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1. Introduction

The behavior of the monetary variables under extreme inflation is still a topic of
interest and intense research among economists. Recent examples of this are the
analysis of inflationary episodes in several countries found in Dornbush and Fischer
[1986], Bruno et al [1988], and Dornbush, Sturzenegger and Wolf [1990], and the
continuing research on the hyperinflations. The main reason for this interest still is, [
believe, the same one pointed by Cagan [1950] in his seminal and now classic study of
hyperintlations. these processes provide a unique opportunity to study monetary
phenomena

In hypennflations the astronomical increases in prices and money dwarf
changes in real income and other factors, making it possible to study relations between
monctary variables in almost complete isolation of the rest of the economy. In high
inflation processes a similar situation occurs, with the high rates of change in nominal
variables emphasizing the relationship between money and prices.

At this point it is useful be more specific about is meant by the term "high
inflation”. It can be recalled that Cagan [1956 p.25] has defined hyperinflation as a
process which generates continuously compounded rates of price increase in excess of
S0% per month!, while Dornbush, Sturzenegger and Wolf [1990 p 2] defined extreme
inflation as rates above 15% or 20% per month. Dornbush [1992 p.17] considers high
inflation an intermediary stage in the process towards extreme inflation, and points out
that countries experiencing inflation rates of 10% to 15% per month® for any length of
time are moving towards hyperinflation? Conceptually, high inflation is a process
which, once started, is likely to produce hyperinflation unless it is aborted by
stabihzation It also produces important changes in the reaction of agents to inflation,
and leads to the creation of mechamisms to offset the cflects of inflation like, for
example, indexation

The study of monetary phenomena through the analysis of the dynamics of high
inflation episodes has some advantages, when compared to the analysis of
hyperinflation dynamics. High inflation processes provide the opportunity to study the
effects on money demand of factors which are not relevant in hyperinflations, but are
nevertheless of interest and importance, such as the impact of real variables on the
monetary sector, and the finer details of the interaction between monetary variables. In

addition, high inflation episodes present a larger and more complete database on which

ITo be precise. Cagan [1956] defined hyperinflations to begin in the month when the monthly rate of
pricc increase cxceeded 50%. and as cnding in the month before the monthly risc in prices drops
below that amount and stays below for at fcast onc vear.

2All inflation rates in this paper arc calculated as monthly continuously compounded ratcs.

*The defimtion of high inflation 1s arbitrary, but sctung the threshold rate at about 3% per month, 1s
possibly a rcasonable choice. The precise definstion 1s not critical for the purposcs of this paper.



to make empirical tests, since their occurrence is more common then hyperinflations,
which are rather rare phenomena The main difticulty in modeling money demand in
high inflation episodes is that the task must be accomplished in an more complex and
noisy environment, when compared with hyperinflations, because the situation
resembles less that of a controlled experiment It is necessary to statistically control for
the other variables which aftect the demand for money, and deal with a larger and less
well-behaved residual in the estumation Finally, compared with studies of the demand
for money under fow nflation rates, the analysis under high inflation can benetit from
the larger varance displayed by the explanatory variables, allowing sharper
identification of the relevant cconomic factors in the monetary dynamics.

This paper concerns itself with the specification and estimation of the demand
for money during high inflation episodes. and proposes a model which can be regarded,
in some respects, as an extension of the Cagan [1950] model for the monetary
dynamics of hyperinflation Cagan's main contribution was the stress on real money
balances as the relevant dependent varnable, and the use of expected inflation as an
explanatory variable ot money demand. features that have since become part of the
standard formulation of the demand for money (see Goldfeld and Sichel [1990]). His
model is an adequate starting point tor the study of high inflation because it is robust,
when applicd to the type of processes that he studied. Although many papers have
claborated on scveral aspects of the Cagan model of hyperinflations, like the
identification of the parameters of the equation, the hypothesces regarding the formation
of" expectations, the functional torm of the demand function, the role of forecign
exchange, and the estimation procedure, only few of them have rejected Cagan's
ortgmal model® Only in rare instances did they obtain confidence intervals for the key
parameter - the inflation semi-clasticity of the demand for money - which excluded
Cagan's original estimates. The model has also been generally corroborated by several
recent papers that have taken advantage of the development of cointegration tests to
estimate the demand for money for the classic hyperinflations with less stringent
requirements regarding the formation of expectations®.

However, in spite of all the work done on the Cagan model, some of its
possible extensions have not been fully exploited in the literature. Some have been
hinted upon in his original paper, as for example the possibility that the functional form
he employed was too limited, and that in some circumstances real sector variables like
income and interest should be included in the regression, while others, like the use of a

variable to account for inflation risk, are the result of more recent economic thinking.

4Sce respectively, Barro [1970]. Sargent and Wallace [1973]. Frankel [1975]. Sargent [1977]. Frankel
[1977]. B Fricdman [1978]. Frankel | 1979}, Salcnu [1979]. Abcl ct al [1979). Hansen and Sargent
[1983]

*Sce Casclla [1989]. Tavior [1991). Engsted [1993].



These extensions are claborated here, in the context of high inflation episodes. It is also
hoped that the apphication of the extended model to hyperinflation episodes will
contribute to the test of these improvements

Although the model proposed here is only estimated for the German
hyperinflation data, and for the episode of high and extreme inflation in Brazil in the
last two decades, I believe that it is of wider applicability. This is so because the
teatures of the money demand equation which is proposed were not obtained in an ad-
hoc manner to fit the data at hand, but are derived from theoretical and empirical
considerations of a general nature about the demand for money under high inflation, as
will be seen below.

The application of the model to the Brazilian experience is of interest in itself,
as empirical analysis of money demand during high inflation episodes is not often found
i the hiterature Monticl [1989] uses the standard money demand specification, but
substitutes actual inflation for expected inflation, and obtains equations which are not
very satisfactory Comtegration analysis of money and prices has also been extended to
high inflation processes (sce, for cxample, Engsted [1991]. Phylaktis and Taylor
[1992] and Rosst [1994]), but has been limited by the difticulty of including additional
explanatory vanables in the cquation

The rest of this paper is divided in S sections. The next one derives and
presents a model of money demand which emphasizes the discussion of the functional
form of the equation, and the role of uncertainty. The third section discusses the
empirical specification of the model, with special reference to the formation of
expectations. Section 4 presents the estimation of the model for the German
hyperinflation data, while section S discusses the estimation of the model with Brazilian
data for the last two decades. Section 6 summarizes the main results of the paper. The
discussion of the estimation procedure and the description of the data for Brazil are

relegated to the appendixes.

2. The demand for real balances

In analyzing the demand for money in high inflation processes, one has to
consider both the effect of changes in the expected inflation itself, and changes in the
variability of inflation. The level of inflation is important because agents will take into
account the fact that holding money entails a negative real return, in deciding on their
desired money balances. This will lead them to decrease their money demand in
response to an increase in the expected rate of inflation, in order to minimize the
expected reduction in value of their money holdings. However, the economizing on

money balances has a limit because at some level of real balances the benefits of using



money as a transactions medium can outweigh the inflationary cost, and induce agents
to retain money at rates of inflation at which casual analysis could lead one to expect a
total flight from it, as for example, in hypeninflations.

The variability of inflation is also important, since even if expected inflation is
constant, agents will also adjust their money balances to compensate for the effect of
changes in the inflation risk, since there will exist a component of money demand
derived trom having to make decisions in an environment with stochastic inflation. This
can be justitied by discussing two types of eftects that an increase in inflation risk can
generate in models of the demand for money

[n an mventory-theoretic framework, where there 1s a penalty for letting real
balances decrease below a certan level, or where there i1s a convenience yield to
holdimg money. agents will maimntamn moncy balances which are larger than those held in
the non-stochastic situation with the same expected inflation rate This behavior insures
against the possibility that the representative agent will find lumselt in a situation where
his money balances are insutlicient for his transactions because of the uncertainty of the
mflation rate The demand for real money balances will be larger, at the expense of
consumption, the higher 1s the probability that a given deviation between actual and
expected inflation will occur. These holdings therefore are likely to increase with the
variance of inflation, as in Barro [1970], which develops a model similar in spirit to the
model of the precautionary demand for money found in Miller and Orr® [1966].

On the other hand, in a portfolio-choice framework with risk averse investors,
there arises a speculative motif for holding money which, at the margin, induces agents
to decrease the demand for real money balances in response to an increase in the
uncertainty of inflation, as they try to reduce their holdings of an asset that has become
riskier. Therefore, the effect of risk on the speculative demand for real balances has the
same direction as that of expected inflation, and opposite to that on the precautionary
demand.

If we assume that both effects are in operation, the sign of the coefficient of the
variance of inflation in the money demand equation is ambiguous. This is the case in
Liviatan and Levhari [1976 and 1977}, in a model of money demand with 2 periods, a
utility function which depends on the flow of consumption and on the real stock of
money balances, a mean-variance terminal utility of wealth function, and a choice set
which includes a consumption good and 3 seccurities: money, index-linked bonds, and
nominal bonds. Ambiguity in the sign of the coetficient of the risk variable is also
present in Fischer [1975]. that assumes the prices of goods and the returns on index

bonds, nominal bonds, and equity to be Wiener stochastic processes. and solves the

® Tlus cfect can be obtiuned by considering i their modcel the component of moncy demand that
cannot be explamned by other factors besides the uncertamty of the cash flow. and assuming that the
stochastic component of the (realy cash fow s die to the vanabnhty of mfation



stochastic dynanmic programming problem to compute the asset demands What [ will
argue below is that in high inflation situations this ambiguity can be resolved, as it is

likely that one of these effects will predominate
2.1 Money demand in a continuous time consumption and portfolio choice model

The issues raised in the foregoing discussion can be deal with more precisely in
following model of money demand, which attempts to illustrate how uncertain intlation
may affect the portfolio decisions in high inflation processes. It is structured along the
lines of the class of models that originates with Merton's [1969] consumption and
portfolio choice model, which has been extended for economies with inflation by
Stanley Fischer [197S]. Neither of these models however, deals with money demand.
The model here assigns a convenience yield to money and considers it as one of the
assets 1n the economy. It also captures the fact that in high inflation processes the main
alternative to holding money may be to hold substitute assets which provide indexation
against inflation, which justifies and requires that they be included in the portfolio
choice. In many cases this asset is a foreign currency, while in others the private sector
may create this alternative asset by indexing bonds to the price of certain commodities
as, for example, the norgueld in Germany during the hyperintlation. There have been
instances where the Government itself created these substitute assets to protect its tax
revenue from inflation (the tax pengo in Iungary after the second World War is a
classic example), or to be able to increcase or maintain its own indcbteness (indexed
bonds in Brazil, Argentina, and lIsrach) [In certain cases these assets are termed
"indexed money”, 1t they acquire high hquidity as their use spreads throughout the
economy’

Assume prices of the only consumption good follows an Ito diffusion process
given by equation (1), where dJz is the increment of the Wiener stochastic process?® z,
and where the parameters 7 and o are known to the agent and are fixed.

J
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The model is specified in terms of the real variables, which are equal to the

corresponding nominal variable divided by the price level, at cach point in time. The
agent is endowed with real initial wealth w(0) = . at each moment he decides on his

"The control of narrow money supply can be vens difficult when there enist liquid indexed asscts.
since transfers of wealth to and from these assets mav produce large vanations i the money balances
In s situation the monctan authorits may be able to control only the broad aggregate. narrown
money plus indexed mones [ awill not amaby 7¢ this problem hiere

¥See. for example. Mcrton [1971] or Fischer [1973] for an wtroduction to the use of the mcthods of
dyvoamic programning with [to processes i portfolio sclection probicms



real consumption flow (¢), and allocates his real wealth (w) between money and
indexed (real) bonds in proportions 17 and (1- 1) respectively For simplicity it is
assumed there is no labor income.

The indexed bond, which is riskless in the real economy, is the only asset
besides money? It has a real non-stochastic return of r dr, and its nominal return is

equal to this real return plus the rate of inflation Equation (2) displays the stochastic
process followed by (), , the nominal price of these bonds.
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40, :/'¢//+(7:(/'+,7)¢//+m/: (

3]
~—

~h

Money has a null nonunal return, since it's price s equal to unity The real
return on money (¢, =1 [’) 1s stochastic, since the devaluation of real balances
depends on the change of prices. and can then be calculated by Ito's lemma, yielding
equation (3).

/ X
ﬂ:(—;rJro')dl—O'd: (3)
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However, it is assumed that money has a convenience yield, since it allows the
agent to economize on the cost of the transactions required to implement his optimal
consumption and portfolio plans No attempt is made here to derive this feature of
money lrom more basic considerations, but 1t is clear that if this yield did not exist
moncy would be a dominated security in this cconomy, and would not be held in
positive amounts in the agent's porttolio' The usefulness of money is modeled here by
mtroducing in the flow budget balancing cquation of the representative agent an
expenditure which reflects the opportumty cost in real resources of holding a fraction
of his wealth in the real indexed bond Multiplied by the marginal utility of wealth, this
cost can be thought of as the convemience vield of money foregone by the agent.

This cost per unit time () is assumed to be a decreasing function of the
proportion of the agent's wealth which is allocated to money ( 77), to be null when all
of his wealth is completely liquid ( 77=1), and to be infinitely high when the fraction of
real money balances in his portfolio approaches zero (77— 0). It is assumed here that

it can be adequately approximated by the negative of a logarithmic function in the
interval 0 < 77< 1, as shown in equation (4), where x>0 is a parameter whose unit is

9This cntails no loss of gencrality. since Fischer [1975] has shown. in a sinular model which allows
the existence of nominal bonds. that they will be priced at precisely the rate which sures that nonc of
them exist in cquihibrium, as long as expectations arc homogencous (sce p. 520).

1OA N example of a modcl where the demand for moncy depends on expected cost per unit ime of
mecting the required transactions. which 1 turn s a function of the varability of the inflation ratc 1s
Barro [1970] (scc his cquation (54)).



that of the real consumption good Larger values of & are associated with greater
usefulness of money in facilitating transactions, relative to index bonds. and therefore
with a larger convemence yicld As A increases, the cost associated with maintaining a
certain fraction of wealth m index bonds increases, an effect which corresponds to a

decrease in hquidity of the index bonds
o= -nwlogrn) A >0 (4)

The optimal control problem to be solved by the representative agent is to
maximize the expected discounted utility of the consumption flow (5), subject to a
(flow) budget constraint (6), to an initial condition on wealth, and to the transversality
condition (7). The state variable is wealth and the controls are consumption and

relative money holdings (¢ and 1)

max E, je "U(e(t))dr subject to: (5)

c.n
dw=(t=n)wrdt+nw/[(-x+c’)dl —od:=]+«log( n)dl —cdr (6)
w(0)=w and lim E[c " I'(w(i))] =0 (7)

Utility is assumed to depend only on the consumption flow, and money
holdings affect utility because of their effect on wealth, which occurs through the cost
component (J). If the indirect utility of wealth function is denoted by /'(w ), the basic

equation of the stochastic control problem stated above is displayed in equation (8).

ok (w)= max{U(c)+[(l -njrw+n(-r+ O':)\l'+I\‘log(I])—L‘]l"(\l’} +
®)
+(1 2)//30:\1'31'”(\1')}

Finding the first order conditions for the maximization problem inside the
brackets in (8), cquations (9) and (10) arc derived.
('(c)==1"(w) 9)

J7 0w )

K+(—x+0 =r)wn+wio’ -
F'w)

7 =0 (10)

Equation (10) is quadratic in 7 and can be rewritten as k+bn+an =0, ifa

and b are defined to represent the corresponding terms in (10). The general solution of



this equation is 7= (1 2(:)(—/7 Vb —4(1;\‘) but, if 4ax << b, a Taylor expansion of

the square root in the neighborhood of #° | followed by the appropriate simplifications,
will  produce roots 15, =-x b and 5, =-h « + x b Since In our case
a<0and b <0, the positive root is 7, Using the expression for A, this solution to
equation (10) i1s shown in equation (11)

A

R (11)

w(mr—o+r)

In the analysis of money demand in high inflation processes the approximation
used above is justified, since in those cases the required condition for it to be vahd is
likely to be satisfied ie (~7+0 '=r) >>dno’ ()" 17) To show this, first use
(11). to approximate A" as nw(x-c +r). and denote the relative risk aversion
coeflicient by A =wl™"(w ) I7(w) so (12)is cquivalent to this last condition [ will
arguc below that (12) 1s likely to be satistied n high mflation processes. since for
rcasonable valucs for the parameters involved the order of magnitude of left hand side

will be larger than that of the right hand side
(m—o+r)>>4no°A (12)

Define 97 X' ), the order of magnitude of any variable .X| as the integer n such

that 10" < /2¢.X )< 10"  Recall that in high inflation processes 7> 0.1 (on a monthly

basis), so that 9(x)>0, and note also that for price processes which are not too
erratic 1t 1s likely that 9(o”)<~1 If monthly real interest rates are not absurd,

3r)< -1 Therefore, 9(x-oc*+r)=0 Now note that A" cannot be large enough
(rclative to total wealth) to make holding money so desirable that ; will depart much
from zcro'', since one of the characteristics of high inflation processes is precisely the
flight trom money, which corresponds to a small share of money balances in the agents'
portfolio (say, J(n)=-1) To find bounds for the coctlicient of relative risk
aversion, one can use the results of Chechetti, Lam and Mark [1994], that estimatc a
value for A of approximately 0 using annual data on cquity and bonds returns in the
United States over the last century, of approximately 2 for data on monthly stock
prices and Treasury debt, a value of 20 for monthly Treasury bill term structure data,

and of 15 for data on the returns on five foreign currencies, so that if agents are not
! risk averse, it is probably reasonable to take $(A4)=1. Therefore,

too

I Notc that the solution for 7 shown in cquation (11) is also the solution of a modificd cquation (10).
where the quadrauc term 1s dropped. This sunplification would be rcasonable as long as 7 = 1)
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J(41no°A)=-1In conclusion, the comparison of the orders of magnitude of the left
and right hand sides of (12) shows that the approximation used to derive (11) is likely
to be usable, as long as the variance of the stochastic process of prices is not too large,
moncy is not so indispensable as to make its share of the agent's portfolio be high, and
that agents are not excessively risk averse.

This last remark 1s important in understanding, from the economic point-of-
view, the response of this approximate solution to the stochastic programming problem
(5)-(7). to an increase in the inflation nsk. As the variance of the inflation rate
increases there is an increase in the demand for money balances, to insure against the
possibility of having to conduct business with insufficient stocks of money, and having
to forego the high convenience yields of money This is the effect which is captured by
equation (11) There may also be other cttect, which tends to redice money demand:
the increase in the variance of the inflation rate would increase the risk of changes in
wealth due to holding stocks of money, and would induce risk averse agents to reduce
their money stocks, in order to reduce the risk of the total portfolio. This effect is not
present in our money demand equation, because 1t is important only if the degree of
aversion to risk is large enough to produce a significant adjustiment in money holdings
It will only be large if the benefits of avoiding the added risk are large enough justify
incurring the larger costs ol conducting business with (significantly) smaller money
holdings. This portfolio motif is the one which is implicitly assumed to be of one order
of magnitude smaller than the transactions motif. Hence, the importance that the risk
aversion coefficient not be too high for the approximation to be valid.

Since we are basically interested in the demand for real balances, which equals
nw and is already specified in terms of the parameters in (11), it is unnecessary to
proceed with the solution of the control problem, as long as it is assumed that the
solution exists. It 1s not usually the case that one can stop so early, since the first order
condition normally involves the indirect utility of wealth function }’, which has to be
found by solving (8).

The analysis of the approximate real money demand equation obtained above
shows that it has the expected signs for the partial derivatives: positive for the variance
of inflation and for the convenience yield of money, and negative for inflation and
interest rates. It is also interesting to note that if the parameter of convenience yield of
money function («) is reduced by, for example, the creation of new indexed assets, or
by the increase of the liquidity of the existing assets, money demand is reduced in the
same proportion.

The functional form of (11) is equivalent to the log-log specification usually

employed in the empirical analysis of money demand, and is quite different, specially in



terms of implications, from the log linear from employed by Cagan'2 The issue of the
correct functional form to use for the money demand function is dealt with in the next
section, in a framework that allows simultaneous consideration of these two functional

forms
2 2 Funcuonal form of the money demand schedule

Cagan [19506] speciticd his model in log-lmear torm. but considered the
possibility that other functional forms could have been more appropriate, when
exploring the reasons why his regressions did not fit well the data points close to the
end ol the hyperintlations. For those observations actual money demand was larger
than that which could be accounted for by his equation. In his words, his regression
function would fit the data better if it curved upward on the left (for small money
balances and high inflation). This led him to discard the data for last few months on
several hyperinflations, and to supply two possible explanations for the problem: that
the expectation of monetary reform could justify holding these larger balances, or that
demand for money balances did not conform to his equation

The first explanation has been explored by Flood and Garber [1980], with what
[ believe are not conclusive results, as can be seen by the nature of the statement that
summarizes the results of incorporating the probability of reform in Cagan's equation
(Appendix F, emphasis mine). " it gppears that the instability of the money demand
function at the end of the hyperinflation is reduced somewhat by accounting for the
probability of reform”™ = Regarding the second explanation, which seems do be
discarded by Cagan on the basis of an heuristic reasoning, no systematic exploration of
alternative functional forms for the demand for money in hyperinflations can be found
in the literature!?,

Here I argue that to model money demand under high inflation it is preferable
to use instead the Box-Cox transformation'? (see Box and Cox [1904]) of the

normalized real money balances as the dependent variable. Letting = represent the
normalized dependent variable, calculated by dividing the observed values of Af// into

"2The functional form derived 1 the tent 1s also difTerent front the exponential form obtarned by
Barro [1970].

3 Frankel [1977] docs test an cquation for the German hyperinflation where the mdependent price
variablc is transformed by the Box-Cox procedure. The Box-Con transforim of the dependent variable
secms to me morc in line with what Cagan mcant by alternative functional forms.

14 The advantage of this transformation over the power transformation z* is that it is continuous at

A=0.



its geometric mean over the sample period'*, this transformation is shown in equation

(13), and illustrated by Figure 1.

-1
Wz )= "1 A0 ang Lim Iz, A)=log(z) (13)
log () A=0 B

Now, suppose that the Box-Cox transformed dependent variable is written as a
linear function of the inflation rate, as in equation (15) It is easy to see that this flexible
functional form 1s capable of representing the two main tormulations of interest for us:
the inverse function obtained in the last section, and the log-linear specification
employed by Cagan. To show the first statement, recall that the convenience yield of
money parameter (k) is positive, and note that in equation (14), which is obtained by
applying the Box-Cox transformation with A= -1 to both sides of the demand
schedule m = npw derived from (11), the dependent vanable turns out to be a linear
function of the explanatory vanables The signs of the partial denvatives, discussed in
the last section, are preserved, since the transtormation has a positive slope It i1s also
possible to test if the inverse functional form of equation (11) fits well the data by
verifying it -1 1s contained in the confidence interval for A. It we assume all other
hypotheses of the model are correct, this turns out to be a test ot the hypotheses used

to justify the approximation employed to derive our demand equation

Dz ~1)=l-z"=l-(a-0"+r)x " (14)

The proof of the second statement above is straightforward, since the natural
log is the special case of (13) when the shape parameter is null This fact allows us to
verify the appropriateness of Cagan's assumptions regarding the functional form of the
rcal money demand schedule by testing for 4 =0 in the linear demand equation
cstimated with the general Box-Cox functional form.

The foregoing reasoning, regarding the test of the tunctional form of the
demand equation on the basis of the value of A, 1s valid as long as A" is constant, as
was supposed to be the case in the denvation above It equation (11) 1s estimated for a
period of accelerating inflation, and if the parameter of the convenience yield of money
funcuion decreases in the process as, for example, index bonds acquire higher liquidity,
the compound effect of the increase of 7 and the decrease in A" in the money demand

equation will distort the inverse functional relation between real balances and inflation,

13 This normalization is convenicnt in what follows, and for the cstimation of A. as will be scen 1n
the next scction.



even if equation (11) is valid'®. This remark will have important consequences in
interpreting the results in the empirical sections of this paper, and for the study of high
inflation processes in general, as the increase in inflation is likely to lead to the
appearance of more liquid indexed assets'’

Even if the development of the previous section is not used to derive the
demand for money, and therefore not used to provide an indication for the functional
form of the equation to be estimated, it is still desirable to use the Box-Cox transform
of the normalized real money balances as the dependent variable in estimating a money
demand equation. This is argued in the following analysis, which shows that this
functional tform preserves the desirable properties of the money demand function, if
that variable is defined as a linear function of the rate of price increase, and some
restrictions are placed on A This behavioral function is indicated in equation (15),
which obtains when all other variables that aftect the demand for real money balances
are kept constant, and their total effect is represented by » Since the Box-Cox
transformation has a positive slope, economic theory will require « to be negative, as

will be shown later

iz i)=y+ar (15)

The implications of this specification for the propertics of the money demand
cquation can be explored in more detail by examining equation (10), obtained by using
(1S) n (13) and solving tor the value of moncy balances (). for different values of the

inflation rate ( 7)

[(1+ Ap)+adn] © 220

explar+y) A=0

(10)

-
~

Restrictions must be placed on the values of the parameters of equation (16),
in such a way as to force it to satisfy the global properties required from a proper
money demand function This concern with the characteristics of the function over its
whole domain is justified by the need for the equation to have the expected behavior
both at low and at high inflation rates, in order to be able to track adequately a high
mtlation process

The value of the normalized money balances must be well defined tor any rate
of inflation, and this implies that the term in brackets in (10) must be positive. Using

this condition, and requiring the slope of the demand for money balances to be

' [t difficolt 1o assess whether the functional form paramcter changes duc only to changes in & or

not. because the convenience vicld of moncy is not dircctly observable
17 Also sce further discussion of this maticr i connection with the clasticity cquation (19)



negative, it is easy to show that a < 0. The condition that A <0 can then be derived if
we require that in the limit, when inflation increases, the demand for money balances
given by equation (16) approaches the horizontal axis from above Restricting our
attention to the case A <0, requiring that the term in brackets in (10) be positive for
any 7 (and in particular for 7=0), and using the fact that « and 4 are both negative,
it can be shown that y <(-1/4) In addition, when inflation is null z must be larger
than one. because the money demand function is decreasing, and the geometric mean
of z1s unity Therctore, mspection of (10) for ;7= 0 shows that we must require that
(1+Ay)' " > 1 which implics Ay <0, since 4« 0 This in turn implies that y > 0. The
case where 4 =0 only requires that y >0 The mequalities in (17) summarize the
forcgoing discussion, and state the conditions required for the Box-Cox linear
functional of inflation to be a rcasonable cquation for the demand for real money

balances in high inflation processes
a<0, A<0and O<y<-1 4 (17)

As Figure 2 illustrates, if a and y are kept constant while 4 is varied, money
balances calculated from the equation with the Box-Cox transformation for 4 <0 will
be larger than those calculated from the equation with the logarithmic transformation
(A =0) The largest balances are obtained for the inverse tunction (A =-1). To show
this, first note that the several functions in this family meet at inflation rate 7= -y «.
since substitution of this value in (10) yiclds = =1 This means that these curves are in
fact comparable, since they all produce the same value for the intlation rate associated
with the average money holdings For rates of inflation diftferent than the one that
characterizes the intersection of the curves, larger absolute values ot A correspond to
larger money balances This can be shown by first noting that the siope of these curves
at their intersection is cqual to «. and s therctore independent of 4. These demand

functions display "high contact” at that point'¥

18 To compare the performance of (he functions in (16) in the estimation of a demand function for a

given data sct onc may preler that the vaniation of the paramicters A and » be constrained in such a
way as to force all of the functions to yicld the same value for the real moncy demand when there is no

inflaton. If z¢0) =2z, . this would wmply that y=vsz,-1) A In this casc. (10) bccomes
=(z,+al 7' * . which cross for m=/(z,-1) aA. Distinctly from the casc when only 4 is varied.
these cunves do not have a common slope at the interscction. and for 7 < 7,. larger |4 produce

simaller moncey balances. while for 7> 7, larger l/{\ producc larger moncy balances. It is possiblc to

derive. in this alternative framework. results analogous to the ones in the text, regarding  convexily,
the behavior of the clasticity, and revenuc maxtmization.
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Figure 1
Box-Cox Transform of Money Demand
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Since the second derivative of (16) 1s given by (18), and is positive for all 7, it
follows that the functions in this family are all convex. The curvature of these demand
curves at 7=-y a is a decreasing function of A, since in that case the expression in
the right hand side of (18) reduces to the term outside the brackets, where the
coeflicient of A is negative. The rate of change of the slope of = is therefore an

, which means that the demand curves which correspond to

increasing function of |4
larger absolute values of the Box-Cox parameter are flatter (steeper), immediately to
the right (left) of 7=-y « Tlus difference in slope produces the previously stated
ranking m the value of money balances in the neighborhood =z =1 This ranking of the
values of the real money balances with respect to A extends to all other points of the
domain of the functions, becausc they comprise a continuum and only meet at = = 1, as
can be scen by inspection ot (16) This completes the proof of the assertions regarding
the ranking the eftect A on the shape and position of the demand curves

When the behavior of the elasticity of money balances with respect to inflation
(here denoted by ¢) is analyzed at high rates of inflation, a crucial difference arises
between the two possibilities of equation (16). To see this, we can look at the
properties of the elasticity function, which is given by equation (19).

ant

¢ (19)

) l+Ay+Aar

It can be verified immediately that when A =0 and @ is the logarithmic
transformation, cquation (19) reduces to ¢ = ax, which is the expression for this
clasticity derived by Cagan [1956]. This function, however. increases in absolute value
without bound as mflation increases, forcing cstimated money balances to approach
zero very fast as hyperinflation develops, since for any given « their proportionate
reduction due to an increase innflation is very large, and ever increasing.

Alternatively if 4 < 0. the denominator in equation (19) constrains the growth
of the elasticity when .7 increases, slowing the collapse of money balances, as
illustrated by Figure 3. More importantly, the inflation elasticity of the demand for real
money balances converges to the inverse of the parameter A of the Box-Cox
transformation when hyperinflation unfolds, as can be seen in (20), which is obtained

by applying L'Hospital rule to (19).



lim ¢ = ! (20)
T /.

Equation (20) shows that when the mflation rate ncreases without bound, the
limting clasticity tor the Box-Cox transtormation with 4 < 0 1s finite, as opposed to
miinite value obtained for the casc ot’ A =0 This is consistent with the view that in the
former case the speed with which agents reduce their money holdings in hyperinflations
is constrained, at the margin, which makes the demand for real balances decline slower
in this case. This is the reason why I believe that the difticulty encountered by Cagan in
explaining the demand for real money balances near the end of the hyperinflations with
the log-linear model can be remedied at least partially by the use of the approach
proposed here.

In the other extreme case, when money demand has the inverse functional form
of equation (11), i.e. when A = -1, the limiting elasticity is equal to -1 This is true as
long as the parameter of the convenience yield of money function (A’ is constant.
Now consider the possibility that a may be a function of the inflation rate, with a
negative slope (A" <0) The limiting elasticity of the demand for real balances in (11)
can easily be calculated as -1+, where ¢ =lim(7x’ &) is the limiting elasticity of
the convenience yield parameter when the inflation rate increases without bound!”.
Comparing this expression with the linuting elasticity shown in equation (20), it can be
seen that by setting A =1 (J-1) it is possible to produce in the general Box-Cox
formulation of equation (10) the limiting elasticity of the extended (for non-constant
K’) model of equation (11)

If the empirical estimate of A in the general Box-Cox model responds mainly to
the value of the limiting elasticity of money demand at high inflation rates. as will be
the case 1f 1t 1s to be instrumental to capture Cagan's larger than expected money
balances in hyperinflations, then it 1s possible that ats value may, in tact, be retlecting
the behavior of the convenence yield of money at those rates Decreases in the
absolute value of the shape parameter ol the Box-Cox formulation, that may occur n
estimating the equation for the several stages of a hyper inflationary process, may be
due to increases of the absolute value of the elasticity of the parameter of convenience
yield of money function (&), which are a consequence to the appearance of money

substitutes. In those cases, therefore. it may be hard to distinguish between two

19Formally this extention of the model can be treated as 1s done in the text (taking the money demand
function as fixed) only 1f i 1s assumed that agents arc unaware of the dependence of the convenicnce
vield paraiicter on the inflation rate. and take the estimate of the expecled 4 as given at cach point in
time. when solving the dyvnamic programming problem of cquations (3)-(7) 1l the function &7 1) were
known ev-ante lo the representative agent. it should have been included i the calculation of the
optimal imoncy holdings function



possibilities for the nature of the parameters of the model?’: flexible A and x fixed
(equation (106)), or tixed 4 and Hexibie & (equation (11). extended)

The Box-Cox functional form may also be instrumental in resolving yet another
puzzle of the Cagan article. the economies analyzed by him seemed to inflate at a
higher rate than the constant rate that would maxmuze the mflation tax Since. as scen
above, for a given milation rate the Box-Cox transtformation with £ < 0 will produce a
demand tor money balances Targer than the one found in the case of the log
transformation (4 O).at will also produce hezher optimal rates for inflation tax
maximization, as can be seen in Figure 4 To prove this, note first that it the demand
for real balances 1s given by equation (10), the constant intlation rate that maximizes

the inflation tax revenue, which is equal to /7=z 7, is given by 7" in equation (21).

. 1+ Ay
= —— 2n
—a(l+4)

As expected, when A 0 equation (21) reduces to the familiar expression -1/a
derived by Cagan for the optimal (for tax collection) inflation rate. Note also that for
the inverse function of equation (l1) of section 2 (A — —1) the inflation tax
maximizing rate will tend to infinity  Therefore, the value of A is the crucial parameter
in determining the behavior of the inflation tax maximizing rate, and has the potential
tor resolving the apparent divergence encountered by Cagan between the average
inflation rate during hyperinflations and the optimal rate calculated from the log-linear
model

Note also from Figure 4 that the revenue curve for the Box-Cox formulation is
flatter than for the logarithm specification, which means that errors eventually made in
over estimating the optimal inflation rate would produce, in the Box-Cox equation,
significantly smaller shortfalls in revenue than in the logarithmic specification. Due to
the nature of these revenue curves, which become more skewed as A — -1, the
consequence of a given absolute error in setting the inflation rate 1s less serious if it 1s
madc in the dircction of inflating "too much”, than it it is made n the other direction,
of not mflating "enough™ This may lead nsk-averse decision makers to prefer to err
the direction of over estimating the necessary inflation rate to obtain a given inflation
tax revenue, which would lead them to collect more seignorage then needed to absorb
a given volume of real resources One can only conjecture whether this fact will, in a

given situation, contribute to the deepening of the hyperinflation process.

10T distinguish between these possibilitics onc could obtain additronal data on the convenicnee
vicld
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The analysis of (21) also allows us to further restrict the acceptable values for
the Box-Cox shape parameter, since for 7~ to be positive we must require that
A > -1 Although this condition on 4 is not implied by the basic properties of the
money demand function, it is desirable that it be satisfied, since it is necessary that the
optimal nflation rate for inflation tax collection be well defined, for Cagan's
explanation of the reason for the expansion of money balances to be accepted.
Aggregating this to the restriction alrcady derived on the Box-Cox parameter. we
obtam incquahty (22), which can be tested to venify if the adopted functional form s a

satisfactory representation for money demand

l2 A<0 (

9
ro
~

The second order condition for a local maximum of the inflation tax revenue at
7" obtains, as long as the conditions already derived for A and y are satisfied. To show
this, verify that the sign of the second derivative of /7, which is given by (23), is
negative at point 7~ defined by (21) .

d

—-—:=a(l+iy+azzr)'“[2+ (23)

all-A)n
dr

1+ Ay +alr

Note that since the term outside the brackets in (23) is negative. we have to show that
the term inside the brackets is positive, at 7" . After some algebra, 1t is straightforward

to see that to prove this amounts to showing that (24) is always satisfied.
an (1-4)>-2(1+1y) (24)

Substituting 7° from (21), and recalling that (17) implies 1+ Ay >0, (24) reduces to
the expression 1 <2, which is identically true. This completes the proof that /7 is
concave at sz It turns out that this is the only extremum of the function. and
therefore 1t is also the global maximum

If the behavior of this maximum is explored when A is varied, it 1s easy to see
that 7°> -1 «, as long as y <1 This last condition is a consequence of requiring
y <(=1/4) (from (17)) to obtain for A= -1, which is the most stringent situation in
(22) Tlis mcans that the monev demand obtained with the Box-Cox transform with
A <0 will gencrate inflation tax maximizing rates larger than those of the equation
obtained with the logarithmic transformation used by Cagan, as -c¢ desired to show. It

is also easy to see. by inspection of (25), that if y <1 the inflation tax maximizing rate

1$ an increasing function of the absolute value of 4.
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Taken as a whole, these features suggest that the Box-Cox functional form may
be helpful in tracking the classic hyperinfiations data, if the parameter A is properly
estimated. [t is adopted here to estimate the demand for money in high inflation
processes because it is likely to perform well when high inflation degenerates into
hyperinflation. It is also of interest because it is a flexible functional form, capable of
producing the log transformation or the inverse transformation of section 2, whichever

1s in fact the correct one to use-’

3. Empirical specification

Here | take the usual approach of analyzing the money demand function in
isolation and by single equation techniques, thus begging the questions of identification
and simultaneous-equations bias Dealing with this broader issue would require a
careful description of the money supply process, which is outside the scope of this
paper Money supply may also be specific to the country and episode being analyzed,
and may not be amenable to the more general treatment of this paper??

It 1s also assumed that desired and actual cash balances are equal As a
consequence, the reasoning provided by the partial adjustment model to justify the use
of the lagged dependent variable as an explanatory variable does not apply. The past
behavior of the variables influences the equation for the current period only through
the adaptive expectations mechanism operating in the independent variables, as
described below  The absence of the lagged dependent variable from the right hand
side of the money demand equation 1s a departure from the conventional spectfication,
as it was defined by Goldfeld and Sichel [1990 sections 2 and 4] | believe that this is
an 1mportant advantage of this specification because in avoids the cconometric
problems involved in estimating an equation which uses the lagged dependent variable
as an explanatory variable, in the presence of serally correlated errors. Also, as
pointed out initially by Cagan [1956], the simultaneous use of adaptive expectations
and partial adjustment of actual to desired money balances may also pose serious

identification problems.

211t is also capablc of producing the lincar function if A=1. but that can be ruled out ex-ante becausc it
would gencrate negative moncy balances for ngh cnough inflation rates

22 An alternative approach. which s the usc of the full-information maximum likclthood cstimation
proposcd by Sargent {1977] for clinunating the potential simultancous-cquations asymptotic bias of
Cagan's estimation. 1s not very encouraging because 1t siclded “loose” estimates of the slope parameter
of the demand scheditle for money when apphied 1o the data for the classic hypermflatons
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The mam explanatory vanable s the expected inflation, as is usual in the
analysis of Iugh inflation processes. and as was derived in the model of section 2.
Inflation risk will also be important in explaining the monetary dynamics These will be
the crucial factors, when hyperintlation unfolds, since the eftects of the other (real)

variables will be smail in comparison
3.1 Expectations formation

I will assume that expectations of the future rate of price increase are formed
adaptively, as proposed by Cagan [1950] for hyperinflations. In his study, only cursory
examination of the time series involved was sufficient to establish that the actual rate of
change in prices at any moment did not account for the real money balances at that
same moment. Balances seemed to depend also on the actual rates of price change in
the past, which led him to postulate that real balances depended on expected inflation,
which in turn could be calculated as a weighted average of past rates of change, with
weights given by an exponential function. This approach has become the usual
formulation for the expectations formation mechanism for high inflation processes,
according to Dornbush {1992 p. 24] He points out that there appears to be significant
sluggishness in the initial phases of high mflation, as well as a subsequent acceleration,
which suggests exactly such expectations mechanisim.

The hypotheses of adaptive expectations states that the expected rate of change
in prices is revised per period of time proportionately to the ditterence between the
actual and the expected rate Letting () denote the actual instantancous rate of change
m prices at time ¢, 1 ¢ itis the discrete sample of the continuous process I’ I’, and
letting /5, denote the expected inflation rate at the same point in time*', the adaptive
expectation hypotheses implies that /., can be calculated approximately by equation-*
(26).

. l—exp(-f,) «— .
I3 =t el N >0 26
(B.) (1) ‘Zr .exp(f, x) Bz (26)

23 Although the modcl was specificd in continuos time, it is estimated here from a data scrics which is
obtaincd from a sampling of the continuous processcs at discrele intervals (onc month). To cmphasizc
this. the new notation 1s introduced. Hansen and Sargent [1983] have explored the possibility that this
aggregation over time could impart significant bias i the estimation of Cagan's model. and concluded
that for values of /f smatler than 1. the range of valucs obtained for the hypeninflations he studied.
there 1s at most aveny small asyiptotic bias 1o Cagan's cstunate of /5

“HSince Cagan specificd s model i continuous time, the exact formula for the expected inflation 1s
anintegral analogous to the sunvmation e the text swhich 1s not reproduced here. For the discrete
appronimation to be vahd, the time period T has to be chosen m such o way as to assure that the
appronimation is sulMaently precise Cagan shows that for the error to be inferior to 0 05%. T can be

caleubited as 1 b Soadnec Lo enpe 1 0 0000S,



(3]
-

The parameter /3, is the coefficient of expectation. and measures the speed of
adjustment of inflation expectations It is positive and its unit is the inverse of the time
unit ("per month", if (" and /- are measurcd on a monthly basis) A large £, implies fast
adjustment, and produces exponential weights which decline rapidly, as values of
actual inflation further in the past are included in the summation A small A implies
slower adjustment and smaller weight in the summation tor valucs of actual inflation in
the recent past The smaller 1s the cocetlicient of expectation, the more expected
mfation is delayed m responding to mflationary shocks The average length of ime by
which expectations of price changes lag behind actual changes is measured by 1 /3
[ts unit 1s time and it indicates the position of the baricenter of the pattern of the
exponential weights** in equation (26). The first term after the equal sign in equation
(26) 1s the normalization factor, which is equal to the infinite sum of the weights in the
summation.

One objection to the use of the error-learning mechanism of adaptive
expectations is that it may imply a degree of "irrationality” of economic agents, in that
they do not change their forecasting method on the face of systematic torecasting
errors However, as Sargent and Wallace {1973] show, adaptive expectations can be
rational in the sense of Muth [1901], if expectations regarding the future growth of the
money supply are formed on the assumption that the government is financing a roughly
fixed rate of real expenditures by money creation In their empirical analysis they
conclude (p 342) "Our explanation for the feedback from X to m [inflation to money]
tends to confirm the  wisdom of” Cagan's decision to model expectations by
extrapolation of lagged rates ot inflation Such mcthod of torming expectations seems
to have been rational * On the other hand, B Friedman [1978] has argued that the
Sargent and Wallace assumptions are equivalent to requinng that the tlation rate
follows a zero-drift random walk process with noise, and points out that the
examination of the empirical evidence indicates that stochastic process is implausible as
a description of the hyperinflations which Cagan studied. Therefore, this objection to
adaptive expectations becomes an empirical issue which will hinge on whether the
model fits the data well or not.

A rational expectations version of the Cagan specification, without imposing
adaptive expectations but with random velocity shocks, is formally rejected in tests
performed by Engsted {1993] tor the German hyperinflation. He argues however that

there is an element of truth in the model, in that deviations from it are transitory. This

23 [f the data 1s 1 a monthly basis. 1/ mcasurcs the average lag in mouths. For example, if g = 0.20.
the average length of weighting paticrns 1s 5 months 1.¢. the sum of the normalized weights between
periods (-5 and t1s cqual to 0.5 Also. i that casc. approximately 90% of the weight is comprised
within the last 12 months.



suggests that the smoothing cffect of adaptive expectations may be in operation, in
spite of non-rational expectations Taylor {1991 p.338] also interprets his results as
rejecting the rational expectations hyperinflation model for the cases studied by Cagan.
However, not requiring rational expectations and estimating the model subject only to
stationarity of the forecasting errors, which is satisfied by adaptive expectations if the
rate of inflation integrates of order one, the model is supported in several cases. These
studies therefore suggest that adaptive - but not necessarily rational - expectations may
be a reasonable assumption for models of money demand under high inflation

Rational expectations is equivalent, in the deterministic case, to perfect myopic
foresight. In that case actual and expected inflation rates are equal. and systematic
forecasting errors are avoided Perfect foresight can be viewed as a special case of the
adaptive expectations hypotheses. as can be seen by taking the limit in equation (206)
when /1 is increases Theretore, not much 1s lost in assuming that expectations are
adaptive, then estimating the confidence interval for . and finally testing the pertect
foresight hypotheses by exannuning  whether it includes large values®® for g,
Furthermore, from the empirical point of view, the performance of the money demand
equation is not likely to be improved by assuming that the relevant variable is actual
inflation. Its use may reduce the explanatory power of the money demand equation,
when compared to the adaptive expectations formulation, because one degree of
freedom 1s lost tn assuming beforehand that S, is large.

Tests of relative performance of rational and adaptive expectations hypotheses
in present value models performed by Chow [1989] also show that adaptive
expectations fit his data better. He also illustrates the well-known fact that incorrectly
imposing the assumption of rational expectations on an otherwise correct model can
lead to unreasonable estimates ot important parameters, and in conclusion argues that
adaptive expectations can be a uscful working hypotheses in econometric practice.
fTere 1 heed this advice and not imposc rationality ex-ante on the adaptive expectations
model

Another hine of reasoning that can be pursued ts to accept models that do not
meet  the rational  expectations requirement, but adopt an improved adaptive
cxpectations hypotheses Evans and Yarrow [1981] extend the adjustment rule of the
basic model to include a second-order term, to correct tfor the crror i the estimate of
the time derivative of inflation. They claim that with their error-learning process stable
equilibrium exist and have "normal” comparative static properties, as opposed to the
perfect foresight rational expectations equilibrium, that in their model possesses
"perverse” behavior. Frankel [1975] proposes a model in which agents are assumed to

26 As an cmpirical matier, if data are monthly, a valuc of 5 for the expectations parameter implies and
average length of the weighting pattern of 0.5 months, and a concentration of 99% of the weight

the t-period value



form expectations about the entire path of the price level (and thus about the average
long-term rate of inflation) as well as about the short-term rate of inflation, and argues
that it yields short-run behavior more consistent with the evidence The argument
however is not empirical, but is based instead on simulations of the dynamic response
of the model to shocks. To justify his treatment of expectations, he argues that when
information is costly it may be "rational" for agents to use a relatively accurate simple
mechanism to form expectations, rather than attempt to (expensively) compute rational
expectations paths. For either of the models above, it is an empirical question whether
these more elaborate formulations ot adaptive expectations would fit the data better
On the other hand, merely improving the expectations hypotheses to force expected
flation to track actual inflation more closely may not lead to a better fitting equation,
because in the it we would have the perfect foresight hypotheses. which does not
lead to a superior model, as was discussed above

Here T use an approach similar to the above. by extending the model with
adaptive expectations to allow it to deal more accurately with the uncertainty produced
by the variability of inflation However, the nature of the extension is somewhat
different, in that rather then making changes to the expectations mechanism to improve
it, while keeping the expected value of the inflation rate as the only link to the demand
for money. instead, the risk implicit in using forecasts of inflation obtained by assuming
adaptive expectations is explicitly taken into account in the demand function. To
achieve this end, it is natural that a term proportional to the expected quadratic error in
forecasting inflation be included in the demand for money function, and that it be
estimated by adaptive expectations on the basis of the past errors

It turns out that the strategy described in the last paragraph is equivalent to
includimg the variance of inflation in the demand for money function?”, as suggested by
the derivation in section 2. Since its value is not known ex-anfe, and it may vary with
time, the vanance (o of equation (1)) has to be estimated at each point in time on the
basis of the past squared deviations of the actual inflation (P> 7)) from its expected
value (7). rather than from the average over the whole period If the formation of
cxpectations regarding the value of the vanance s also assumed to be adaptive, for
consistency with the formation of expectations regarding the mflation rate itselt, and
allowing for a different expectations parameter (/. ), the expression in equation (27) is

obtained.

270n using this variable in the cquation. however, it s uscful 1o be awarc of a stylized fact noted by
Barro {1970]: that the variance of imflaton gencrally depends on the intensity of inflation. The dircct
cffect of an increasc of the expected of inflation is to decrease the real balances but. duc the cffect of
inflation on the variance of inflation. an indircct cffect may be introduced. This cffect however. is not
taken 1nto account here. as the explanatony vanables are assumed to be independent.
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3 2 Other explanatory variables

Equation (29) generalizes Cagan's model by including permanent income and
“the” interest rate as explanatory variables, to capture the real sector effects These are
important in high intlation episodes because these processes are likely to last for
several years, invalidating the usual assumption made in the study of hyperinflations
that these effects are negligible, due to the time frame involved and the size of impact
of the other factors.

Permanent income is measured by a weighted average of past income indexes.
with exponentially declining weights, following a suggestion first made by Milton
Friedman [1956 p. 19] in connection with the specification of demand for money
function. He also used this measure of permanent income, among others, in his study
of the consumption function (M Friedman [1957 p. 142]) This is shown in equation

(28). where / 1s the index of real actual income in period x

z [ exp(f x) p 20 (28)

7
i

l-expr-f3)

Y(p)
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1

The real interest rate s included in the empiricai money demand equation, as
suggested by equation (1) This 1s a departure tfrom other studies of money demand
under high inflation which use the nominal interest rate as the return on alternative
assets. The approach here can also be rationalized by assuming that the Fischer
Hypotheses is true, based in part on the fact that Phylaktis and Blake [1993] find
strong evidence in favor of the validity of this hypotheses for three high-inflation Latin
American countries. Only one interest rate is listed in (29) for simplicity, but more
generally, one should include the real return on each of the alternative assets in which
wealth can be held Last, but not least, the use of real interest rates has the advantage
of avoiding the multicollinearity of the nominal rates of return with the inflation rate.

To summarize, the general specification of the money demand equation with
the features derived in sections 2 and 3 is shown in equation (29), where the variables
are dated by 7 and are represented by capital letters, the parameters are represented by

Greek letters, and ¢ 1s the error term.
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In the study of the hypermilations it has been suggested that the exchange rate
can play an important role in the demand for money during those episodes Equation
(29) could include the forward premium on the exchange rate as an additional
explanatory variable, to measure the expected importance of foreign currency as a
substitute for money?*, as suggested by Abel et al [1979]. Alternatively, the real rate of
return on holding foreign currency could be used, as recommended by the standard
practice of including in the equation the return of all alternative assets, but if it is
included in nominal terms care must be taken to control for the possible
muiticollinearity with the expected inflation rate. It is an empirical matter to verify if
the exchange rate variable will be empirically significant in a given high inflation
process, in the presence of the other variables of equation (29).

A time trend is also present in the suggested specification because high inflation
may last for several years, and it is necessary to capture the effect on the demand for
real balances of technical progress represented by the widespread use of computers and
electronic transactions. The usual caveats, regarding the use of a time trend variable to
capture these effects. apply. Finally, a variable to account for seasonal factors which
may be present is also included.

In the next two sections the performance of the empirical specification
discussed above is assessed by applying it, respectively, to the German hyperinflation
data, and to the analysis of the high inflation episode which occurred in Brazil in the

last two decades.

4 Money demand during the German hyperinflation

The main improvements for modeling the money demand schedule in high
mflation processes that were suggested in section 2 are’ (1) the Box-Cox functional
form should be able to fit the data better than the onginal Cagan equation and. (i) the
variance of the inflation rate should be included as an explanatory variable. They were
developed on the basis of several considerations, some of them regarding the behavior
of the demand for real balances in hyperinflations. A natural test of these hypotheses is

-

to fit the model of equation (29) to the data of German hyperinflation?”. using expected

IR The forward premium on forcing cxchange may also be used as an indircct measure of cxpected

wflation. as proposcd by Frankel [1977 and 1979].
The original data is from Cagan [1956]. and the transformed variables arc as defined in the last

scction. The cquations were estimated by the procedure described in Appendix A



inflation and inflation risk as the only explanatory variables, to verify if it performs
significantly better than the original Cagan model This is done in two steps: the first
evaluates the contribution of using a more flexible functional form, while the second
tests the inclusion of the risk variabie.

The result of the first step 1s presented in Table |, which shows the coefficients
for several pairs of equations, where the odd numbered ones correspond to the
logarithm functional form, while the even numbered ones correspond to the general
Box-Cox functional form The pairs of equations differ only on the ending date of the
sample period for which they are estimated These extend the period adopted by Cagan
(which ends in July 1923) because it is desired to assess whether the model presented
here is able to track better the demand for real balances in the end of the hyperinflation
process, which corresponds to data points which he excluded from his equation for
Germany.

The comparison of the statistics for the residuals of equations Gl and G2
shows that the Box-Cox functional form allows a superior fit for the sample period
adopted by Cagan As the ending date is extended towards the stabilization month
(November of 1923), the advantage of the Box-Cox equation iIs increased. since the fit
of the equation vith the logarithm tunctional form deteriorates significantly, while the
Box-Cox formulation is able to display supcrior adherence, as can be seen from the /¢
statistics in Table I These statistics reflect the ability of the Box-Cox equation to track
the data at the end of the hypermflation, as can be scen by examining Figure S, which
compares the actual balances with the money balances projected by the two equations,
for the sample period ending in September 1923 (equations (GS5) and (G0)).

Another important empirical advantage of the Box-Cox formulation is that the
DW statistics obtained with it are higher than those for the logarithm tunctional form,
which are extremely low. The serial correlation of the residuals in the logarithm
formulation is estimated to be around 95%, irrespective of the sample ending date, a
fact which may be an indication of misscpecitication™ of those equations. For the
equations with the Box-Cox formulation, however, the auto correlation of the residuals
does not seem to pose a serious problem, because the estimated correlation coefficient
is smaller than for the logarithm specitication, and the coeflicients of the variables in
the cquation do not change significantly when they are estimated with the Cochrane-
Orcutt correction procedure The implications of the low DW statistics appears to be
much more serious for the equations with the loganthm functional torm. whose

coctlicients are unstable with respect to the estunation method

30Barro [ 19%0] had alrcady noted the low DW statistics of Cagan's cquations.



Normalized Real Money Balances

Table |

Estimates of the Demand for Real Money Balances in the German Hyperinflation!

(Box-Cox and loganthm functional forms, without using the inflation risk variable)

I guation

code number
Final date

Deg drecdom
Functional Form

R

i:

SSR
Durbin-Watson

=

19237
R
log
09744
9737
06824
05416

113
(0033

S04

19237
12
Bon-Con
0 Y870
(0 YROGT
(3028
(1 3604

-004

0.2

e

1 00
(0 0260)

1923 R
L
[ U‘:[

00423

[IAVRISE

1 06
(0033

-1 70
(020

23K
1}
Box-Con
() Y906
0 9903
04182

1S36

-04

02

| 02

(00200

356

(DY

IEARNY]
13
log

0 RS72
1) 833
5822
04310

15

0916
((ORR)

- 08
(0 28)

1923y
34
Box-Cox
(19643
() 9633
2710
1 790

-03
015

0963
060

-3 91
(0 1Y)

(17 O8N
1923 o w2 jn
RIS 33
lLog 13on-Con
0 ROT0 09123
0).7950 09099
9 446 7107
() 3079 () 8347

-0.4

0o 010
0 841 () 874
10 107) (1 0Y3)
-1 11 =373
(0 3dy (029

Flhe values in parentheses below the varables are standard deviations of the paramelers. conditional

on the vadues of A and /)‘l_

Figure 5

wathiout correcting for seriatl correlation of the residuals

Fitted X Actual Money Demand - Germany

1.2

0.8

0.6

0.4

0.2

1922

1923

Date

- Actual

Lambda = 0.0

Lambda = -0.4

i




It turns out that for each of the sample periods the optimal parameter for the
expectations formation mechanism in the Box-Cox formulation coincides with the one
obtained with the logarithm functional form. The point estimate of g, decreases from
0 25 to 0.10, as the ending sample date 15 extended from July to October of 1923, but
the contidence interval becomes wider, as can be scen i Table 2, which reduces
the weight of the evidence m favor of an eventual shift in the value of that parameter
The mtersection of the contidence intervals tor /51 (0 17, 0 23), which suggests that
the value 0 2. obtained by Cagan, may actually be a reasonable estimate tor the true
value of that parameter Also, since their upper hnut s 028, it is clear that the
expected inflation rate is different from the current rate, since the (approximate)
equality of these two rates would only obtain for values of the expectations parameter
of the order of 10, which suggests that the hypotheses of adaptive expectations was

justified

Table 2
Estimates of the Confidence Intervals tor the Parameters of the

Box-Cox Real Money Demand Function in the German Hyperinflation!

I quation code G2 () G0 (1% TGl

; IS SS) DRSSy (-0 35 -0 05 P-005 063y -0 13 -0
/} IR REAML] 1O 17T 2R (asn 23y (00023, (T 023
/1 (O 070N

"These 95% confidence intervals were obtiined as described in Appendix A, without correcuing for
scrial corrclation of the residuals. They arc also appronnmale. duc to the discrete grid used i the
cstimation

The estimated value for the Box-Cox parameter A in Table 1 is equal to -0.4
for three of the equations, and -0.5 for G6, and is therefore situated near the middle of
the interval of possible values defined by inequality (22). The interpretation of this
value depends on which of the possibilities discussed in connection with the elasticity
calculation in (20) is considered.

First, assuming that the parameter &, which represents the convenience yield of
money. is constant throughout the hyperinflation, it is possible to test the hypotheses
that the actual functional form of the demand for real balances is either Cagan's log-
linear specification. or the inverse functional form of section 2, by testing for
(respectively) A =0 and 4A=-1 The data in Table 2 allows the rejection of both

hypotheses for all sample periods considered in Table 1. at the 95% confidence level.



For A =-0.4, and for constant &, the limiting elasticity of real money demand
(@) as the inflation rate increases without bound can be calculated from (20) to be
equal to -2.5 It is interesting to compare the value of the elasticity of the demand for
real balances implied by the two extreme functional forms for 7=0.5, which
characterizes the beginning of hvperinflation They are equal to -2.5 and -1 58
respectively, for equations Gl and G2, which shows that at that rate the elasticity for
logarithm specification is almost twice that for the Box-Cox equation, and is already
equal to the imiting elasticity calculated above

It 1s also easy to calculate, using (21) and the parameters of equation G2, that
the continuously compounded monthly intlation rate that maximizes the inflation tax
revenue is 7 = 19.2%, which is not significantly higher then value of 18% calculated
by Cagan If this rate is compared with the continuously compounded average inflation
rate'! for the hyperinflation period (August 1922 to November 1923) of 143%, it must
be concluded that the Box-Cox functional torm did not help in explaining the
divergence between the optimal and the actual rates observed by Cagan [1950]
However, that difference can be put i a better perspective if the optimal rate is
compared to the average milation rate v the period tor which the cquation s
cstimated, whose value 1s between 23 2% and 47 7%, depending on which of the
sample periods is considered The discussion of which 1s the relevant parameter for
comparison with the calculated optimai inflation rate hinges on two aspects: (1) what is
assumed to be the occasion of the beginning of the practice of inflationary finance
when inflation started to rise, or only after hyperintlation established itself, and (ii)
what is assumed to be the end of the period for which the inflation rate is rationally
determined by the attempt to collect seignorage'? up to the end of the sample period
for which the demand equation is valid, or until the end of the hyperinflation process. If
the first alternative is taken to be the answer to these two questions, and July 1923 is
taken to be the end of the sample period, the divergence between the optimal and the
average inflation rate is rather small

Now consider the second possibility for the interpretation of the estimated
value of A, which 1s to assume that the demand tunction has the inverse functional
torm, while simultancously allowing A vary In this case the value of the shape
parameter of the Box-Cox function 1s determined by the decreases in the convenience
vield of money that occurs i high mtlation processes This was discussed in section
2 2. where it was shown that it the estimate of A 1s dominated by the behavior of the

money balances at the highest rates of inflation, and if & is defined as the limiting

M This valuc was obtained from Cagan's reported valuc of 322% for the monthly compounded average

ralc.
31t can be argued that after some fevel of the inflation rate is reached. hyperinflation s the result of

fiscal caos. rather than of optimization by policy makers
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elasticity of & with respect to inflation, then the following relation between them
would hold- &=(1 A )+ 1 If that is the case here, then A =-0.4 implies &=-1.5,
which is a plausible value.

The second step of the evaluation of the model is to assess the contribution of
the mflation risk variable to the equation For this | use Cagan's sample period, to
avoid distortions that may have been introduced by the extension of the sample, and

estimate the logarithm and the Box-Cox equations, with the inclusion of the risk
variable (17 ), to obtain the coethicients shown in Table 3.

Table 3
Estimates of the Demand for Real Money Balances in the German Hyperinflation!

(Box-Cox functional form, including the inflation risk variable)

Egquatio Fune- R"
SS ALY ° . B I
n tonal R ! A ﬂ‘ /f\ 7 I
Cuode Fonm ﬁ:
Number
G9 lLog QORI 0452 03700 020 020 117 -6 46 522
(Y 9RO 10029 (02701 (125
G110 BBox-Cox 09907 0251y 04677 -3 020 ()20 | OG -6 3 413
() Y92 {0022y (0 200) (1933

I The sample period is Scptember 1920 1o July 1923, and the values in parcitheses below the variables
arc standard deviations of the parameters. conditional onw the values of A. 4, wa 5, without correcting

for the scnal corrclation of the residuals.

They reveal that the fit of the equation is improved, with respect to the
equations without the risk variable, as can be seen by comparing equations G9 and
G10 of Table 3 with equations Gl and G2 of Table 1, respectively. The shape
parameter ( 4 increases slightly to -0 3 with the inclusion of the risk variable, but the
logarithm functional form is stll rejected at the 95% level (sec Table 2). The estimate
ol the parameter of the expectations formation mechamsim for the inflation rate (3 )
and for the variance (/3 ) arc cqual to 0 2. which imphes a S months average lag of,
respectively, the expected inflation rate with respect to the actual inflation rate, and of
the expected varance with respect to the squared deviations between the expected and
the actual inflation rates The cocllicient ot the risk variable 1s significant, since the t-
statistic (conditional on the estimated values of 4,0, and £, ) is equal to 4.4 and 4.2,
respectively. Finally, the application of the Cochrane-Orcutt correction procedure does
not produce significant changes in the coeflicients of equation G10, and yields an
estimated correlation coefficient of the residuals of 0.82. For the equation with the

logarithm functional form (G9) the situation is not so satisfactory. since the correction
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for serial correlation of the residuals produces significant changes in the estimated
coeflicients, and yields an estimated correlation coefficient of 0.97.

Taken as a whole, the analysis of this section shows that the general Box-Cox
functional form is better able to track the data of the German hyperinflation than the
logarithm functional form3??, and that the inclusion of the variance of the inflation rate

as an explanatory variable significantly improves the fit of the equation.

5. Money demand in Brazil 1974-1992

The modeling strategy advanced here was applied to Brazilian data for the
period extending from January 1974 to November 1992, when the continuously
compounded monthly inflation rate varied from about 3% to close to 60%. After 1986
the were five monetary and price shocks which caused very large changes in the rate of
inflation in short periods, generating episodes of steep acceleration and deceleration of
prices. The demand for money in the months of very high inflation is about one-tenth
(in real terms) that of the beginning of the period (see Figure 6).

The estimation of an adequate equation for the demand for money balances for
the whole period specified above turns out to be a challenging exercise, mainly because
of the mtervening shocks (no data points were excluded) The inclusion of a period of
relatively low inflation in the estimation™ requires the equation to pcrtbnﬁ well under
those situations, and allows us to analyze the changes in the behavior of agents that
occur in the imtial phases of hyperinflation. On the other hand, the several shocks of
the latter part of the estimation period, while difhcult to track, are likely to bring out
the essential characteristics of the demand for money in this economy.

Econometric estimation of linear models of the demand for money for Brazil
which include post-1974 data, and use inflation as one of the explanatory variables, can
be found in the following studies. Cardoso [1983] uses quarterly data for the period
1966-1 to 1979-1V, in a log-log model, and discusses the relative importance of
nominal interest rates and the inflation rate in explaining money demand. The inclusion
of lagged money as an explanatory vanable in that equation was criticized by Gerlach
and De Simone [1985]. which estimate an auto regressive distributed lag model on the
same variables, but with seasonal factors They show that the inflation rate is
statistically more significant than the nonunal interest rate in their equation,
contradicting Cardoso's results, and estimate the long-run elasticity of real money
demand with respect to mflation to be -0 08 Darrat [1985] aiso criticizes Cardoso's

specification for the same reason. and uses an Almon lag of the logarithm of.

YThis comparison may not be cntircly fair, as the general Box-Cox form has onc more degree of
freedom. but 1 believe that the difference 1s large cnough to justify the statement in the text.
MFErom 1974 1o 1983 the rate of price increase was below 10% per month.
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respectively, income, nominal interest rate, and inflation to resolve the apparent
instability in her equation. He also finds inflation to be the main explanatory variable in
his monev demand equation, and estimates the corresponding long-run elasticity to be
equal to -0.20 Rossi [1988] extends Cardoso's data and equations for the period from
1980-1 to 1985-1V, and argues that a downward shift in the equation occurred around
1980. He also uses the log-log functional form and finds the equation to be unstable
after 1980 None of these models deal explicitly with the problem of expectations
formation, nor use alternative functional forms besides the log-log specification, or
attempt to include an inflation risk variable in the equation

Rossi [1994] applies the methodology proposed by Phylaktis and Taylor [1992]
and by Engsted [1993] to test comntegration of money and prices. with monthly data,
for the period 1980-1 to 1993-12 [t 1s the only study to nclude in the analysis the
monctary and price shocks that were imposed on the cconomy to attempt stabilization
after 1985 He finds comntegration for the whole period, but not for any of the sub-
periods in which he divides his sample In his log-linear formulation, he cstimates the
inflation semi-elasticity of money demand to be between -5 and -8 for periods of high
inflation, and double those values for periods of moderate inflation.

The model of section 3 suffered some minor adaptations when applied to
Brazil. First, the logarithm of expected income is used, rather than the expected income
itself, to require the demand for real balances to display constant income elasticity, a
feature which seems to be desirable (see Goldteld and Sichel [1990]) With this income
index this property holds exactly when the functional form of (29) reduces to the log
specification (A =0), but only approximately in the other cases. As an empirical
matter, there is very little difference between equations with and without the log
transformation in the income variable for this body of data

The scasonal adjustment which was decmed useful in estimating the equation
for Brazit was the inclusion ot a dummy vanable for the periods corresponding to the
December months, necessary because of spikes which were observed in the real money
demand, and arc clearly visible in Figure 0 This extraordinary demand in that month is
mainly due to the payment to workers ol an year-end bonus ecqual to one month's
wages, which 1s required by law in Brazil This dummy vaniable enters equation (29)
multiplied by the expected inflation, producing a shift in the slope of the function in
that month, instead of shifting the intercept. This reflects approximately a constant
proportional increase, rather than a constant absolute increase, of the demand for real
balances in December, which seems to be the expected outcome of the increase in
nominal incomes which occurs in that month The technological trend variable is
represented by a time displacement variable. equal to the number of months between

the initial date and period /.
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5 1 Estimation

The adapted model was estimated for Brazilian monthly data for the period
1974 2 to 1992 11, which is presented m Appendix B (see Figure 6 for a graph of the

<

tme series ot money and mtlation) Two ditferent concepts of money' were used the
monetary base (MB). cqual the outstanding balance of currency issued plus bank
reserves (at the last day of the month), and M1, which includes the balance of bank
deposits (also at the end of the month) Only the coethicients estumated for the
narrower concept are shown here, since the results are similar for the two aggregates,
and the conclusions of the empirical analysis do not depend much on which concept is
preferred?¢.

The coeflicients for the six main equations that were estimated?’ are displayed
in Table 4, while the confidence intervals for the shape and expectations parameters are
shown in Table S. The equations are segregated into 3 pairs, according to the period
covered by each the complete period (equations Bl and B2), the period before 19851
(equations B3 and B4), and after 19851 (equations BS and B6) The equations for the
sub-periods were estimated to evaluate the structural stability of the model, and to try
to identify behavioral shifts that may occur in the route to hyperinflation. The first sub-
period corresponds to the initial phase of the high inflation episode, when the
(continuously compounded) monthly inflation rate is below 2% (except for a tew
months in 1983), while the second is the period of extreme inflation, which starts with
an acceleration of inflation during 1985, leading up to the first stabilization attempt in
February of 1986. Four other subsequent attempts to control inflation in 1987, 1989,
1990 and 1991, which can be identified as spikes in the inflation rate graph in Figure 0,
also failed.

For each of the periods, two estimates of the coeflicients were obtained: for
the odd numbered equations the maximum likelthood procedure described in Appendix
A was used, while for the even numbered oncs the Cochrane-Orcutt correction for
auto corrclated residuals was used to cstimate the corresponding odd numbered
cquation It should be noted that this correction is only used in estimating the tinal
cquation, afler the shape and expectations parameters are determined  They are

therefore the same tor both cquations in cach pair

**Data for the nominal moncy balances at the cnd of cach month is published by the Central Bank of
Brazil.

Y The cocfMicient of delermimation of the cquations for M1 1s margmally Larger. but they also have
larger auto corrclation of the residuals and shightly worse Durbin-Watson statistics.

37 The RATS program was uscd to cstimate the model
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Maximum Likelihood Estimates of the Demand for Real Money Base in Brazil!
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| The standard errors conditional on the estimated values of A.B,.0.. and ﬂy. calculated by the standard

regression program, are shown i parentheses below the respective estimate. All non-marked cocflicients are
sigmficantly different (rom zero at the 5% level, and those marked with * are sigmificant at the 10% level. The

cociTicients marked with # are not sigmificantly ditferent from zero

2 The equations were estimated according to the procedure desenbed in Appendix A, The estimation method
indicated 1 this row refers to the estimation of the {inal equation obtamed by that procedure
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Comparison of equations Bl and B2, which encompass the whole period,
reveals that their coefficients are similar, indicating that the specitication is very stable
with regard to the effects of auto correlated residuals The largest ditference between
them is a 30% decrease in the interest rate coeflicient when the correction in applied
The coetlicient of determination of both equations is high and, considering this is a
time series equation, the estimated auto correlation ot the residuals 1s not very high

The cquations for the sub-periods also display good explanatory power and the
same kind of stability with respect to the estimation method as the equations for the
whole pertod The largest ditferences between the cocflicients of equations B3 and B4,
for the imtial phase of the high inflation process, occurs for the variance of the inflation
rate, which is not, however, a significant variable, and for the interest rate variable,
which suffers a 24% reduction when the correction is applied* Equations BS and B,
for the extreme inflation phase, have very similar coefficients.

The immunity of the equations with respect to the estumation problems
generated by large auto correlation of the residuals is encouraging, and is not obtained
for less complete models of money demand for this period. Of course, the equations
B2, B4 and B6 should be preferred in making statistical inferences, as their estimate
of the standard errors of the coetlicients is unbiased It should also be noted that
condition (22), which was derived theoretically to characterize the economically
meaningful values of the shape parameter A 18 respected tor all equations, that almost

all cocthicients are sigmficant at the S%o level, and that their signs are as expected
5 2 The cquation for the compiete sample

The estimated value for the Box-Cox parameter 4 in equation Bl is -0.8, with
an approximate 95% confidence interval of (-0.95, -0.65) This implies, if we assume
that the convenience yield of money ( x') is constant, that the inverse functional form of
equation (11) is barely rejected, since it corresponds to A=-1However, while
Cagan's log-linear formulation can be rejected at the 1% level, the inverse functional
form cannot. The estimated value of the shape parameter indicates that the true
functional form is much closer to the inverse function than to the logarithm function,
which corresponds to 4 =0. If & is not constant, the estimated value of the shape
parameter A may be distorted by the elasticity of” A" with respect to inflation, as was
argued in section 2.2, and the inverse functional form cannot be rejected on the basis of

this equation alone. The following discussion, however, assumes that A is constant.

¥BThere 15 also a 35% reduction in the cocfTicicnt of the scasonal December variable, which has. |
belicve. a smaller cconomic importance than the changes in the other cocfTicicnts.



kY

The limiting elasticity of real money demand, as the inflation rate increases
without bound, is ¢ = —1.25, as can easily be seen by using (20) For 7=0.5, which is
the inflation rate that characterizes the beginning of hyperinflation. that elasticity can
obtained*? tfrom equation (19), and 1s equal to ¢ = =1.17, which 1s a value already close
to the limiting elasticity This indicates that the deepening of hyperintlation would not,
for this money demand tunction, signiticantly increase the absolute value of the
clasticity from the value which is alrcady observed in the beginning of the process This
mmphcation is completely different from that which would be drawn {rom Cagan's
model, which displays an ever increasing clasticity The value of the elasticity is also
only 38% of -3 02, which 1s the value obtained by using the value of the semi-elasticity
of money demand estimated by Rossi* [ 1994] for Brazil, in Cagan's elasticity formula
with 7=0.5.

It is easy to calculate that for the inflation rate that characterizes the beginning
of the high inflation episode (7=0.03) the value of the elasticity of real money
balances with respect to inflation is ¢ = —0.59 This value is close to -0.5, which is the
theoretical value calculated by Barro [1970] in his optimal payments period model,
with a constant fraction of monetized transactions*'. [t is about twice -0 3, which is the
value implied by the log-linear model with Rossi's estimate of the semi-elasticity of
money demand.

The elasticity of money balances with respect to the rate of inflation, at the
average inflation rate for the period analyzed in Cardoso [1983], is equal? to -0 48,
which s also larger than the estimates obtained for the same period by Gerlach and De
Simone [ 1985] and Darrat {1985], which are respectively -0 08 and -0 20 Since they

use a log-log functional torm, the elasticity of their demand tunction s constant, and

¥ To calculate the clasticity it is nccessary to make hypotheses about  the valucs of the other
cxogenous variables in cquation (29). It was assumed in this excrcisc that the real interest rate is null.
the income index is equal 1o 120 (which is the average value for the sccond half of the 80's), that the
calculation is being performed for the nid 1980's (thercfore that 1=120). and that the clasticity it is no!
being calculated for a Dccember month. The cocfficients of cquation B2 were used to obtain
y = 0.976 which. together with the values of «, 4 and the assumcd valuc of . arc then used 1n (19).
40Rossi [1994] estimates an cquation with Cagan's log-lincar specification for Bravil, for the period
1980 1 to 1993 12, by cointegration methods. Minding a super-consistent cstumate of a = 6.04

*That model is. | belicve. the reasonablc analog in Barro’s paper 1o the situation of the initial phasc
of lugh inflation portraved in this {ast clasticity calculation. To compare the cstumate for the limiting
clasticity with the value which is implicd by Barro's modcl. it 1s nccessary to usc the verston in wlhich
he considers that when hyperinflation gets under way there will appear substitule asscts for moncy
which will reduce the fraction of monctized transactions. There he argucs that thus will lead the
clasticity o increasc in absolute value. a finding which 1s consistent with the behavior of that variabic
in the model presented here.

The average anthmetic quarterly ratc of inflavon for the period ncluded in Cardoso [1983] is,
according to Rosst [1988 footnotc 8| cqual to 6.7%. The implicd continuously compounded monthly
ratc is cqual to 2. 16%. which. through cquation (19). viclds the required clasticity
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may therefore be capturing to some extent the average behavior of the true elasticity,
which is in fact variable, if the model proposed here is correct.

The evidence of the last three paragraphs lends support to the claim made
earlier that the Box-Cox transform may be able to capture more precisely the behavior
of the elasticity ot real money balances in high inflation processes, because it does not
increase without bound (in absolute valuc) as inflation increases It is smaller (larger)
than that implied by the log-linear formulation for large (small) rates of inflation, as
was shown to be the case in section 2 2

The optimal constant continuously compounded rate of price increase for
optimal inflation tax collection, calculated trom equation (21) tor the coefticients of
cquation B2, 1s 13 8% per month It is mteresting to note that this rate 1s not much
different from 19 2%, the rate obtamned n the last scction for Germany, during the
hyperinflation The rate for Brazil corresponds to an yearly rate of 405%, which is
significantly larger than the rate of about 250% calculated by Gianbiagi and Pereira
[1990], for an equation estimated for the period 1979:4 to 1988 4, and is similar to the
monthly rate of 15 2% calculated by Rossi [1994] from data for the period 1980:1 to
1993:12  The inflation tax maximizing rate obtained here is consistent with the
possibility that the episode of high inflation which occurred in Brazil in the last decade
was caused by an attempt to increase the collection of inflation tax on real balances*},

since 1t is similar to the average rate of inflation observed for that period

Table S
Estimated Confidence Intervals! for the Expectations Parameters
of the Base Moncy (MB) Demand Function for Brazil 1974-1992

I quiartion mambyr 31 133 136
P (-0 93 2 63) (-1 13 -00%) (-0 335 013
(012,023 (006, 0 18) {013,023
B,
Vi (0 17,028) (013,10 0y (022.0.33)
ﬂ (0.06,012) (.06, 0.13) (001,018)
.\'

IThe 95% confidence intervals of the shape and cxpectations paramciers werc

calculated as described in Appendix A.

4} Also sce further discussion of this point in the next section.
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The estimates of the expectations parameters for the inflation level (3, ) and
rnisk (B, ) are equal to 0.2, implying that they lag observed values by an average of 5
months The value for the adaptive expectations parameter for the level of inflation
coincides with the value found by Cagan for his pooled hyperintlations data On the
other hand, the valuc of 0 075 for the expectations parameter for permanent income

(. ) implies an average fag with respect to the actual income index of 13 months,

which 1s consistent with the idea that permanent income ought to respond rather slowly
to shocks

While the approximate income elasticity s high (2.27), the effect of the time
displacement variable, which can be interpreted as the effect of technological
innovation, reduces money demand each month by approximately 0.8%. It 1s possible
that some degree of multicollinearity may have distorted the estimated value of this last
coeflicient, since in the equations for both sub-periods it is smaller (about 03%).
Finally, it is easy to see that the seasonal December dummy variable reduces the (total)
coefficient of expected inflation to approximately -6 4 in those months. Finally, when a
variable equal to the real doilar exchange rate is introduced in the equation, 1t turns out
not to be significant, which suggests that foreign exchange did not provide any
significant hedging opportunities that were not already available to agents through

other mstruments i this economy, in this period
S 3 Equations for the sub-periods

Comparison of equations B2, B4 and B6 in Table 4 and inspection of the
confidence intervals of Table S5, shows significant differences between several
coeflicients for the two sub-periods. Since the estimates of A and the §'s change when
different samples are considered, the analysis of the stability of the equation for a
structural shift due to the beginning, in 1985:1, of the extreme inflation phase of the
high inflation process was done in two stages. First, to evaluate the equality of
coeflicients of the linear part of the specification in the two sub-periods, a Chow test
was performed with the equations estimated with the values of shape and expectations
parameters (A and J's) equal those estimated for the whole period in equation B2.
Second, the changes in the values the parameters of the non-linear part of the
specification from one sub-period to another were analyzed on the basis of the
economic interpretation of their implications.

The Chow test at the 5% level rejects the hypothesis that the coefficients of the
linear part of the specification in the two sub-periods are equal, conditional on the

values of 4 and the J's being those estimated in equation B2. However, the same test

at the 1% significance level is unable to reject the stability hypothesis. Inspection of the



coeflicients shows that the main differences between the two periods occurs for the
interest rate and income variables* The same test with the coefficients of these
variables constrained to equal the value found for the whole sample achieves a
significance level of 11.5%, allowing the acceptance of the stability hypothesis in this
case In particular, the coeflicient of the expected inflation variable is quite stable
arouna the value found in equation B2 This suggests that the main differences
observed in the equations B4 and B0 are due to the non-linear parameters, which are
discussed below.

The most interesting difference between the sub-periods is in the value of the
parameter A, which declines form -0 9 in the first sub-period to -0 4 in the second.
Assuming that A" is constant. the logarithmic functional form can be rejected for the
first sub-period, but the inverse functional form cannot. The opposite situation occurs
for the second sub-period, as the inverse tunction can be rejected but the logarithmic
function cannot The confidence intervals are disjoint, indicating a clear shitt

It the assumption that A" 1s constant is relaxed, this change can be explained as
probably only a reflection of decreases in the convemience yield of money. rather than
as an instability of the functional form of the equation This possibility was discussed in
section 2.2, where it was argued that under certain circumstances the following relation
between A and &, the liniting elasticity of x with respect to inflation, would hold:
E=(1 A)+1 If that is the case here, the observed change in the shape parameter
could be due to a change of & from -0.1 to -2 3 This is the type of effect what would
be expected to happen. as the hyperinflation process evolves: initially, when inflation is
relatively low, k" is unresponsive to inflation, but as inflation increases and the extreme
inflation phase starts, the elasticity of’ A" with respect to inflation increases in absolute
value, as substitute assets for money are developed, and the convenience yield of
money is reduced Another piece of evidence suggests that this 1s the case the
estimated value of A for the German hvperinflation in the last section is -0 4, the same
value found here for the extreme inflation phase of the Brazilian process

The ditterences in the expectations parameters for the two sub-periods can also
be casily interpreted  The inercase of /1 trom 0 10 to 0 15 reflects the shortening of
the average lag in expectations formation when inflation increases, an eftect which has
been pereeived and explained by Cagan [1950 p 08-03] The cost to agents of not
adjusting their expectations fast enough rises steeply as the hyper inflationary process
deepens, and this induces the agents to shorten their average expectations lag. The
decrease of the point estimate of the inflation risk expectations parameter (3,) when

4+ [t is not surprising that these two variables scem 1o be less stable. since the income cffect is difTicult
to identify in the extreme inflation phasc duc to the recession that occured in the period. and the
intcrest rate variable may be subject to cffects from the moncey supply process
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equations B4 and B6 are compared is not very revealing, since the confidence interval
of the first period includes that of the second period. This is only a consequence of the
fact that in the imitial stage of the high inflation process, when inflation is low, inflation
risk is not very important, as shown by the low coefficient of }” in equation B4. As a
consequence, the expectations parameter is estimated imprecisely, and the confidence

interval wide Finally, the expectations parameter for permanent income (3, ) does not

change significantly between the two sub-periods.

To summarize, there are two important differences between the initial phase
and the extreme inflation phase of the high inflation process in Brazil in the last 20
years: the absolute value of the shape parameter of the Box-Cox transform was
significantly reduced, probably due to the creation of money substitutes, and the
average lag in the formation of expectations of inflation was reduced from 10 months
to about 6 months.

The implications of these effects for the elasticity of the demand for real
balances with respect to inflation, and for the optimal constant rate of price increase
for inflation tax collection are casy to assess The elasticity of the demand for real
balances to inflation, as it incrcases without bound, i1s equal to -2 5, and for 7=10.5
that eclasticity*® equals -1 6 They have both increased substantially, when compared
with the values obtained for the equation for the whole period, especially the imiting
clasticity This overall increase in the clasticity is probably a consequence of the
structural shift represented by the increase in the liquidity of indexed assets that
occurred in the period, which was motivated by the demand by economic agents for
protection against the capital losses brought about by inflation. In this case, the optimal
monthly inflation rate (for inflation tax collection) is reduced to 8.6%. mainly due to
the substantial decrease in the absolute value of the estimated shape parameter of the
Box-Cox transform, which reflects the larger absolute value of the elasticity of money
demand with respect to inflation. The average monthly inflation rate above 20% in the
period certainly appears to be non-optimal, from the perspective of inflation tax

collection.

6_Conclusion
A specification for an cmpirical equation for estimating the demand for real
balances in high inflation processes. which extends and generalizes Cagan's celebrated

hvperintlation model. has been proposed It was denved from a theoretical stochastic

*This linuting clasticity valuc is diffcrent then the one calculated carlier because it uscs the
cocfTicients of cquation B6, which was fitted for the extreme inflation phasc of this high inflation
episode.
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dynamic programming model of money demand which captures the concept that the
convenience yield of money is sharply reduced in hyperinflations, due to the
development of substitute assets. The solution of the model suggested the use of a
Box-Cox transform of the real money balances, rather then Cagan's logarithm
transform, in estimating the equation. It also required the introduction of the variance
of the inflation rate in the equation.

The empirical model was specified with adoption of an adaptive, but not
necessarily rational, expectations formation mechanism for the inflation rate, the
variance of the inflation rate, and income. The empirical specification was completed
with the introduction of the real interest rate, of a variable to capture the effects of
technological progress, and of a very simple device to capture the seasonal factor
which was felt to be relevant. A maximum likelihood procedure was used to estimate
the model

This money demand model for high inflation processes was tested by applying
it to the data for the German hyperinflation, and to the analysis of Brazilian inflationary
experience of the last two decades. The results validate the model proposed here, and
show that its characteristics are indeed important in understanding the demand for
money in high inflation processes. It suggests that the demand for money in the initial
phase of the that process has a functional form similar to the inverse function ( a Box-
Cox shape parameter A =~ —1.0), which shifts to an intermediary form between it and
the logarithm function (4 = -0.4) when the extreme inflation phase establishes itself
These shifts of the Box-Cox paramcter arc likely to be only a reflection of changes of
the clasticity of the convenience yield of money to the inflation rate. which is small in
the low inflation phase, but is relevant in the extreme inflation phase.

Further research is nccessary to cstablish if the performance exhibited by the
model in these particular high inflation episodes is also obtained in its application to

other cases, in other countries.



Appendix A

The estimation of the Box-Cox adaptive expectations money demand model

Equation (29) and definitions (13), (20), (27), (28) torm a non-lincar system
which can be estimated by the two-stage maximum  likelihood procedure described
below

I Let the vector of expectations parameters be denoted by B=(4..0..0. ).

assume that it is known, and use the method proposed by Box and Cox*® [1964] to

produce maximum likelihood estimates of A=(y.a,.a. .« a .« «a ), the

parameters in equation (1), as follows:

(a) Calculate the non-observable variables L(f,).} (5. B.)and Y(B, ) from the
observed variables ("and /.

(b) Calculate the normalized money balances = by dividing each Af//° by the geometric
mean of the sample values of the real money balances.

(c) For each value of A, regress dx'z, A ) on the vector of the explanatory vqriables of
equation (29). recalling that the non-obscrvable ones were calculated in (a) Compute
the residual sum of squares. which 1s conditional on the vector of expectations
paramcters, and denote it by RSS74A) B The regression coetlicients provide maximum
Iikehihood cestimates tor A, conditional on 4 and on the assumed values for B, which
will be represented by A (A1)

(d) Choose the value of A for which SSeA) B 1s mimimized This value. denoted

A 1 is the maximum likelihood estimate of A conditional on the assumed values for
1]

This procedure maximizes the likelihood function (to a second degree
approximation) over a set of values for the shape parameter of the Box-Cox transform.
These A's should be chosen to span the range of possible values, which in our case is
given by inequalities (13). Considering that in this procedure precision can only be
increased by choosing a large number of candidate values for A, and that this also
increases the cost of the estimate, it may be reasonable to select values between -1 and
0, equally spaced by O 1.

II. Now consider the fact that the vector B is not known, but that it s possible
to estimate it by a maximum likelihood method similar to the one proposed by Cagan

[1956] for his single dimensional parameter [

46 A handicr reference 1s Maddala [1977 p. 316].
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(¢) For cach valuc of I, repeat steps (a) to (d), and calculate /SS(A, 8 The
maximum likchhood estimate ot I (denoted here by ) 1s the one for which this value
1s minimized

(1) Calculate the unrestricted maximum likelihood estimate of A as A B in (c), and

the unrestricted maximum likelihood estimate ot A as A4 B in (d).

The vectors B have to vary in the grid generated by all the combinations of the
possible values for each of the /7's One can follow Cagan's lead and let each f vary in
the interval 0 .05 to O 4, with a step size of 0 05, and from 0 S to | with step size 0. 1. a
strategy that seems to allow reasonable precision for the estimation of parameters
which, after all, generate variables which are not observable Table Al displays some
statistics for the exponential weights in equations (26), (27) and (28), for selected

values of 7.
Table Al

Characteristics of the exponential weights of adaptive expectations!

/3 eper monthy 4 B30l 02 (VR ([} s D I 30
Value of werght when t=0 0o} OOs 0l I8 026 032 03 033 063 09y
Fi= Avcrage dag cmonthsy oo 20 fu 5 33 23 N I3 [ 03

lAdnp(cd from Table 4 in Cagan [19306]

The procedure described in items | and I above requires a search over a pre-
defined grid in the 4-dimensional space (4,B), where at each interaction a linear

regression is run to estimate A (4,B) Of course, in subsequent runs the grid can be
made finer in the neighbourhood of the optimum
The conditional standard errors of the regression coeflicients A (A, B) can be

obtained from the results of the usual regression programs for the equation with the
optimal value for parameters A and B The standard error and the confidence interval

for A, or for the components of B, (say, £ in general) can be obtained by an inversion

of the likelihood-ratio test statistic Suppose we are testing the hypotheses &= £, and

define 6=/ RSS(E) RSS(E))" - The variable -2 /og @ is distributed as chi-squared
with one degree of freedom. Therefore, the 95% confidence interval for & includes all

the values such that equation (Al) is satisfied.

nlog RSS(E)—nlog RSS( ;‘) < 3.84 (Al)



Appendix B

The data for estimation of the model for Brazil

Prices () were measured by a consumer price index*” which is an average of
prices collected during a month, and is therefore centered on the middle of the month
to which it refers. The instantaneous inflation rate at the end of month ¢ was then
approximated by the exponential rate of growth of the price index between period ¢
and period (- 1. C,=In( P, P).

The real money base was calculated by dividing the nominal balances
outstanding in the last day of the month, as published by the Central Bank of Brazil, by
the price index at the last day of the month, estimated as the geometric average of the
current month's index and the next month's index (/) * 17

The real interest rate (/¢) series was constructed by detlating the series for the
average monthly nominal mterest rate cffective for I-day ahead open market
operations (V) The deflation tactor was the average inflation tor the month to which
the nterest rate refers, calculated as the geometric average of the instantaneous
inflation rates at the beginning and at the end of the month. The arithmetic growth rate
of prices (instead of the exponential growth rate used to calculate C, ) was adopted to
measure the instantaneous inflation rate for calculation of the average monthly inflation
used to deflate the nominal interest rate, because it was desirable to maintain
consistency with the procedure adopted by the Central Bank of Brazil to calculate its

real interest rate series for the recent past. As a consequence, the real interest series is

calculatedas R, =(1+N,) JP., P, -1

To calculate permanent income, data availability was limited. After 1973, a
quarterly series of an index of real income*® ( /) was available, and the value for the
quarters was repeated for each of its months. None of the variables was seasonally
adjusted Before 1973 only an yearly series was available, and it was used by repeating
its value for each of the months. Equation (28) was then used to calculate the expected

imcome.

4TThe index used was the IGP-DI published by Fundacao Getulio Vargas.
4% The scries for the quarterly index of real output is produced by Instituto Brasilciro de Geografia ¢
Estatistica (IBGE). the official statistics burcau of the Brazilian government.
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Y Real Money  Infla-tion Real Real Y Real Money  Intlation Real Real
/ Base Rate Interest [ncome / Base Rate literest lhcome
M Rate Index M Rate Index
70 74
1 0.0143 47 32 | .0269 00127 061 58
2 00141 732 2 1739 32 00433 -0.0234 6138
3 0.0185 732 k! 1673 89 0.05823 -0 0356 61 58
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8 00214 47 32 8 1663 36 00173 -0.0049 7315
9 00210 4732 ) 1601 86 0.0145 -0.0022 7315
10 00163 47 32 10 161693 00167 -0 0044 70 34
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Y  Real Money Infla-tion Real Real Y  Real Money [nfla-tion Real Real
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Y  Rcal Money Inflation Real Real Y  Recal Moncy Inflation Real Real
/ Base Rate Interest [ncome / Base Rate [nterest Income
M Rate Index M Rate Index
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