vector estimated

under the dynamic model and the state vector obtained with our approximation: For the three

factors, the differences have means smaller than one basis point, mean absolute values smaller

than 2 bps, and standard deviations smaller than 2.5 bps, confirming the fact that the determin-

istic factors have very small influence on the estimation process of the risky factors (the truly

stochastic level, slope and curvature). On average they affect the truly stochastic factors in less

than 3% of their magnitude, at most. Also comparing the properties of these differences with

the properties of the residuals of the yields priced with error we observe that the magnitude of

the residuals is three to four times higher than the magnitude of these differences suggesting one

more time that the deterministic factors do not affect much the estimation of the three truly

stochastic factors in the state vector.

For our proposed approximation, parameters estimates and statistical properties of the resid-

uals of yields priced with error appear in Tables 2.7 and 2.8. Standard deviations are calculated

based on small numerical perturbations of the autoregressive parameters (κ and Σ), followed by

an application of the delta method (Casella and Berger, 2002) for the risk-premium parameters,

justified by the fact that these parameters are functions of κ and Σ. Note that both implemen-

tations of the model agree on the statistical significance of all parameters at a 95% confidence

level. Moreover, the estimated parameters under the approximation are very close to the ones

obtained under the exact dynamic model (compare tables 2.3 and 2.7). The same happens with

the statistical properties of the residuals. Results overall indicate that our approximation of the

state vector generates an accurate proxy for model parameters and their statistical significances.

2.3.4 Implied Risk Premia

Both implementations of the model agree on the statistical significance of the time varying

risk premium parameters appearing in λY : The only entry that is not significant at a 95%

confidence interval is λY (2, 2). This number measures how much the slope factor influences its

25If we want to restrict the autoregressive coefficient matrix to have some zeros like is usually done in the affine
term structure literature, than instead of running a linear regression we should maximize a Gaussian likelihood
but with a known predetermined state vector. This has the same computational cost of a linear regression and
is much simpler than maximizing a likelihood with respect to parameters and simultaneously determining the
implied states.
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own premium.

We note that the three risky factors have significant effects on the level risk premium, as

we can see with parameters λY (1, 1) , λY (1, 2) and λY (1, 3), which are all significant at a 95%

confidence. Once λY (1, 2) is 26 times higher than λY (1, 1) and the mean absolute level factor is

only 15 times higher than the mean absolute slope factor, we can infer that slope is an important

component of level risk premia. For instance, during the crisis, when the slope was negative,

the level risk premia was higher due to the slope contribution. This may be associated with the

fact that monetary policy shocks are usually estimated to have a slope effect on the yield curve,

affecting short term rates and, in this particular case as shown by the significance of parameter

λY (1, 2), affecting the risk premia associated with the level factor26.

Although the slope is an important component of the level risk-premium it does not signif-

icantly affect its own risk premium, i.e., the parameter λY (2, 2) is not significant under both

implementations of the model. In contrast, the curvature factor has significant effect on the

risk premia charged on all fundamental sources of uncertainty on the term structure27 directly

indicating that this movement plays an important role in the term structure dynamics.

For our Gaussian Legendre model, the time t instantaneous expected excess return of a

zero-coupon bond with maturity τ is given by:

eit,τ = [P0(τ)P1(τ)P2(τ)]ΣΛY Yt (31)

Equation (31) indicates that the instantaneous expected excess return is a linear combina-

tion of the factors of the model with weights on specific factors coming from a combination

of parameters from matrices λY , and Σ and also from Legendre polynomial terms that are

maturity-dependent.

Figure 2.7 shows the risk premium obtained for two different bond maturities under both

implementations of the model (30-day and 360-day maturities). We observe that the time series

of the risk premium implicit in these two bonds for both versions of the model move on the top

of each other for a large part of the sample, and are highly correlated on the remaining parts of

the sample. This in part reassures that the approximation works as a good substitute for the

original more complex implementation of the dynamic model28.

Table 2.9 gives more precise information about the differences in risk premium between

the two implementations of the model for all yields adopted in the estimation process. Mean

values of the differences in risk-premiums range from 21 bps for the shortest-term yield (30-day

maturity) to 43 bps for the longest-term yield (2-year maturity), values that represent something

around 10% to 30% of the absolute value of the original risk-premium obtained under the exactly

estimated dynamic model. Nonetheless, note that standard deviations of these differences are

also high ranging from 36 to 65 bps indicating that although the similarities between the two

26For an interesting macroeconomic interpretation of latent factors in an essentially affine dynamic term struc-
ture model see Dewachter and Lyrio (2006).

27That is, parameters λY (1, 3), λY (2, 3) and λY (3, 3) are all significant at a 95% confidence.
28Results for the other maturities are qualitatively very similar and are available from the authors upon request.
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implementations are not perfect they still motivate a substitution of the dynamic model by the

much simpler approximation. Indeed, the correlation of pairs of risk-premium time series for

the exact and the approximated models is higher than 99% for all maturities: 0.9995, 0.9996,

0.9997, 0.9998, 0.9999, 0.9997, and 0.9989, respectively for the 30-, 60-, 90-, 120-, 180-, 360-,

and 720-day maturities.

2.4 Model Extensions

2.4.1 Risk Premia Approximation in Interest Rate Markets with Coupon-
Bearing Bonds

Almeida, Duarte and Fernandes (2003) used the static version of the Legendre model to gener-

ate zero-coupon yield curves in markets with coupon-bearing bonds (Brady bonds and Global

bonds). The idea is very similar to the static version of the model described in section 2.2.1 but

instead of running linear regressions one should run nonlinear regressions that try to minimize

the quadratic distance between observed prices of bonds and their corresponding discounted

cash-flows. They show that once a sequence of regressions is performed, a sequence of synthetic

zero-coupon term structures driven by the Legendre polynomial factors is obtained. Moreover,

they show that it is possible to identify the principal components of this panel of synthetic

zero-coupon term structures through specific rotations of the Legendre polynomial time-series

factors.

We suggest that, apart from the error terms in the original prices of coupon-bearing bonds29,

once these synthetic zero-coupon term structures are extracted from the original set of coupon-

bearing bonds we can proceed with the same methodology proposed in this paper and, assuming

that the Legendre factors follow a dynamic Gaussian model, obtain the parameters under the

physical probability measure P by running a vector autoregression on the vector of time series

of the Legendre factors obtained with the nonlinear regressions. In this case, instead of running

a set of linear regressions and one vector autoregressive estimation, we would have a set of

nonlinear cross-sectional regressions and the same vector autoregressive estimation.

Treating the synthetic zero-coupon term structures as our initial data, with knowledge of

the physical parameters, risk premia can be extracted exactly as done in this paper.

2.4.2 Separation of the Cross Sectional and Time Series Roles Under More
General Model Specifications

Restricting the loadings to be polynomials makes the parameter estimation process to be focused

on factors dynamics under the physical probability measure P , rather than under Q. The only

elements which prevent the estimation process to be completely separated under measures P

and Q are the conditionally deterministic factors30. However, in Section 2.3, we offered empirical

29That might become large if the number of bonds is too big.
30This can be noted through Equations (44)-(46) that present the dependence of these conditionally determin-

istic factors on parameters that define the volatility structure of the whole set of factors.
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evidence for the Gaussian case, that the only role for the conditionally deterministic factors is to

create specific restrictions on the vector space in terms of choices for the volatility parameters,

not substantially affecting the implied values for the truly stochastic Legendre factors. Based

on this observation, we proposed extracting an approximation for the state vector by simply

neglecting the conditionally deterministic factors and running cross-sectional regressions with

the term structure parameterized by the truly stochastic Legendre polynomials factors. The

state-vector approximation allowed us to come up with a simple method to extract interest rate

risk premia in a Gaussian polynomial model.

Although we only showed that the approximation of the state vector is valid under the

Gaussian model, the parametric structure of the model suggests that it should be robust under

other versions of the dynamic model, i.e., under other probability distributions for the state

variables31. The reason is simple. The difference between the state vector obtained with the

independent regressions (linear systems) and the state vector obtained under any version of the

exact dynamic model is controlled by the conditionally deterministic factors. The conditionally

deterministic factors, on their turn, will be negligible as long as we choose to implement the

dynamic model with a number of truly stochastic factors equal to the number of principal

components (PCs) needed to capture most of the variability of the term structure movements.

That is, there should be a correspondence between non-negligible principal components and

truly stochastic Legendre factors (See Almeida, Duarte and Fernandes, 2003), meaning that the

conditionally deterministic factors may be identified with negligible principal components of the

term structure.

This opens space to use the state vector approximation to extract more information about

the state-vector dynamics, even when the model is not Gaussian. For instance, we can obtain

qualitative information regarding the dynamics of the state vector. To that end, after the ex-

traction of the approximated time series of the state vector, we may adjust ARMA+GARCH

models to these time series to test if specifications involving stochastic volatility would be ap-

propriate. We could also use a more sophisticated non-parametric test (Hong and Li (2005)) to

verify the adequacy of introducing stochastic volatility in the dynamics of the state vector.

2.5 Conclusion

In this paper, we analyzed a Gaussian version of the Legendre polynomial arbitrage-free term

structure model. Its parametric nature, which predetermines the loading functions of the term

structure, allows for an approximation of the state vector of the dynamic model by solving a

sequence of independent linear systems (across time). This approximation was used to provide

a fast method to extract risk premium from an interest rate market with zero-coupon yields. In

addition, we briefly describe how this method can be extended to consider: i) factor dynamics

more general than the Gaussian; ii) markets with coupon bearing bonds.

31For instance, instead of having state variables with a Gaussian distribution it could be a mixed distribution
coming from a combination of Gaussian and Feller stochastic processes.
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2.7 Appendix I - Analytical and Numerical Matrices for the
Six-Factor Legendre Dynamic Model

In this appendix, we present some of the matrices used on the specialized Gaussian version of

the model. It contains the main matrices that allow for the relation between a power polynomial

model and the Legendre polynomial model.

L =



1 −1 1 −1 1 −1

0 4
l −12

l
24
l −40

l
60
l

0 0 18
l2

−90
l2

270
l2

−630
l2

0 0 0 80
l3

−560
l3

2450
l3

0 0 0 0 350
l4

−3150
l4

0 0 0 0 0 1512
l5


(32)

M =



0

H̃0,11

H̃0,12

2 + H̃0,21

H̃0,22

2 + H̃0,31

H̃0,23

3 +
H̃0,32

2
H̃0,33

3


(33)

U =



0 1 0 0 0 0

0 0 2 0 0 0

0 0 0 3 0 0

0 0 0 0 4 0

0 0 0 0 0 5

0 0 0 0 0 0


(34)

L =



1 −1 1 −1 1 −1

0 2 −6 12 −20 30

0 0 4.50 −22.50 67.50 −157.50

0 0 0 10 −70 306.50

0 0 0 0 21.88 −196.88

0 0 0 0 0 47.25


(35)

L−1 =



1 0.5000 0.4444 0.5000 0.6400 0.6111

0 0.5000 0.6667 0.9000 1.2800 1.4048

0 0 0.2222 0.5000 0.9143 1.3095

0 0 0 0.1000 0.3200 0.6852

0 0 0 0 0.0457 0.1905

0 0 0 0 0 0.0212


(36)
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L−1UL =



0 2 −1.5000 2.8333 −2.0833 38.2833

0 0 4.5000 −2.5000 6.2500 48.6500

0 0 0 6.6667 −2.9167 26.4167

0 0 0 0 8.7500 −3.1500

0 0 0 0 0 10.8000

0 0 0 0 0 0


(37)

L−1M =



0.5H̃0,11 + 0.44
(
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2 + H̃0,21

)
+ 0.50

(
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2 + H̃0,31

)
+ 0.64

(
H̃0,23

3 +
H̃0,32

2

)
+ 0.61

(
H̃0,33

3

)
0.50H̃0,11 + 0.67

(
H̃0,12

2 + H̃0,21

)
+ 0.90

(
H̃0,22

2 + H̃0,31

)
+ 1.28

(
H̃0,23

3 +
H̃0,32

2

)
+ 1.41

(
H̃0,33

3

)
0.22

(
H̃0,12

2 + H̃0,21

)
+ 0.50

(
H̃0,22

2 + H̃0,31

)
+ 0.91

(
H̃0,23

3 +
H̃0,32

2

)
+ 1.31

(
H̃0,33

3

)
0.10

(
H̃0,22

2 + H̃0,31

)
+ 0.32

(
H̃0,23

3 +
H̃0,32

2

)
+ 0.69

(
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3
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(
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3 +
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3
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3
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(38)

2.8 Appendix II - Deterministic Factors in the Gaussian Six-
Factor Legendre Dynamic Model

The factors Y4, Y5, and Y6 are deterministic under the Gaussian case. As indicated before in the

body of the article, we adopt the same econometric identification as Dai and Singleton (2002)

where Σ is a diagonal matrix. From Equation (22) we directly conclude that:

σ(Yt)σ(Yt)
T = L−1H̃0(L−1)T = H0 (39)

or equivalently:

H̃0 = LΣ2((L−1)T )−1 = LΣ2LT (40)

We use matrix L defined by Equation (35) which uses the fact that the largest maturity of

observed Brazilian swaps in our data base is 2 years.

Equation (40) combined with Equation (38) inform that the contribution to the drift of each

of the state variables Y4, Y5, and Y6 coming from L−1M can be expressed as a linear combination

of squared diagonal elements of matrix Σ, as shown in what follows. Explicitly substituting the

value of L presented in subsection 2.2.3 we obtain:

H̃0 =



Σ2
11 + Σ2

22 + Σ2
33 −2Σ2

22 − 6Σ2
33 4.5Σ2

33 0 0 0

−2Σ2
22 − 6Σ2

33 4Σ2
22 + 36Σ2

33 −27Σ2
33 0 0 0

4.5Σ2
33 −27Σ2

33 20.25Σ2
33 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


(41)
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Using Equations (38) and (41):

(L−1M)4 = 0.2Σ2
22 + 2.6751Σ2

33

(L−1M)5 = 0.2577Σ2
33

(L−1M)6 = 0.1431Σ2
33

(42)

From Equations (21), (37) and (42) we obtain the drift of the state variables Y4, Y5, and Y6:

µQ(Yt)4 = 0.2Σ2
22 + 2.6751Σ2

33 + 8.75Yt,5 − 3.15Yt,6

µQ(Yt)5 = 0.2577Σ2
33 + 10.8Yt,6

µQ(Yt)6 = 0.1431Σ2
33

(43)

Explicitly solving the simple ODE’s implied for these factors, we get:

Yt,4 = Y0,4 + (0.2Σ2
22 + 2.6751Σ2

33 + 8.75Y0,5−3.15Y0,6)t+ (1.8041Σ2
33 + 94.5Y0,6)

t2

2
+ 13.5231Σ2

33

t3

6
(44)

Yt,5 = Y0,5 + (0.2577Σ2
33 + 10.8Y0,6)t+ 1.5455Σ2

33

t2

2
(45)

Yt,6 = Y0,6 + 0.1431Σ2
33t (46)

Note that the dynamics of the state variables Yt,4, Yt,5 and Yt,6 are deterministic and com-

pletely determined by the parameters Σ22 and Σ33, and the initial conditions Y0,4, Y0,5 and Y0,6,

which are also treated as parameters of the model.
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Factor Level Slope

Level 1.00

Slope -0.54 1.00

Curvature -0.13 -0.59

Table 2.1: Correlation Matrix of the Legendre Static Factors.

Maturity Mean (bp) Mean Abs (bp) Standard Deviation (bp) Skewness Kurtosis

30 1.80 6.13 7.64 -0.25 3.88

60 0.17 2.35 3.23 -0.40 11.82

90 -1.15 3.53 4.57 -0.05 4.61

120 -0.05 5.20 6.74 -0.28 5.09

180 -2.49 5.87 6.95 0.50 3.61

360 2.06 6.30 7.55 -0.56 3.38

720 -0.34 1.09 1.31 0.53 3.40

Table 2.2: Statistical Properties of the Residuals of the Static Model.

Parameter Value Standard Error ratio abs(Value)
Std Err.

κ11 0.141 0.046 3.05

κ12 -1.608 1.468 1.10

κ22 0.557 1.355 0.41

κ13 10.303 3.781 2.72

κ23 -4.710 3.274 1.44

κ33 3.247 1.340 2.42

Σ11 0.014 0.0001 107.15

Σ22 0.012 0.0002 77.30

Σ33 0.009 0.0000 214.68

λ0(1) 0.005 0.0002 21.81

λ0(2) 0.018 0.0005 35.09

λ0(3) 0.016 0.0002 97.96

λY (1, 1) 10.30 5.261 1.96

λY (1, 2) -263.94 106.700 2.47

λY (2, 2) 47.07 113.755 0.41

λY (1, 3) 863.39 263.647 3.27

λY (2, 3) -778.77 276.014 2.82

λY (3, 3) 374.43 118.159 3.17

Y0,4 -0.0014 0.0001 10.62

Y0,5 0.0003 0.00001 20.74

Y0,6 -0.00003 0.000001 51.93

Table 2.3: Parameters and Standard Errors Estimated under the Exact Dynamic Model.

Factors Mean (bp) Mean Abs (bp) Standard Deviation (bp) Skewness Kurtosis

Level 1295 1295 268 0.88 2.77

Slope 17 76 87 0.12 1.95

Curvature 4 27 32 -0.25 2.16

Table 2.4: Statistical Properties of the State Factors under the Exact Dynamic Model.
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Residuals Mean (bp) Mean Abs (bp) Standard Deviation (bp) Skewness Kurtosis

ε̂30 1.75 6.80 8.87 0.36 5.05

ε̂90 -1.89 5.49 6.81 0.37 4.60

ε̂120 -1.04 8.54 10.68 0.16 3.78

ε̂180 -3.83 10.25 12.12 0.53 3.30

Table 2.5: Statistical Properties of the Residuals of the Dynamic Gaussian Model.

Factors Mean (bp) Abs. Mean (bp) Standard Deviation (bp)

Level Diff -0.202 0.463 0.519

Slope Diff -0.673 1.899 2.172

Curvat. Diff -0.248 0.934 1.144

Table 2.6: Statistical Properties of the Differences Between State Factors in the Approximated
and Exact Dynamic Models.

Parameter Value Standard Error ratio abs(Value)
Std Err.

κ11 0.112 0.046 2.43

κ12 -1.709 1.431 1.19

κ22 -0.124 1.329 0.09

κ13 9.264 3.667 2.52

κ23 -4.644 3.178 1.46

κ33 3.799 1.457 2.60

Σ11 0.014 0.0001 107.80

Σ22 0.012 0.0002 77.73

Σ33 0.009 0.0000 192.20

λ0(1) -0.009 0.0001 101.69

λ0(2) -0.007 0.0002 38.73

λ0(3) 0.005 0.0002 25.15

λY (1, 1) 8.170 3.440 2.37

λY (1, 2) -271.424 107.239 2.53

λY (2, 2) -10.474 112.405 0.09

λY (1, 3) 787.700 275.708 2.86

λY (2, 3) -772.455 278.452 2.77

λY (3, 3) 416.518 161.991 2.57

Table 2.7: Parameters and Standard Errors Estimated under the Approximated Model.

Residuals Mean (bp) Mean Abs (bp) Standard Deviation (bp) Skewness Kurtosis

ε̂30 2.01 7.06 9.07 0.16 4.81

ε̂90 -1.66 5.14 6.54 0.17 4.70

ε̂120 -0.88 8.34 10.48 0.11 3.84

ε̂180 -3.84 10.33 12.20 0.56 3.35

Table 2.8: Statistical Properties of the Residuals of the Approximated Gaussian Model.
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Maturities (Days) Mean (bp) Mean Abs (bp) Standard Deviation (bp) Skewness Kurtosis

30 21.26 55.21 64.67 0.14 2.16

60 22.75 54.31 62.37 0.07 2.13

90 24.19 53.37 60.05 0.01 2.11

120 25.59 52.38 57.67 -0.04 2.09

180 28.24 50.22 52.73 -0.14 2.09

360 35.07 43.02 36.18 -0.27 2.15

720 43.67 47.01 36.61 0.16 2.27

Table 2.9: Risk Premium: Differences between the Exact Dynamic Model and the Approximated
Model.

Figure 2.1: Legendre Polynomials.

Figure 2.2: Temporal Evolution of the Brazilian Term Structure.



72

Figure 2.3: Static Model: Temporal Evolution of the Legendre Coefficients for the Brazilian
Swaps.

Figure 2.4: Dynamic Model: Temporal Evolution of the Legendre Coefficients for the Brazilian
Swaps.

Figure 2.5: Conditionally Deterministic Factors in the Multi-factor Gaussian Model.
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Figure 2.6: Difference Between Legendre Dynamic and Static Factors for the Gaussian Model.

Figure 2.7: Comparing Risk Premium for Two Different Maturities.



Chapter 3

Inflation Expectations in an Affine
Macro-Finance Term Structure
Model

Abstract

The market for Treasury Inflation-Protected Securities (TIPS) has grown substantially since its

inception in 1997 and its data is an important source of information of the state of the economy.

The difference between yields on nominal Treasury securities and on TIPS of similar maturities,

often called the break even inflation (BEI) rates is widely used as a proxy for expected future

inflation. However, break-even rates do not, in general, reflect expected inflation alone. They

also include risk premia that compensate investors for unanticipated changes in inflation.

The purpose of our paper is to decompose the BEI rates into inflation risk premiums and in-

flation expectations. We model the joint dynamic of nominal and real yields using an affine

macro-finance no-arbitrage term structure model. Much of the available empirical no-arbitrage

term structure literature has modeled yields based on a set of unobservable factors. Our model

incorporates macro variables such as inflation and economic growth together with latent factors

in order to estimate the term structures. We can then compare our measure of inflation expec-

tation with survey-based measures.

Keywords: Term Structure of Interest Rates, Affine Models, Inflation Expectations.
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3.1 Introduction

Inflation linked security market has grown quickly over the past years. In the United States,

the Treasury Inflation Protected Securities (TIPS) were first introduced in January 1997 and

now is about 8% of the outstanding Treasury debt market. TIPS are securities whose coupon

and principal payments are linked to the Consumer Price Index (CPI) and because of that are

denominated in real rather than nominal yield.

As stated by Bernanke (2004), inflation-linked securities are the most direct source of infor-

mation for inflation expectations. The difference between yields on nominal Treasury securities

and on TIPS of similar maturities, often called the break even inflation (BEI) rate is widely

used as a proxy for expected future inflation. The Break Even term structure contains, however,

not only the expected inflation, but also inflation risk premia, that reflects the compensation

investors require due to the risk of unexpected inflation.

In this paper we propose a joint affine no-arbitrage model for nominal and real yields which

allow us to decompose BEI rates between expected inflation and inflation risk premia. We

propose two versions of this model: the first is estimated using only latent factors and in the

second version we add inflation and economic growth factors to the estimation. The aim of this

second version of the model is to investigate how macro variables affect the joint dynamics of

nominal and real yields and if these extra factors help to better estimate inflation risk premia.

In our empirical analysis we use monthly zero-coupon yields on nominal Treasury bonds of 1-

and 3-months and 1-, 3-, 5- and 10-years maturities and zero-coupon TIPS of 5-, 7- and 10-years

maturities from the Federal Reserve (obtained as described in Gurkaynak, Sack, and Wright

(2007,2010)) over the period 1995-2011 for nominal yields and 2003-2011 for TIPS yields.

Before TIPS data were available most of empirical studies used macroeconomic data such

as the price index (CPI) or money supply in order to estimate inflation risk premia in the U.S..

Buraschi and Jiltsov (2005), propose a structural model that relates inflation risk premia with

money supply and real productivity. Ang, Bekaert and Wei (2007) developed a term structure

model with regime switches that uses inflation data together with nominal yields to derive

inflation risk premium.

More recent researches use real yields data in no-arbitrage models to estimate inflation risk

premia. Chen, Liu and Cheng (2005) is one of these earliest studies, they propose a two factor

Cox-Ingersoll-Ross (CIR) model with correlated real rate and inflation to study inflation risk.

Christensen, Lopez, and Rudebusch (2010), henceforth CLR, applies the affine arbitrage-free

Nelson-Siegel (AFNS) model proposed by Christensen, Diebold, and Rudebusch (2011) in a

joint representation of nominal and real yield curves in order to decompose BEI rates of any

maturity into inflation expectations and inflation risk premiums.

Other works also include data on survey inflation forecast in the estimation. D’Amico, Kim,

and Wei (2010) consider a three and four factor Gaussian term structure model of U.S. rates

estimated with nominal and TIPS yields, inflation and survey forecasts of inflation. Joyce,

Lildholdt, and Sorensen (2010) propose a four-factor essentially affine term structure model
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of U.K. nominal and real rates, that incorporates survey expectations of longer-term inflation.

Haubrich, Pennacchi, and Ritchken (2008) estimate a term structure model of real and nominal

U.S. yields using inflation survey forecasts and inflation swap rates. Hordahl and Tristani (2008)

estimate inflation risk premia in the euro area using a no-arbitrage macro-finance model in which

yields are derived from the dynamics of the short rate obtained from the solution of a linear

macro model. In a more recent work, Grishchenko and Huang (2012) estimate inflation risk

premia in U.S. in a ”model free” and arbitrage free framework that distinguish between TIPS

yields and real yields when taking into account explicitly the three-month indexation lag of TIPS

in the analysis.

The main difference between our study and these previous works is that we do not incorporate

inflation survey forecast data in the estimation, since we don’t want to consider any possible

bias included in this data. The aim of our work is to estimate inflation risk premia using only

market data on nominal and real yields and add macro factors to this model to test if it improves

the estimation.

Following CLR, our Yields-Only model is a joint affine no arbitrage gaussian term structure

model for nominal and real term structure that uses three common non-observable factors. In

contrast with RLC methodology, we do not impose any parametric form for yields and use three

common factors to explain the variability of nominal and real yields. Duffe (2011) argue that

imposing this kind of restrictions may lead to different, and presumably worse, estimates of the

yields than those produced without imposing the restrictions. Our macro version of this model

includes two macro factor to the estimation, following Ang and Piazzesi (2003) framework, but

without imposing any structural economic model such as in Hordahl and Tristani (2008).

The paper is organized as follows. Section 2 summarizes the data used in our empirical

analysis. Section 3 describes the Yields-Only and the macro model as well as the estimation

procedure. Section 4 presents a theoretical discussion on how to decompose BEI rates into

inflation expectation and inflation risk premia. Section 5 presents estimation results for expected

inflation and inflation risk premium. Section 6 concludes.

3.2 Data Base

3.2.1 Yield Data

We use monthly data on nominal zero coupon Treasury bond yields of maturities of 1- and

3-months and 1-, 3-, 5- and 10-years from January 1995 to December 2011. Due to liquidity

problems in TIPS market in its early period, our database of monthly zero-coupon TIPS yields

extends from January 2003 to December 2011. In addition, we only consider maturities of 5-,

7- and 10-years for zero-coupon TIPS yields, due to the limited maturity range in this market.

We use data for both TIPS and nominal Treasury bonds as constructed by Gurkaynak, Sack,

and Wright (2007,2010) and obtained from the website of the Federal Reserve Board. All bond

yields are continuously compounded.
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Panels A and B of Figure 3.1 plot monthly yields of nominal Treasury bonds and TIPS of

maturities of 5-, 7- and 10-years, respectively. Observe from the panels that essentially nominal

yields decrease steadily since the beginning of financial crisis in August 2007, that led to a deep

and prolonged global economic downturn. The Federal Reserve has acted to reduce the short

term interest rates and also purchased large quantities of longer-term Treasury and government

agency securities in an effort to further reduce longer-term interest rates. TIPS yields exhibits

the same decreasing behavior, the only exception beeing a brief interruption during the period

of high panic from October to December 2008.

Panel C of Figure 3.1 shows the TIPS breakeven rate of 5- and 10-years maturities defined

as the difference between nominal and TIPS zero-coupon yields. Clearly, the breakeven rate is

relatively less volatile in the first half of the sample, before the financial crisis and relatively

high volatile in the second half.

The summary statistics of the yields data used in our empirical analysis are reported in

Table 3.1. The term structure of both nominal and TIPS yields is upward sloping. Average

TIPS yields in our sample are between 1.20% and 1.77% for 5 and 10 years index-linked bonds,

respectively. Average nominal yields are between 3.26% and 4.95% for 1 month and 10 years

yields, respectively. The breakeven rates averages are between 3.02% and 3.18% depending on

the maturity.

3.2.2 Macro Data

Following Ang and Piazzesi (2003), we select a list of macro variables widely used in the macro

finance literature: the Producer Price Index of finished goods, the Consumer Price Index, the

spot market commodity prices, the industrial production, the unemployment rate and employ-

ment index. All macro variables were obtained from Bloomberg database and covers the period

from January 1995 to December 2011, monthly data. Table 3.2 reports some sample statistics

of this data.

We divide these variables between two groups called inflation and real activity. The first

group contains PPI inflation (PPI), CPI inflation (CPI) and spot market commodity price

inflation (PCOM). All inflation measures at time t are calculated using log(Pt/Pt−12), where

Pt is the inflation index. The second group consists of variables that capture real activity:

the growth rate of industrial production (IP), unemployment (UE) and the growth rate of

employment (EMPLOY). The growth rate variables are computed as log(It/It−12), where It is

the industrial production or employment index. To reduce the dimensionality of the system,

we first normalize each series separately in order to have zero mean and unit variance, then we

extract the first principal component from the inflation group and from the real activity group.

This leaves us with two extracted macro factor representing inflation and real activity.

Table 3.3 shows the loadings of the three principal components of each group of macro

variables and the proportion of variability accounted by each principal component. For the

inflation group, the first principal component explains almost 85% of the variance of the inflation

variables. For the real activity group, the first principal component explains over 74% of the
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variance of the real variables. The first principal component of the first group of variables can

be interpreted as an inflation factor, as it loads positively on PPI, CPI and PCOM. The first

principal component of real activity measure loads negatively on IP and EMPLOY and positively

on UE. We multiply this variable by -1 to interpret positive shocks to this factor as positive

shocks to economic growth and so this factor can be interpreted as real activity.

The extracted macro factors are ploted in Fig. 3.2. The real activity factor clearly shows

the economy business cycles, with one main recession period in our sample that begins in 2007

and its due to the recent financial crisis. By the end of 2011 the economy wasn’t completely

recovered. The inflation factor also shows high volatility during the financial crisis, the inflation

first rises and then falls to the lowest level in our sample.

To better understand the relation between the extracted macro factors and the original

macro variables, table 3.4 shows the correlation between these factors and the original macro

series in each group. The inflation factor is highly correlated with all variables in its group:

0.95, 0.92 and 0.89 for PPI, CPI and PCOM, respectively. The real activity factor is most

closely correlated with employment growth (0.97) and less correlated with employment (-0.77).

Table 3.4 also shows the relation between macro factors and nominal and real yields. The real

activity factor is highly correlated with nominal yields and this correlation is highest for short

maturities yields: the correlation between real activity and the 1 month yield is 0.76. The

inflation factor is only weakly correlated with nominal yields, these correlations do not exceed

0.09 for any maturity and inflation is negative correlated with the 10 year maturity nominal

yield (-0.05). Both inflation and real activity are not highly correlated with real yields. Real

activity is positively correlated with all real yields, with correlations between 0.14 and 0.16 and

inflation is negatively correlated with all real yields, with correlation between -0.23 and -0.21.

Since macro factors are correlated with yields, incorporating these factors may lead to models

that better explain inflation risk premia than models which omit these factors.

3.3 The Model

In this section, we describe our gaussian affine no-arbitrage joint term structure model on

monthly data for nominal and real zero-coupon U.S. Treasury bond yields. Table 3.5 reports

Principal Component Analysis results for nominal and real yields toghether: 99.58 percent of the

total variation in this set of yields is accounted by the first three principal components. These

results motivate our model, which assumes that there are three latent state variables relevant for

pricing both nominal and real Treasury yields. We first describe our Yields-Only Model where

both nominal and real term structures are described by three latent factors, then, in the Macro

Model, we incorporate two more factors in the model: the macro variables inflation and real

activity.
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3.3.1 Yields-Only Model

Duffie and Kan (1996) define affine term structure models as the ones whose short term rate

and bond prices are respectively affine and exponential-affine functions of dynamic factors. In

our Yields-Only Model, the instantaneous nominal and real short rates, rnt and rrt , respectively,

are linear functions of three latent variables:

rnt = δ0n + δ1nXt (1)

rrt = δ0r + δ1rXt (2)

where Xt is a 3 x 1 vector of the state variables. Assuming the existence of an equivalent

martingale measure Q, Duffie and Kan (1996) show that any multi-dimensional affine term

structure model, under some regularity conditions, can be represented by a stochastic differential

system whose drift and squared diffusion matrix are affine under Q:

dXt = κQ(θQ −Xt)dt+ ΣdW ∗t (3)

where W ∗t is a three dimensional standard Brownian motion under Q, θQ is a 3 x 1 vector and

κQ and Σ are 3 x 3 matrices. In the gaussian setup, the matrix of volatility coefficients, Σ, is

diagonal and independent of the state vector.

The market price of risk is the element that connects the dynamics of the factors under the

risk neutral (or pricing) measure Q and the physical measure, which we denominate P . Duffee

(2002) and Dai and Singleton (2002) tested the estimation of different specifications of affine

processes using historical data on U.S. treasury bonds and concluded that a flexible time varying

risk premia is fundamental to capture the term structure dynamics. Based on these results, we

assume that the market prices of risk, Λt follow the popular essentially affine risk premium

specification introduced in Duffee (2002), directly implying the following parametric form for

the market prices of risk:

Λt = λ0 + λ1Xt (4)

where λ0 is a 3 x 1 vector and λ1 is a 3 x 3 diagonal matrix.

The market prices of risk allow us to relate the two Brownian Motion vectors under both

probability measures P and Q:

W ∗t = Wt +

∫ t

0
Λsds (5)

where Wt is a three dimensional Brownian Motion under P . Under the essentially affine risk

premium specification defined in equation (4), the process for the state vector dynamics under

the physical measure P also have an affine form:

dXt = κ(θ −Xt)dt+ ΣdWt (6)

where κ = κQ − λ1 and θ = κ−1(κQθQ + λ0).

We adopt the canonical representation of our three factor affine model by restricting the pa-
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rameters in equation 6 as described in Dai and Singleton (2000). In this setup, κ is an upper

triangular matrix, θ is a vector of zeros and Σ equals identity.

Following Duffie and Kan (1996), the price of a nominal zero-coupon bond maturing at time

T = t+ τ , Pnt (τ), is given by:

Pnt (τ) = eA
n(τ)−Bn(τ)′Xt (7)

where An(τ) and Bn(τ) satisfy the following ordinary differencial equations (ODEs), that are

completely determined by the specification of the risk neutral dynamics of rnt , in equations (1)

and (3):

∂An(τ)

∂τ
= −δ0n − θQ′κQ′B(τ) +

1

2

3∑
i=1

[Σ′Bn(τ)]2i (8)

∂Bn(τ)

∂τ
= δ1n − κQ′Bn(τ) (9)

Starting from initial conditions A(0) = 0 and B(0) = 03x1, these ODEs can be easily solved by

numerical integration.

In an analogous way, the price of a real zero-coupon bond maturing at time T = t + τ , P rt (τ),

is given by:

P rt (τ) = eA
r(τ)−Br(τ)′Xt (10)

where Ar(τ) and Br(τ) satisfy ordinary differencial equations (ODEs), similar to equations (8)

and (9) that are completely determined by the specification of the risk neutral dynamics of rrt ,

in equations (2) and (3).

Starting from a set of nominal and real yields of different maturities we can invert equations

(7) and (10) to obtain closed form solutions for yields in order to estimate the parameters of the

model, fitting model implied yields to the observed yields.

3.3.2 Macro Model

Our macro model combines observable macro factors with latent (unobservable) factors. In this

setup, the instantaneous nominal and real short rates, rnt and rrt , respectively are linear functions

of three latent factors and two macro factors:

rnt = δ̃0n + δ̃1nX̃t + δ2nMt (11)

rrt = δ̃0r + δ̃1rX̃t + δ2rMt (12)

where X̃t is a 3 x 1 vector of the latent factors and Mt is a 2 x 1 vector of the macro factors

inflation and real activity that are obtained as described in section 3.2.2.

The factor dynamics under the risk neutral measure Q are governed by the following stochastic

differencial equation:

dYt = κ̃Q(θ̃Q − Yt)dt+ Σ̃dW̃ ∗t (13)

where Yt = (X̃t
′
M ′t) is the vector of unobservable and observable factors, W̃ ∗t is a five dimensional

standard Brownian motion under Q, θ̃Q is a 5 x 1 vector and κ̃Q and Σ̃ are 5 x 5 matrices.
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In order to impose independence between latent and macro factors, we force the upperright

3 x 2 corner and the lower-left 2 x 3 corner of κ to be equal to zero, which implies that all

uncertainties coming from the latent factors are orthogonal to the macro factors. As pointed

out in Ang and Piazzesi (2003) this independence assumption has two main drawbacks. ”First,

it contradicts empirical evidence that the term structure predicts movements in macro economic

activity (see Harvey, 1988; Estrella and Hardouvelis, 1991). Second, monetary policy has no

impact on future inflation or real activity.”

In the macro model we use the same risk premium specification as in the Yields-Only model:

Λ̃t = λ̃0 + λ̃1Yt (14)

where λ̃0 is a 5 x 1 vector and λ̃1 is a 5 x 5 diagonal matrix.

Also, the same relationship between real-world and risk-neutral dynamics in equation (5) applies,

therefore, we can write the P-dynamics of the state variables as:

dYt = κ̃(θ̃ − Yt)dt+ Σ̃dW̃t (15)

where Yt = (X̃t
′
M ′t) is the vector of unobservable and observable factors and W̃t is a five

dimensional Brownian Motion under P.

In this setup, the prices of the nominal and real zero-coupon bonds maturing at time T = t+ τ ,

Pnt (τ) and P rt (τ), respectively, are given by:

Pnt (τ) = eÃ
n(τ)−B̃n(τ)′Yt (16)

P rt (τ) = eÃ
r(τ)−B̃r(τ)′Yt (17)

where Ãn(τ), B̃n(τ), Ãr(τ) and B̃r(τ) satisfy ODEs, that are completely determined by the

specification of the risk neutral dynamics of rnt and rrt in equations (11), (12) and (13). The rest

of the estimation of this model proceeds in the same way as in the Yields-Only Model.

3.3.3 Estimation Method

During the estimation process, knowledge of the factors dynamics under both measures is neces-

sary, because the pricing measure is used to fit model implied yields to the observed yields, while

the physical measure is used to define the conditional probability distributions of the factors,

which serve as inputs for the estimation technique.

If we assume that all yields are priced with measurement errors, then filtering methods must

be used in the estimation procedure. In this paper, we estimate both the Yields-Only and the

Macro Model by maximum likelihood using the Kalman filter.

3.4 Inflation Expectations and Inflation Risk Premia

In this section, we establish the relationship between nominal and real term structures of interest

rates in order to decompose the break even inflation (BEI) rates into inflation expectations and
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inflation risk premiums.

Assuming that Pnt (τ) denote the time-t nominal price of a zero-coupon bond paying $1 at

time T = t+ τ . In the absent of arbitrage opportunities we have:

Pnt (τ) = EQt

[
e−

∫ t+τ
t rnudu

]
(18)

where rnt is the instantaneous nominal short rate and EQ(.) is the expectation under the risk

neutral measure.

Then the continuously compounded yield on a nominal bond of maturity τ is given by:

ynt (τ) = −1

τ
lnPnt (τ) (19)

Considering the index linked bonds, let P rt (T ) denote the nominal price of a zero-coupon

bond at period t paying $(Qt+τ/Qt) at period T = t + τ , where Qt is overall price level at t.

This kind of bond completely hedge against future movements in price levels τ periods ahead.

P rt (τ) = EQt

[
e−

∫ t+τ
t rrudu

]
(20)

It then follows that the continuously compounded real yield on a bond of maturity T = t+ τ

is given by:

yrt (τ) = −1

τ
lnP rt (τ) (21)

The no-arbitrage condition requires the following consistency between the prices of real and

nominal bonds:

P rt (τ) = EQt

[
Qt+τ
Qt

e−
∫ t+τ
t rnudu

]
(22)

The BEI rate is defined as the difference between nominal and real yields and equals the

inflation compensation required by investors to hold nominal bonds:

BEIt(τ) = ynt (τ)− yrt (τ) (23)

However, as shown by Evans (1998), the BEI is not only composed by the expected inflation

rate from t to t + τ , but also by the inflation risk premia, which is the premium requested by

investors to hedge against unexpected changes in inflation:

BEIt(τ) = πet (τ) + γt(τ) (24)

where πet (τ) is the expected inflation at t between time t and t + τ and γt(τ) is the corre-

sponding inflation risk premia.

The expected inflation rate from t to t+ τ is defined as:

πet (τ) = −1

τ
lnEP

[
Qt+τ
Qt

]
(25)
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Using equations 20 and 22, it follows that:

πet (τ) = −1

τ
lnEP

[
e
∫ t+τ
t (rnu−rru)du

]
(26)

Hence, after estimate the instantaneous nominal and short rates functions and the factors

dynamics in both the Yields-Only and the Macro Model, the inflation expectation can be easily

determined by taking expectations under the physical measure. The inflation risk premia is then

computed as the difference between the BEI rate and the model implied inflation expectation

for each maturity.

3.5 Empirical Results

In this Section, we discuss and compare the empirical performance of the Yields-Only and the

Macro Model.

3.5.1 Parameter Estimates

Table 3.6 presents the parameters estimated values for the Yields-Only and the Macro Model,

their standard deviations calculated by the Outer Product Method (BHHH), and the ratio

ratio between the absolute value of parameter estimate and the standard error, which allow

the performance of standard asymptotic tests of parameters significance. Bold ratios indicate

significant parameters at a 95% confidence level. We can notice that the latent factors dynamics

are very similar for both models, when we compare the estimated κ matrix for the Yields-Only

Model and the upper right 3x3 corner of κ̃ matrix for the Macro Model. Also, when comparing

the nominal and real short rates functions, one can notice that for both models the linear relation

of the short rates and the latent factors are very similar, when we observe the estimated values

for the vectors δ1n and δ̃1n. Based on these results, we anticipate the fit of the nominal and real

yields to be very similar across these two models.

On the other side, the market prices of risk dynamics are quite different between the two

models, which can be observed when comparing λ0, λ̃0, λ1 and λ̃1 estimated values. This implies

in different inflation risk premia estimates for the two models, as we will see below.

3.5.2 Overall Fit

In order to gauge the performance of our model, table 3.7 reports some goodness-of-fit statistics

of the two models. This table shows the mean (ME), the standard deviation (Std), the maximum

value (Max) and the root mean square (RMSE) of the pricing errors of nominal and real yields.

We define the pricing error as the difference between the observed yields and the model implied

yields. The fit of yields are slightly better in the Macro Model, as can be seen from the smaller

estimates of the standard deviations and RMSE for this model.

Figure 3.3 compares the observed 5- and 10-years BEI rates to comparable maturity model-

implied BEI rates for Yields-Only and Macro Model. The model-implied rates are calculated as
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the differences between the fitted nominal and real yields from the estimated models. The small

differences between the observed and model implied BEI rates reflect the overall good fit of this

model.

3.5.3 Inflation Expectations and Inflation Risk Premia

Both the Yields-Only and The Macro Model allow us to decompose the BEI rate into inflation

expectations and inflation risk premium at various horizons, as described in section 3.4. The

measures of inflation expectation are obtained using only nominal and real yields data together

with macro data (in case of the Macro Model), we don’t use any data on inflation expectations in

the estimation. Ang, Bekaert, and Wei (2007) show that survey inflation forecasts outperforms

various other measures of inflation expectations, when predicting future inflation. In our study,

we use survey based measures of expected inflation only to provide support for both models

estimations. In order to do this comparison, we use quarterly data on survey CPI inflation

forecasts from the Survey of Professional Forecasters at the 1-, 5- and 10-years horizons.

Figures 3.4 plots Yields-Only and Macro Model implied expected inflation together with

survey based inflation forecasts for 1-, 5- and 10-years maturities. There we can examine how

closely the model implied inflation expectations mimic survey based inflation forecasts. We can

note a relatively close match for all the analized maturities, specially for 1-year maturity. The

larger differences for all horizons occurred during the financial crisis beginning in late 2008.

Finally, the inflation risk premia (IRP) for each maturity can be obtained subtracting each

model implied expected inflation rate from the comparable maturity model implied BEI rate.

Figure 3.5 shows IRP for 1-, 5- and 10-years maturities implied from the Yields-Only (Panel A)

and the Macro Model (Panel B). For all maturities these premiums are small and quite stable

during the sample period, but are different when comparing the two models. At the 1-year

horizon, the Yields-Only Model IRP is positive over the full sample, ranging from 2 to 7 basis

points. The same estimates based on the Macro Model are negative, ranging from -12 to -14

basis points. 5-years maturity IRP estimated by the Yields-Only Model ranges from 21 to 24

basis points and, when estimated by the Macro Model, ranges from 12 to 14 basis points. Last,

the 10-years maturity IRP ranges from 37 to 40 basis points when estimated by the Yields-Only

Model and from 60 to 65 basis points when estimated by the Macro Model.

We can also analyze the volatility of the IRP estimates based on the two different models.

Results indicate that the 1 year estimated IRP is less volatile when estimated by the Macro

Model, but the 5 and 10 years Macro Model IRP estimates are more volatile.

Figure 3.6 shows the mean of the time series of estimated inflation risk premia for 3- and

6-months and 1-, 3-, 5-, 7- and 10-year maturities that are implied from the Yields-Only Model

and Macro Model. For the Macro Model, the estimated inflation risk premia is negative for

short maturities and varies more across maturities then the estimated inflation risk premiums

from the Yields-Only Model, with a very close pattern to Chen, Liu and Cheng (2005) findings.

The estimated inflation risk premium from both models has an obviously positive correlation

with maturities. This result is consistent with other authors’ findings such as CLR and Chen,



85

Liu and Cheng (2005).

3.5.4 Comparison to the literature

We compare our results from the Yields-Only and the Macro Model to the findings of three

other papers that use affine no-arbitrage models of nominal and real rates to decompose U.S.

BEI rates.

Chen, Liu and Cheng (2005) used weekly data of nominal an TIPS yields from January 1998

to December 2004 to estimate their model. They find quite stable inflation risk premiums and

the average inflation risk premium for 1-, 5- and 10-years maturities to be -1.29, 38.36 and 92.18

basis points, respectively. Our estimated inflation risk premiums from the Macro Model have a

very similar behavior to their estimates.

Grishchenko and Huang (2012) use historical data on nominal and TIPS yields from January

2000 to September 2008, toghether with various measures of inflation expectations to estimate

inflation risk premia. Their 10-years inflation risk premia estimates range from -16 to 10 basis

points over the full sample depending on the proxy used for expected inflation. In addition,

the inflation risk premium is negative in the first half of their sample period but positive in

the second half. The authors argue that this negative risk premia is due to a combination

of illiquidity of TIPS and deflation scare in 2002-2003. Contrary to Grishchenko and Huang

findings, we do not estimate negative 10-years IRP for any model. Our estimates are allways

positive and higher than those obtained by them.

CLR uses weekly data on nominal yields from January 1995 to March 2008 and TIPS yields

weekly data from January 2003 to March 2008 in their joint affine arbitrage free model. They find

a relatively close match between the model-implied and the survey-based measures of inflation

expectations, with the model implied 10-years expected inflation slightly below the survey based

measure, similar to our results. Their model implied 5- and 10-years inflation premiums have

varied in a range around zero of about ±50 basis points. Our IRP estimates are lower and more

stable than CLR findings.

3.6 Conclusion

In this paper, we study expected inflation and inflation risk premia term structures using data

on nominal treasury and TIPS yields. We estimate a joint arbitrage-free model with three latent

factors to describe the yields dynamics. A second version of the model adds two macro factors

to capture yields dynamics. Following Ang and Piazzesi (2003), the two macro factor represent

inflation and real activity. Our model do not impose any parametric form for yields such as in

CLR and is easily estimated using Kalman filter. No data on inflation survey forecast is used in

the estimation, since we don’t want to considered any possible bias present in this data in the

estimation.

Our model-implied inflation expectations closely match survey measures for all analyzed

maturities and for both versions of the model. The estimated inflation risk premiums are small
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and quite stable during the sample period, but have differences when comparing the two models.

The average inflation risk premia changes from −0.24 basis points for 3-month maturity to 39

basis points for 10-years maturity, for the Yields-Only version of the model. For the Macro

Model, it changes from −6 basis points for 3-month maturity to 63 basis points for 10-years

maturity.

We find small gains when adding macro variables in the estimation, once we have smaller

pricing errors for this version of the model and the resulting inflation risk premiums behave in

a closer way to others authors findings along different maturities.
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Central Moments Autocorrelations

Mean Stdev Skew Kurt Lag1 Lag2 Lag3

Nominal Term Structure

1m 0.0326 0.0208 -0.2320 1.456 0.9920 0.9829 0.9705

3m 0.0327 0.0212 -0.2131 1.433 0.9946 0.9859 0.9736

1y 0.0341 0.0212 -0.2131 1.433 0.9942 0.9847 0.9718

3y 0.0383 0.0187 -0.2156 1.794 0.9881 0.9726 0.9567

5y 0.0422 0.0158 -0.1862 2.052 0.9827 0.9616 0.9433

10y 0.0495 0.0115 -0.0790 2.558 0.9692 0.9348 0.9137

Real Term Strucuture

5y 0.0120 0.0093 -0.1609 2.891 0.9359 0.8546 0.7850

7y 0.0148 0.0078 -0.4510 3.260 0.9293 0.8477 0.7822

10y 0.0177 0.0063 -0.7012 3.933 0.9147 0.8274 0.7637

Table 3.1: Yields Summary Statistics
This table reports the summary statistics of the nominal and TIPS yields data. The 1 and 3 months and

the 1, 3, 5 and 10 years nominal yields are annual zero coupon Treasury bond yields and the 5, 7 and

10 years real yields are zero coupon TIPS yields. The data is constructed as in Gurkaynak, Sack, and

Wright (2007,2010) and obtained from the website of the Federal Reserve Board. The sample period

is 1995:01 to 2011:12 for nominal yields and 2003:01 to 2011:12 for TIPS yields, monthly frequency.
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Central Moments Autocorrelations

Mean Stdev Skew Kurt Lag1 Lag2 Lag3

Inflation

PPI 0.0246 0.0281 -0.4320 3.357 0.9345 0.8436 0.7428

CPI 0.0245 0.0116 -0.9099 5.166 0.9260 0.7927 0.6645

PCOM 0.0791 0.2486 -0.8817 3.746 0.9199 0.8172 0.7164

Real Activity

IP 0.0186 0.0484 -1.8968 6.799 0.9788 0.9461 0.9005

UE 0.0580 0.0174 1.2916 3.370 0.9957 0.9899 0.9815

EMPLOY 0.0075 0.0154 -1.5914 5.538 0.9741 0.9487 0.9123

Table 3.2: Macro Variables Statistics
This table reports the summary statistics of the macro data. The inflation measures are the Producer

Price Index inflation (PPI), the Consumer Price Index inflation (CPI) and the spot market commodity

price inflation (PCOM). All inflation measures at time t are calculated using log(Pt/Pt−12), where Pt

is the inflation index. The real activity measures are the the growth rate in industrial production (IP),

the unemployment rate and the growth rate of employment (EMPLOY). The growth rate variables are

computed as log(It/It−12), where It is the industrial production or employment index. The source for

all macro variables is Bloomberg. The sample period is 1995:01 to 2011:12, montlhy frequency.

Principal Components: Inflation

1st 2nd 3rd

PPI 0.60 -0.17 -0.79

CPI 0.58 -0.59 0.56

PCOM 0.56 0.79 0.26

%variance explained 84.92 95.24 100.00

Principal Components: Real Activity

1st 2nd 3rd

IP -0.56 0.65 0.52

UE 0.52 0.76 -0.40

EMPLOY -0.65 0.05 -0.76

%variance explained 74.33 97.08 100.00

Table 3.3: Macro Factors Principal Component Analysis
Three macro variables represent inflation: PPI refers to PPI inflation, CPI to CPI inflation, PCOM

to commodity price inflation and three macro variables represent real activity: IP refers to the growth

in industrial production, UE to the unemployment rate and EMPLOY to the growth in employment.

Principal components are extracted of each group of variables separately. The loadings on each principal

components are shown. The %variance explained row of each group of variables shows the proportion of

variability accounted by each principal component. The sample period is 1995:01 to 2011:12, montlhy

frequency.



91

PPI CPI PCOM

Inflation 0.95 0.92 0.89

IP UE EMPLOY

Real Activity 0.83 -0.77 0.97

Nominal Term Stucture

Inflation Real Activity

1m 0.09 0.76

3m 0.09 0.76

1y 0.08 0.75

3y 0.03 0.72

5y 0.00 0.68

10y -0.05 0.58

Real Term Structure

Inflation Real Activity

5y -0.23 0.16

7y -0.22 0.16

10y -0.21 0.14

Table 3.4: Correlations
The table reports selected correlations for the inflation factor extracted from the first principal com-

ponent of PPI, CPI and PCOM, the real activity factor extracted from the first principal component

of IP, UE and EMPLOY, the 1m, 3m, 1y, 3y, 5y and 10y Treasury bond yields and the 5y, 7y and 10y

TIPS yields, which are used in the estimation. PPI refers to PPI inflation, CPI to CPI inflation, PCOM

to commodity price inflation, IP to the growth in industrial production, UE to the unemployment rate

and EMPLOY to the growth in employment. The sample period is 1995:01 to 2011:12, for Treasury

bonds yields and macro variables and 2003:01 to 2011:12 for TIPS yields, montlhy frequency.
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1st 2nd 3rd 4th 5th

Nominal Term Structure

1m 0.48 0.25 0.32 0.43 0.28

3m 0.48 0.25 0.25 0.18 -0.11

1y 0.47 0.18 -0.04 -0.42 -0.46

3y 0.37 -0.03 -0.42 -0.39 0.35

5y 0.28 -0.16 -0.49 0.00 0.27

10y 0.15 -0.29 -0.46 0.57 -0.54

Real Term Strucuture

5y 0.19 -0.53 0.39 -0.29 -0.28

7y 0.15 -0.50 0.22 -0.03 0.15

10y 0.11 -0.44 0.09 0.21 0.33

%variance explained 89.88 97.12 99.58 99.95 99.98

Table 3.5: Yields Principal Component Analysis
The table reports the loadings of the 1m, 3m, 1y, 3y, 5y and 10y Treasury bond yields and the 5y,

7y and 10y TIPS yields on the first five principal components. The %variance explained row shows

the proportion of all bond yield variability accounted for by each principal component. The sample

period is 1995:01 to 2011:12, for Treasury bonds yields and 2003:01 to 2011:12 for TIPS yields, montlhy

frequency.



93

Yields-Only Model Macro Model

Parameter Value Std Error Ratio Parameter Value Std Error Ratio

δ0n 0.0608 0.0312 1.95 δ̃0n 0.0471 0.0268 1.76

δ1n(1) 0.0071 0.0004 18.72 δ̃1n(1) 0.0070 0.0005 14.20

δ1n(2) 0.0020 0.0010 2.05 δ̃1n(2) 0.0014 0.0017 0.81

δ1n(3) 0.0019 0.0009 2.14 δ̃1n(3) 0.0029 0.0009 3.29

δ̃2n(1) 0.0003 0.0004 0.76

δ̃2n(2) 0.0009 0.0007 1.31

δ0r 0.0370 0.0455 0.81 δ̃0r 0.0303 0.0332 0.91

δ1r(1) 0.0067 0.0008 7.97 δ̃1r(1) 0.0081 0.0010 8.50

δ1r(2) 0.0000 0.0033 0.00 δ̃1r(2) 0.0009 0.0018 0.51

δ1r(3) 0.0587 0.0081 7.29 δ̃1r(3) 0.0775 0.0100 7.78

δ̃2r(1) -0.0054 0.0029 1.83

δ̃2r(2) 0.0016 0.0009 1.76

κ(1, 1) 0.3367 0.2268 1.48 κ̃(1, 1) 0.3212 0.3648 0.88

κ(1, 2) 1.2671 0.2141 5.92 κ̃(1, 2) 1.1630 0.1724 6.75

κ(1, 3) 2.1863 0.3283 6.66 κ̃(1, 3) 3.0007 0.3872 7.75

κ(2, 2) 0.2527 0.3818 0.66 κ̃(2, 2) 0.2814 0.3359 0.84

κ(2, 3) 0.1958 0.2082 0.94 κ̃(2, 3) 0.0475 0.6574 0.07

κ(3, 3) 1.0879 0.3766 2.89 κ̃(3, 3) 1.4275 0.4944 2.89

κ̃(4, 4) 0.9374 0.03 36.80

κ̃(4, 5) 0.0189 0.03 0.69

κ̃(5, 4) 0.0044 0.01 0.39

κ̃(5, 5) 0.9845 0.01 81.02

λ0(1) -0.0096 0.4523 0.02 λ̃0(1) -0.0959 0.6134 0.16

λ0(2) -0.0020 0.3598 0.01 λ̃0(2) 0.0054 0.3713 0.01

λ0(3) 0.0361 0.4643 0.08 λ̃0(3) -0.0534 0.4256 0.12

λ̃0(4) -0.0003 2.2692 0.00

λ̃0(5) -3.4437 1.3363 2.58

λ1(1, 1) -0.0005 0.0748 0.01 λ̃1(1, 1) -0.0013 0.1257 0.01

λ1(2, 2) 0.0025 0.3714 0.01 λ̃1(2, 2) -0.0001 0.1840 0.00

λ1(3, 3) 0.0049 0.3488 0.01 λ̃1(3, 3) -0.0040 0.4865 0.01

λ̃1(4, 4) -0.0010 0.4443 0.00

λ̃1(5, 5) -0.0485 0.1608 0.30

Table 3.6: Parameters Estimates
This table reports the estimated parameters and standard errors of δ0n, δ0r, δ1n, δ1r, κ, λ0 and λ1

for the Yields-Only Model and the estimated parameters and standard errors of δ̃0n, δ̃0r, δ̃1n, δ̃1r, δ̃2n,

δ̃2r, κ̃, λ̃0 and λ̃1 for the Macro Model. The last column for each model report the ratio between the

absolute value of parameter estimate and the standard error.
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Yields-Only Model Macro Model

Maturity Mean Std Max RMSE Mean Std Max RMSE

Nominal Yields

1m 0.54 9.64 44.19 9.63 -0.74 8.98 40.60 8.98

3m 0.00 0.00 0.06 0.00 0.00 0.00 0.00 0.00

1y -2.71 9.38 36.93 9.74 -0.20 8.78 37.25 8.76

3y 0.00 0.02 0.08 0.02 0.00 0.02 0.10 0.02

5y 2.09 9.30 33.80 9.51 0.32 8.76 37.37 8.75

10y -6.79 21.18 69.42 22.19 -0.77 20.60 77.51 20.56

Real Yields

5y 1.90 10.11 25.15 10.24 1.83 9.97 24.05 10.09

7y -0.02 0.02 0.08 0.02 -0.01 0.04 0.14 0.04

10y 3.58 7.66 31.90 8.42 0.79 7.29 21.99 7.30

Table 3.7: Summary Statistics of Pricing Errors
This table reports the summary statistics of the pricing errors of real and nominal yields. We define the

pricing error as the difference between the observed yields and the model-implied yields. The column

Mean is the sample mean of the pricing errors; Std is the standard deviation; Max is the maximum

absolute error; and RMSE is the root mean squared errors. All numbers are measured in basis points.

The sample period is 1995:01 to 2011:12, for nominal yields and 2003:01 to 2011:12 for TIPS yields,

montlhy frequency.
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Figure 3.1: Nominal and Real Yields and BEI
This figure plots zero-coupon nominal (Panel A), TIPS yields (Panel B) and breakeven inflation rates

of 5- and 10-years maturities over the period from January, 2003 to December, 2011.
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Figure 3.2: Macro Factors
This figure plots the two macro factors representing inflation and real activity. We obtain these factors

extracting the first principal component of two groups of macro variables separately. The first group

contains PPI inflation (PPI), CPI inflation (CPI) and spot market commodity price inflation (PCOM).

The second group contains the growth rate of industrial production (IP), unemployment (UE) and the

growth rate of employment (EMPLOY). The sample period is from January, 1995 to December, 2011.
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Figure 3.3: Break-even Inflation Rates
This figure plots break-even inflation (BEI) rates and implied BEI rates from the Yields-Only Model

and Macro Model for 5-years (Panel A) and 10-years (Panel B) maturities.
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Figure 3.4: Expected Inflation
This figure plots expected inflation rates that are implied from Yields-Only Model and Macro Model

along with survey-based measures of inflation expectations for 1-year (Panel A), 5-years (Panel B) and

10-years (Panel C) maturities. The survey forecast of inflation are from the Survey of Professional

Forecasters (SPF). The sample period is January 2003 to December 2011, monthly frequency.
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Figure 3.5: Inflation Risk Premia
This figure plots the 1-, 5- and 10-years inflation risk premiuns that are implied from the Yields-Only

Model(Panel A) and Macro Model (Panel B). Inflation risk premia is obtained subtracting each model

implied expected inflation rate from the comparable maturity model implied BEI rate. The sample

period is January 2003 to December 2011, monthly frequency.
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Figure 3.6: Mean of Inflation Risk Premia
This figure shows the mean of the the time series of estimated inflation risk premia for 3-, 6-months,

1-, 3-, 5-, 7- and 10-year maturities that are implied from the Yields-Only Model and Macro Model.

Inflation risk premia is obtained subtracting each model implied expected inflation rate from the com-

parable maturity model implied BEI rate. The sample period is January 2003 to December 2011,

monthly frequency.


