
• 

Fundação Getulio Vargas 

E p G E 
Escola de Pós-Graduação em Economia 

SEMINÁRIOS DE PESQUISA ECONÔMICA II (2a parte) 

'~TH~ lE)!EM.aND FOR, UQ)NEY EN H:IGH 

INPL,ATIQN PROCESSES" 

Octavio A. F. Tourinho 
(IPEA) 

LOCAL: Fundação Getulio Vargas 

DATA: 

HORARIO: 

marf 

Praia de Botafogo, 190 - 10° andar 
Auditório Eugenio Gudin 

1 °/12/94 (quinta-feira) 

15:30h 

Coordenação Prof Pedro Ca\alc3ntl Ferrelr3 
Tel 5~6-l}~5~ 





Thc Demand for i\loney in lIigh Innation Processes 

Octavio A. F. Tourinho * 

Scptember 1994 

• From Banco NacIOnal do DesenvolvlIl1ento Econômico e Social (BNDES) and Unlvcrsldadc 

do Estado do RIO de Janclro (UERJ). both at RIo de JanClfO. BrazIl. Thls pape r \\as \\ntten 
\\hcn the author \\as on lea\c at the Rescarch Dcpartment of Il1stltuto de Pesquisa Econônllca 
Aplicada (IPEA). a dlVISIOII ofthc Plal1l1l1lg MII1IStr: ofBrazd 



2 

1. Introduction 

The behavior of the monetary variables under extreme inflation is still a topie of 

interest and intense researeh among economists Recent examples of this are the 

analysis of intlationary episodes in several countrics found in Dornbush and Fiseher 

[1986], Bruno et ai [1988], and Dornbush, Sturzeneggcr and \Volf [1990], and the 

continuing research on the hyperinflations The main reason for this interest still is, I 

believe, the same one pOlnted by Cagan [1956] in his seminal and now classic study of 

hyperintlations these processes provide a unique opportunity to study monetal)' 

phenolllena 

In hyperintlations the astronomlcal increases in pnces and money dwarf 

changes in real income and other f:lctors. making it possible to study relations between 

11l0netal)' \'ariables in almost complete isolation 01' the rest 01' the economy In high 

inllation processes a similar situation occurs, with the high rates of change in nominal 

variables emphasizing the relationship between money and prices 

At this point it is useful be more speeific about is meant by the term "high 

inflation". It ean be recalled that Cagan [1956 p25] has defined hyperinflation as a 

proeess which generates continuously compounded rates of price increase in excess of 

50% per month l, while Dornbush, Sturzenegger and \Volf [1990 p2] defined extreme 

inflation as rates above 15% or 20% per month Dornbush [1992 P 17] considers high 

inflation an intermediary stage in the process towards extreme intlation, and points out 

Ihat countries experiencing inflation rates of 10% to 15%, per 1110nth: for any length of 

time are mO\'lng towards hypennflation 1 Conceptually, high inllation is a process 

which, once started, is likely to produce hyperinflation unless it is aborted by 

stabill/ation It also prodllces illlportant changes in the reaction of agents to inflation, 

zlIId k,lds to the creation 01' mechanisms to olTset the el1ccts 01' intlation like, for 

c\ample, indexation 

Tlle stlldy 01' Illonetary phcnomcna through the analysis of the dynamics of high 

inflation episodes Ilas some advantages, when compared to the analysis of 

hyperintlation dynamics. High intlation processes provide the opportunity to study the 

etTects on money demand of factors which are not relevant in hyperintlations, but are 

nevertheless of interest and importance, such as the impact of real variables on the 

monetary sector, and the finer details of the interaction between monetary variables. In 

addition, high inflation episodes present a larger anel more complete database on which 

ITo bc precise. CagaI! 119561 delined hypennOalions lO begin 111 lhe lllonlh when lhe monlhly rale of 
pnce IIlcrC<1se e:\ceeded 50%. and <1S endlng In lhe Illonlh before lhe Illonlhly nse in pnces drops 
below lhal alllounl and stays belo\\ for at lcast one year. 
2 AlI 1Il0atlon rales in thls paper are calculated as Illonthl~· contllluolIslv cOl11pounded rales. 
1The delinltlon of 11Igh inOalioll IS arbitrar., bllt selllllg the threshold rate at about 3% per 1110nth, IS 
posslbh a rcason.1ble cholce. The precise delinllloll IS not cntlcal for lhe purposes of lhis paper. 
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to make empirical tests, since their occurrence is more common then hyperintlations, 

which are rather rare phenomena The main diniculty in modeling money demand in 

high intlation episodes is lhal lhe task must be accomplished in an more complex and 

noisy environment, when compared \\ Ith hyperinflations, because the siluation 

resembles less that of a controlled cxperilllent It is neccssary to statistically control for 

the other variables which atlcct the uClllanu for 1110ney. anu ueal with a larger anu less 

\\cll-beha\cu resiuual in the estilllallon Finally. cOl11pareu with studies 01' the dellland 

rur l110ney lIndcr 10\\ inllatlon rates. the <lnalysis lInder high illtlaliull call benelit frol11 

the larger variallce displayed by the explanalory variables, allowing sharpcr 

iclenlilicalion 01' the relevant econolllic I~lclors in lhe Illonctary dynallllcs 

This paper concerns itsclf with the specilication and estimation of the demand 

for money during high intlation episodes. and proposes a model which can be regarded. 

in some respects, as an extension 01' the Cagan [1956] model for lhe monetary 

dynamics of hyperinllation Cagan's Illain contribution \Vas the stress on real money 

balances as lhe relevant dependent variable. and the use of expected intlation as an 

explanatory variable 01' money demand. Icatllres that have since become part of the 

standard formulation of the dellland for Illoney (see Goldfcld and Sichel [1990]) His 

model is an adeCjuate starting point for the stlldy 01' high inllation becallse it is robust. 

\\hen appliecl to the type 01' processes that he studied Although Illany papers have 

elaborated on sc\eréll aspects 01' the Cagan 1110del 01' hyperintlations. like the 

idelltiticatlnn oftilc parallleters ofthe eCjlliltioll. the hypothcses regarding the forlllation 

uI' expectatl\llls. the fllllctiollal lórm 01' the uemallu functioll. the role 01' foreign 

exch'lllgC. anel the estimation procedllre. onl)' IC\v 01' thel11 have rejected Cagan's 

(lllglllal mudei' Ollly in rare Iil~lanccs did tiley obtain conl'ldence Iiltervals for the key 

paralllclcr - the inllation semi-elaslicit~ .. 01' lhe demand for Illoney - which excluded 

Cagan's original estimates The model has also been generally corroborated by several 

recent papers that have taken advantage of the development of cointegration tests to 

estimate the demand for money for the classic hyperintlations with less stringent 

reCjuirements regarding the formation of expectations5 

However, in spite of ali the work done on the Cagan model, some of its 

possible extensions have not been fully exploited in the literature Some have been 

hinted upon in his original paper, as for example the possibility that the functional form 

he employed was toa limited, and that in some circumstances real sector variables like 

income and interest should be included in the regression. while others, like the use of a 

variable to account for intlation risk, are the result of more recent economic thinking. 

4SCC rcspccll\ch. B;mo 11'J70I. S<lrgcnt <lnd W<llbcc 1I <)731. Fr;Jnkelll <)751. S<lrgcnl 1I <)771. Frankel 
11'J771. B Fncdl1l;Jn I I <)7 X I. Frankclll<)7'Jj. Salcllll I I 'J7') I. Abel cl <1111<)7<)1. H<lnscn and S<lrgcnl 
11')IUI 
~Scc C<lsella 1I ')X') I. T<I:> lor 1I 'J')) I. Engslcd 1I 'J'nl 
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These extensions are elaborated here, III t he context of high inflation episodes I t is also 

hoped that the appllcation 01' the extended model to hyperinflatlon episodes wIlI 

contribute to the test of these improvements 

Although the model proposed here IS only estimatcd for the German 

hyperinflation data, and for the eplsode of high and extreme inflation in Brazil in the 

last two decades, I believe that it IS of wlder applicability This is so because the 

features of the Illoney dellland equation \vhich is proposed were not obtained in an ad­

hoc Illanner to fit the data at hand, but are derived from theoretical and empirical 

considerations of a general nature about the demand for money under high inflation, as 

will be seen below. 

The application of the model to the Brazilian experience is of interest in itself, 

as empirical analysis ofmoney demand during high inflation episodes is not often found 

in the literature Montiel [1989] uses the standard 1110ney demand specification, but 

subqitutes actual inflation for expected intlation, and obtains equations which are not 

\ery satls!ilctory Cointegration analysis ol'money and prices has also been e.xtcndcd to 

11Igh intlation processes (sec, for exall1ple. Engsted [1991], Phylaktis and Taylor 

[ 1992] and Rossi [ 199ct 1), but has beell lilllited by the ditliculty 01' including additional 

c'planatory variables in the equation 

lhe rest of this paper is dividcd in 5 scctions. The next onc derives and 

presents a model of money demand which emphasizes the discussion of the functional 

form of the equation, and the role of uncertainty The third section discusses the 

empirical specification of the model, with special reference to the formation of 

expectations. Section 4 presents the estimation of the model for the German 

hyperinflation data, while section 5 discusses the estimation of the model with Brazilian 

data for the last two decades. Section 6 summarizes the main results of the papeL The 

discussion of the estimation procedure and the description of the data for Brazil are 

relegated to the appendixes. 

2. The demand for real balances 

In analyzing the demand for money in high inflation processes, one has to 

consider both the effect of changes in the expected inflation itself, and changes in the 

variability of inflation. The levei of inflation is important because agents will take into 

account the fact that holding money entails a negative real return, in deciding on their 

desired money balances. This will lead them to decrease their money demand in 

response to an increase in the expected rate of inflation, in order to minimize the 

expected reduction in value of their money holdings. However, the economizing on 

money balances has a Iimit because at some levei of real balances the benefits of using 



monel' as a transactions Illcuiulll can out\'.cigh thc inllationary cost, anu induce agcnts 

to retain monel' at rates of inf1ation at \vhich casual anall'sis could lead one to expect a 

total f1ight from it, as for example, in hypcrinllations 

The variabilitl' of inf1ation is also important. since even if expected intlation is 

constant, agents \vill also adjust their money balances to cOlllpensate for the efTect ar 
changes in the intlation risk. since there will exist a component of money demand 

derived fram having to make decisions in an environlllent with stochastic intlation This 

can be justitied by discussing t\\O types of etTects that an increase in intlation risk can 

generate in Illodels 01' the delllanu for moncy 

In an 1I1\'cntory-theorctic ti'amework. where there is a penalty for letting real 

balanccs decrease below a certain levei. or wherc there is a cOl1\enience yield to 

11OIdll1g 111onc\'. agents \\ ill 111aintal11 money balances \vhich are larger than those held in 

thc n(1n-:.tochastlC sltlJatlon \\Ith thc sa111e cxpected inllation rate This behavlor insures 

agall1st the posSlbdltv that the leplesentatl\e agcnt \vill tind hi111selfin a sltuatlon \\-hcrc 

hls Illunc\ balances are In~l1llicient ror Im transactlons because 01' the uncertalnty 01' the 

Ildlatioll rate The (.!ellland ror real Illoncy balances \vill be larger. at the expense 01' 

consumption, the higher is the probability that a glven deviation between actual and 

expected inf1ation will occur These holdings therefore are likely to increase with the 

variance of inf1ation, as in Barro [1970], which develops a model similar iii spirit to the 

model of the precautionary demand for money found in Miller and Orr'" [1966]. 

On the other hand, in a portfolio-choice framework with risk averse investors, 

there arises a speculative motif for holding Illonel' which, at the margin, induces agents 

to decrease the demand for real monel' balances in response to an increase in the 

uncertaintl' of intlation, as thel' try to reduce their holdings of an asset that has become 

riskier Therefore, the efTect of risk on the speculative demand for real balances has the 

same direction as that of expected inf1ation, and opposite to that on the precautionary 

demando 

If we assume that both efTects are in operation, the sign of the coefficient of the 

variance of inf1ation in the monel' demand equation is ambiguous This is the case in 

Liviatan and Levhari [1976 and 1977], in a model of monel' demand with 2 periods, a 

utility function which depends on the f10w of consumption and on the real stock of 

money balances, a mean-variance terminal utilitl' of \vealth function, and a choice set 

which includes a consumption good and J securities monel'. index-linked bonds. and 

nominal bonds. Ambiguitl' in the sign of the coetlicient of the risk variable is also 

present in Fischer [1975], that assumes the prices of goods and the returns on index 

bonds. nominal bonds. and eCll1itv to be Wiener stochastic processes. and solves the 

r, TI1I5 c!Tcct C;111 bc OI1(;IIIICU 11\ COIISldcr\l1g 111 tllclr IIIOUeI the l0I1I!)()l1e11t of 1\l011C\ Uel\l;IIIU th;lt 

CI11110t be c\pLIIIICU b\ othcr [;IClors bcw1cs thc lI11CCrt;II11I\ af thc C:lsh nO\\, allu ;ISSlIllll11g th;lt the 

<,(och;J<;(IC COlllp011C11t of the (rc;iI) Cl<,1l n(\\\ IS dlle lo lhe \;Jr\;lbillt\ af llln;ltloll 



stocha~tic dyllallllc prograllllllillg problell1 to compute the asset demands \Vhat I \vill 

argue below is that in high illtlation situatiolls this all1biguity can be resolved, as it is 

likely that one of these etTects will predominate 

2 I Money demand in a continuous time consumption and portfolio choice model 

The issues raised in the foregoing discussion can be deal with more precisely in 

following model of money demand, which attempts to illustrate how uncertain inflation 

may atTect the portfolio decisions ill high inflation processes It is structured along the 

lines of the class of models that originates \vith l\1erton's [1969] consumption and 

portfolio choice model, which has been extended for economies \vith inflation by 

Stanley Fischer [1975] Neither of these rnodels however, deals with money demand. 

The model here assigns a convenience yield to money and considers it as one of the 

assets in the economy It also captures the fàct that in high intlation processes the main 

alternative to holding money may be to hold substitute assets which provi de indexation 

against inflation, which justifies and requires that they be IIlcluded in the portfolio 

choice. In many cases this asset is a foreign currency, while in others the private sector 

may create this alternative asset by indexing bonds to the price of certain commodities 

as, for example, the /lOI}:/I!!'" in Gerrnany durillg the hyperintlation There have been 

instances where the Governll1ent itself created these substitute assets to protect its tax 

revenue from intlation (the tax pengo ill IIllllgary aner the secolld \Vorld \Var is a 

classic example), or to be able to illcrease or ll1ailltaill its OWIl indebteness (indexed 

bond s in [1 razil, Argellt lI1a. anel Israel) In cert ai n cases t hese asset sare t erll1ed 

"lIluexeu Illoney", Ir they aCljllire high Illjuluity as their use spreads throllghollt the 

economy 7 

Assume prices of the only consumption good follows an Ito diffusion process 

given by equation (I). where J= is the increment of the Wiener stochastic process8 =, 
and where the parameters lr and a are known to the agent and are fixed 

JI> 
-= lrJI+aJ= 
I> 

( I) 

The model is specified in terms of the real variables, which are equal to the 

corresponding nominal variable uivideu by the price levei, at each point in time The 

agent is endowed \vith real initial viealth 11(0) = 11". at cach 1l101l1ent he decides on his 

7Thc lonlrol ar narroll IllOIIC\ snpph can bc ICr. ulnicnll IIhcn lherc e.\lsl Il(jllld lnUC\CU JSScls. 
~lllle lr;1I1,rcrs orlle;tllh lo anu rrOIll lk,c ;Is,el, 111;11 proullee I:trge \;In;lllons Illlhc IllOIlC\ o;tI;lIlCCS 

111 Ih" ,1I1I;llIPIl lhe 1l1OIlel;n, ;Ililhonl\ 111;11 hc ;Iblc lo COlllrol 01111 lhe bro;lu :lggrcg;lle 1l;lrroll 

Illonc\ pln, IIluncu IlI11nC\ I 11 til 1101 :ln;tI\/c 11m plOblclll herc 

xScc . ror c\:llIIplc. ~lcllon 11'1711 or F"chcr 11')7:'1 ror ;111 Inlroullellon lo lhe IISC ar lhc Illclhads ar 

(iI 1l;1I1IIl pro).!Lllllllllll).! IIllh 110 prPlcs~c, In pllrtrollO se!cellon problcllls 
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real consumption flow (c), and allocates his real wealth (H') between money and 

indexed (real) bonds in proportions '1 and (I - '1) respectively For simplicity it is 

assumed there is no labor income 

The indexed bond, which IS riskless in the real economy, is the only asset 

besides money9 lt has a real non-stochastic return of ,. dI. and its nominal return is 

equal to this real return plus the rate 01' intlation Equation (2) displays the stochastic 

process follov,:ed by Uh ' the nominal price of these bonds. 

(2) 

i\loney has a null nOlllinal returno slnce It'S price IS eClual to unlty The real 

return on Illoney ((Im = I I)) IS stochastic. since the devaluation of real balances 

depends on the change of priccs. and can then bc calculatcd by !to's lemma. yielding 

equation (3) 

dCf", c -=(-/T+a )dl-ad: (3 ) 
Cf", 

However, it is assumed that money has a convenicnce yield, since it allows the 

agent to economize on the cost of the transactions required to implement his optimal 

consumption and portfolio plans No attelllpt is Illade here to derive this feature of 

Illolley 1'10111 more basic consideratiolls. bllt it is c1ear that ir this yield did not c.\ist 

Illoney \Vould be a dominated security in this economy. and would not be held in 

positl\e all101lnts In the agellt's portrolio'" The lIserulness ofllloney is modeled here by 

IlltrodllCillg 111 the Ilow blldget balallcing equallon 01' lhe representative agent an 

C\PClldllurc \\i1ich rcllects the opportllnlty cost 111 real resources 01' holdlng a fraction 

oI' Im \\calth in the real inde\ed bond i\ll1ltiplied by the Illarginal utilit)' of wealth. this 

cost can bc thollghl 01' as the convcnlence yleld 01' money loregone by lhe agent 

This cost per unit time (d) is assumed to be a decreasing function of the 

proportion of the agent's wealth which is allocated to money ( '1). to be null when ali 

of his wealth is completely liquid ( '1 = 1), and to be infinitely high when the fraction of 

real money balances in his portfolio approaches zero ( '1--+ O) lt is assumed here that 

it can be adequately approximated by the negative of a logarithmic function in the 

interval 0< '1 < I, as shown in equation (4). where I .. : > O is a parameter whose unit is 

'lThis cnt;lIls no loss of gcncrality. slncc Físchcr I1 <)751 lias sho\\n. In a similar modcl which allo\\s 
thc c\istcncc of nonllnal bonds. that thcy \\ 111 bc pnccd at prcciscl~ thc r:llc \\ IlIch IIIsurcs that nonc of 
thcm C\lst 111 cCjUlhbnum. as long as c.\pcctatlons arc homogcncolls (scc p. 520) 
IOAI1 e.\ample of <I Illodel \\here lhe delll<ll1d for 111OI1ey depel1ds 011 e\pecled COSi per UllII limc of 
lllee!ll1g thc reqlllred Iral1sactlons. \\ hich 111 lum IS <I fUI1CtlO1l of thc \anablllly of lhe IllflatlOIl rate IS 
Barro II<nol (see IlIs eCjuallol1 (5-1» 



that of the real consumption good Larger values of '''' are associated with greater 

llsefulness of money in facilitating transactions, rclative to inde\ bonds, and therefore 

\\itil a larger convcnicncc yicld As ",. incrcascs, the cost associatcd \\ith Illaintaining a 

certain rraction 01' wcalth in InJe\ bonJs incrcascs, an etlcct which corresponds to a 

dccrcasc In IiqUldlty 01' t hc Indc\ bllllds 

â = - I .. : log( '1) .... : > O (4) 

The optilllal control problem to be solved by the representative agent is to 

maximize the expected discounted utility of the consumption flow (5), subject to a 

(flow) budget constraint (6). to an initial condition on wealth, and to the transversality 

condition (7). The state variable is wealth and the controls are consumption and 

relative money holdings (c and '1) 

c. 'I 
E" f e I" (! ( c( I ) ) dI subject to. (5) max 

" 
dI\' = (1- '1) 11' rdl + '1 H'/ (-!r+ a') dI - ad= / + Klog( '1) dI - cdl (6) 

11'(0) = 11' and (7) 

Utility is assumed to depend only on the consumption flow, and money 

holdings arrect utility because of their etTect on wealth. which occurs through the cost 

component (6) If the indirect utility of \'icalth function is denoted by r (H'), the basic 

equation of the stochastic control problem stated above is displayed in equation (8) 

pl' (w) = max{ U (c) + [(1 - '1) r \I' + '1( -!r + a:) 11' + 11: log( 'u - c] I" (11') + 
c. '1 (8) 

Finding the tlrst order conditions for the lllaxil11izatlon problclll inside the 

brackets in (8), equations (0) and (10) are deri"cd 

(/'(c) = -1"(11') (9) 

, , ,1'''(11') , 
1I:+(-!r+a--r)II"I+II'-a- ,(=0 

1"'(11') 
(10) 

Equation (10) is quadratic in '1 and can be rewritten as 11: + b '1 + alI: = O. if a 

and h are defined to represent the corresponding terms in (10) The general solution of 



() 

this equation is '1 = (1 2a)( -h ± .J hC 
- 4011: ) but, if 4 a li: < < hC 

, a Taylor expansion of 

the square root in the neighborhood of h2 
, followed by the appropriate simplifications, 

\vill produce roots 'I! = -li.' h and 'I, = -li o + 11.' h Since In our case 

({ < O and h < O, the positive root is 'I! Using the expression for h, this solution to 

equation (10) is shown in equation (I I) 

11.' 
'7 = , 

\1'( Ir- rr+r) 
( 11 ) 

In the analysis of money demand in high inflation processes the approximation 

used above is justified, since in those cascs the rcquired condition for it to be valid is 

likely to be satisfied i e (-/7+(72_,./ »411.'(7'(1'" "') To show this, first use 

(11), to approximate "" as '/1I·(,7-a'~,.). and denote the relativc risk averslOn 

coctlicient by A = 1t1'''(II) "'(li). so (12) is eqlll\'alcnt to this last condition I will 

argue below that (12) IS lihl)' to bc satisrlcu In high Inflation processes. since for 

reasonable values for the parameters in\ohed the arder 01' magnitude ar leI! hand side 

will be larger than that 01' the right hanu side 

( 12) 

Define .9( X), the order of magnitude of any variable X, as the integer 11 such 

that la"! < I~'( X) < la" . Recall that in high inflation processes /7> 0.1 (on a monthly 

basis), so that .9( Ir) 2: 0, and note also that for price processes which are not too 

erratic it is likely that .9( ( 2
) S -1 If Illonthly real interest rates are not absurdo 

:J(,.) s -I Therefore, .9( Ir- (7 '+,.) 2: ° Now note that I .. : cannot be large enough 

(rclati\e to tolal \vealth) to Illake holding Illoney so desirable that 'I will depart Illuch 

110m zero ll , since one 01' lhe characlenslics ar high inllation processes is precisei)' the 

llight liom money, which correspollds lo a slllall share ar Illolley balances ill the agents' 

portfolio (say, ,'t( 'I) = -I) To fiml bl)lJllUS l'ór lhe coctlicienl ar relalive risk 

3\'CrSlon, alie can use lhe results 01' Chechcttl. Lalll and ;"'lark [1994], lhal estimate a 

\alue ror /1 01' approxilllatcly 6 lJsing alllllJal data on equil)' and bonds relurns in the 

Unl!ed States o\'er the last ccnlury, 01' approxllllalely 2 for daI a on Illonlhly stock 

prices and Treasury debt, a value of 20 for Illonthly Treasury bill term structure data, 

and of 15 for data on the returns on five foreign currencies, so that if agents are not 

"too" risk averse, it is probably. reasonable to take .9( A) = 1. Therefore, 

11 Note th<lt the solutlOn for '} show/l in equatlO/l ( 11) IS also lhe solution of <l modified equatio/l (10). 

\\here lhe quadrallc lerm IS droppcd. This SllIlpllfiGlllO/l lIould bc reasollable as IO/lg as '}:::: () 
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,9( 4,W' A) = -I In conclusion, the comparison of the orders of magnitude of the lefi 

and right hand sides of (12) shows that lhc approximation uscd to derive (11) is likcly 

to bc lIsable, as long as thc variance 01' the stochastic proccss 01' prices is not toa largc, 

moncy is not so indispensable as to makc its share of the agent's portfolio be high, and 

that agents are not excessively risk averse 

This last remark is important in understanding, from the economic point-of­

view, the response of this approximate solution to the stochastic programming problem 

(5 )-(7), to an increase in the inflation risk. As the variance of the inflation rate 

increases there is an fI/creme in the demand for money balances, to insure against the 

possibility of having to conduct business with insutTicient stocks of money, and having 

to forego the high convenience yields of money This is the effect which is captured by 

equation (11) There may also be other cfTect, which tends to redllce money demand 

the increase in the variancc of thc inflation rate would increase the risk of changes in 

\\calth dllc to holding stocks 01' l11oncy, and would induce risk averse agents to reduce 

thcir 1110ncy stocks, in order to rcc\uce thc risk of the total portfolio TllIS etTect is not 

j1lcscnt in Ollr ll10nev dCllland cqllation. bccause it is important only if the dcgree of 

é\\CrSIOIl to rlsk is largc cllollgh to produce a slgniticant adjustlllcnt in money holdings 

It will uni .... be large ir thc bcnclits 01' a\oiding thc added rlSk are large enough justifY 

illclIrling thc larger CllStS 01' condllcting busincss with (signilicantly) smaller money 

holdings. This portfolio motil' is the one which is implicitly assumed to be of one order 

of magnitude smaller than the transactions motif Hence, the importance that the risk 

aversion coetTicient not be toa high for the approximation to be valid. 

Since we are basically interested in the demand for real balances, which equals 

'1\1' and is already specified in terms of the parameters in (11), it is unnecessary to 

proceed with the solution of the control problem, as long as it is assumed that the 

solution exists. lt is not usually the case that one can stop so early, since the first order 

condition normally involves the indirect utility of wealth function V, which has to be 

found by solving (8). 

The analysis of the approximate real money demand equation obtained above 

shows that it has the expected signs for the partial derivatives positive for the variance 

of inflation and for the convenience yield of money, and negative for inflation and 

interest rates. It is also interesting to note that if the parameter of convenience yield of 

money function (K) is reduced by, for example, the creation of new indexed assets, or 

by the increase of the liquidity of the existing assets, money demand is reduced in the 

same proportion. 

The functional form of ( 1 I) is equivalent to the log-Iog specification usually 

employed in the empirical analysis of money demand, and is quite different, specially in 
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terrns of implications, from the log linear frolll elllployed by Cagan 12 The issue of the 

correet funetional form to use for the 1l10ney dCll1and function is dealt with in the next 

section, in a framework that allows silllultaneous consideration 01' these two funetional 

forms 

2 ::: Functlollal tórm 01' thc munc\' dCll1ilnd schculIlc 

Cagan [I f) "C, I spccilicd 111'> ll10dcl 111 log-lillcar lorm. but cOllsiuered the 

p()~~lhillt\' that nthcr fllllctinllal !'OllllS (l)lIld híl\C bccll more appropriate. \\ hen 

c\plorlllg thc rcasolls why 11Is regrcsslons UIU 110t flt \"cll the data points close to the 

end 01' the hyperinllations For those observations actual rnoney demand was larger 

than that whieh eould be aeeounted for by his eguation In his words, his regression 

funetion would fit the data better if it eurved upward on the left (for small money 

balances and high inflation) This led him to discard the data for last few months on 

severa I hyperinflations, and to supply two possible explanations for the problem that 

the expectation of monetary reform could justifY holding these larger balances, or that 

demand for money balances uid not conform to his cquation 

The first explanation has been cxplored by Flood and Garber [1980], with what 

I believe are not conclusive results, as can be seen by the nature of the statement that 

summarizes the results of incorporating the probability of reforrn in Cagan's eguation 

(Appendix F, emphasis mine)" it ufJfJt!un that the instability or the money demand 

funetion at the end of the hyperintlation is I'eJl/ceJ .\OIIIf!ll'hal by accounting for the 

probability of relorm" Regarding the seeond explanation, whieh seems do be 

discarded by Cagan on the basis of an heuristie reasoning, no systematic exploration of 

alternative functional forms for the demand for money in hyperintlations can be found 

in the literature lJ 

Here largue that to model money demand under high intlation it is preferable 

to use instead the Box-Cox transforl1lationl~ (see Box and Cox [1964]) of the 

normalized real money balances as the dcpendent variable Letting = represent the 

normalized dependent variable, calculated by dividing the obscr\'cd values of Ali Pinto 

12The fUIKII0l1:11 fOrlll derl\ed 111 Ihc le\1 15 ;1150 ddTercI11 froll! lhe e\pol1cl1ll;iI forlll obl.lIl1ed b~ 

[3a rro 1I <)70 I 
11 Fral1kel 11 <)771 does lesl al1 e'lU;lliol1 for lhe Gerlll;1I1 It~ perl I1nallol1 \\ Itere Ilte Independenl pnce 
\arl<lble is tral1sforllled by the 80:\-Co.\ proeedure Tlte 80:\-Co\ tral1SfOrlll of the dcpendclIl \anable 

seellls to file more 111 lil1c \\ ith \\ h;Jt Cag;J1I mcal1t b~ ;Jltcrll;Jtl\ c fUllctlOllal forms 

14 Thc ad\;Jlltagc of tllls tral1sformatloll o\er the po\\er tral1sfOrfll;Jliol1 =' is that it IS COl1tll1UOllS at 

).=0. 
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its geometrie mean over the sample period 15. this transformation is shown in equation 

(13). and illustrated by Figure I 

{ 

:"-1 
(/J( :, À.) = -;:­

log(:) 
and lim (/J(:, I,) = log(:) 

,.l. .1) 

(13) 

0:0\\/. suppose that the Box-Cox transformed dependent variable is \vritten as a 

linear funetion of the inflation rate. as in equation (15) It is easy to see that this flexible 

funetional form is eapable oI' representing the two main forrnulations of interest for us. 

the inverse funetion obtained in the last section, and the log-linear specification 

employed by Cagan. To show the first statement. recaI! that the cOn\'enience yield of 

money paral11eter (1\-) is positive. and note that in equation ( 14). which is obtained by 

applying the Box-Cox transformation \\ ith ;, = -I to both sides 01' the dernand 

schedule 111 = '111' derived from (11). the depenoent variable turns out to be a linear 

Illl1ction of the cxplanatory \ariabks lhe ~igns of the partial deri\'atl\es. dlscussed in 

the last section. are preserved. slnce the tlansfollllation has a poslti\e slope It is also 

posslble to test if the invcrse functional 1'0rl11 01' equation (I I) fits wel! the data by 

verifying if -I is contained in the confidence interval for ;,. lI' we assume ali other 

hypotheses of the modcl are correet. this turns out to be a test 01' the hypotheses used 

to justify the approxirnation employed to derive our del11and equation 

(/)( : , - I) = I -: I = I - ( li - (J' : + r ) 1\- I (14 ) 

The proof of the second staternent above is straightforward. since the natural 

log is the special case of ( 13) when the shape parameter is null This fact allows us to 

verify the appropriateness of Cagan's assul11ptions regarding the functional forrn of the 

real money demand sehedule by testing for ;, = O in the linear del11and equation 

cstimated with the general I3ox-Cox functlonal form 

The foregoing reasoning. regardlllg the test oI' the functional for111 oI' the 

delll<111d eC]lIation on thc basis 01' thc \alllc 01' ;,. IS \alio as long as 1\' is constant. as 

\\;\~ ~lIpposcd to bc the casc 111 thc dCllvatlo11 abo\c Ir equatlo11 (11) IS estlmated for a 

pCllud oI' acccleratl11g inllation. a11t1 Ir lhc parameter oI' the convenience yield of 1110ney 

l'u11ctitl11 decreases In the process as. for e,a1111'Ie. index bonds acquire higher liquidity. 

the compound effect oI' the inerease oI' Ir and lhe decrease in 1\: in the money demand 

equation will distort the inverse funetional relation between real balances and inflation. 

15 This normalil.ation is cOIl\'eniellt ill "hilt follo\\s, illld for lhe estimalion of À, as will bc seen In 
lhe ne.,t sectlOIl. 
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even if equation (11) is valid 16 This remark will have important consequences in 

interpreting the results in the empirical sections of this paper, and for the study of high 

inflation processes in general, as the increase in inflation is likely to lead to the 

appearance of more liquid indexed assets l ? 

Even if the development of the previous section IS not used to derive the 

demand for money, and therefore not used to provide an indication for the functional 

form of the equation to be estimated, it is stIlI desirable to use the Box-Cox transform 

of the norrnalized real money balances as the dependent variable in estimating a money 

demand equation This is argued in the follo\ving analysis, which shows that this 

functional form preserves the desirable properties of the money demand function, if 

that variable is defined as a linear function of the rate of price increase, and some 

restrictions are placed on À This behavioral function is indicated in equation (15), 

which obtains when ali other variables that atTect the demand for real money balances 

are kept constant, and their total efTect is represented by y Since the Box-Cox 

transformation has a posilive slope, economic theory will require a to be negative, as 

will be shown later 

(/)( =.),) = y + a tr (15) 

lhe ill1plicalions of lhis specilicatlon for the properties 01' lhe money demand 

eqllation can be cxplored in more dctail by e\amining equatlon ( 16). oblaincd by using 

( I 5) in ( 13) and solving for the value 01' ll10ney balances (=). for diflcrenl values of the 

intlation rate (,7) 

=={[(I+Ày)+aÀJr]' ,( 

exp(aJr+y) 

À;t:ü 

À=ü 
(16 ) 

Restrictions must be placed on the values of the parameters of equation (16), 

In such a way as to force it to satisfy the global properties required from a proper 

money demand function This concern with the characteristics of the function over its 

wl10le dOll1ain is justified by lhe need for the eqllalion to have the expected behavior 

both aI Itw,: and at hlgh intlation rates. in order lo be able to lrad.: adequately a high 

inllatlon process 

The \alue oI' the norlllali/eu Illonc\ balances Illust bc \~ell dctined for any rate 

01' inllatlon. and tl1ls ill1plies that thc temi in, brackets in (16) ll1ust be positive Using 

tl1ls condltion. ílnd reqlliring the slope or' thc dCllland for Illoney balances to be 

li, II IS dilTlclIlllo ;Issess \I hClhcr lhe flllH:llO\lal rorlll paralllclcr changcs dllc o\ll~ lo cha\lgcs In ", or 

nol. bcc:1use lhe cOlI\enience \Ield of lIloney is \lO( dlreclly obsef\able 
17 Also see furlher disCUSSIOIl of lhis Illallcr 111 C0l111ecllOIl \\ Ilh lhe elasllclly eqllallol1 ( 1 'J) 
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negative, it is easy to show that a < O Thc condition that li. s O can then be derived if 

we require that in the limit, when inflation increases, the demand for money balances 

given by equation (16) approaches the horizontal axis from above Restricting our 

attention to the case À < O. requiring that the term in brackets in ( 16) be positive for 

any ,7 (and in particular for ,T = O), and using the fact that a and ;, are both negative, 

it can be shov,n that r < (-1/ Ii.) (n addition, when intlation is null : !1lust be larger 

than one, because the Illoney dCllland function is dccreasing, and thc gcol11etric l11ean 

01': is unity Thcrcllllc, il1SpCCtlOI1 01' (I ()) Il)1 ,T = O shows that wc 11l1lSt rcqlllrc that 

(I t- ;,r)' ; --' 1 , \\hich illlplies ).r <: 0, sil1ce ). . o Tl11S il1 tum 11l1plics that ,'I:> O, lhe 

casc \"hcre ;, = O 0111)' reqllircs that y:> O lhe 1I1equalltlcs in (17) S1l111111éH\Ze the 

loregoing discussion. and statc the condltlons reC]lllred for thc 13ox-Cox lincar 

lunctional 01' intlation to be a reasonablc cqllation for the dCl11and for real money 

balances in high inflation processes 

a < O. À S O and 0< y < - ( À ( 17) 

As Figure 2 illustrates, if a and r are kept constant while li. is varied, money 

balances calculated fram the equation with the Box-Cox transformation for ;, < O will 

be larger than those calculated from the equation v"ith the logarithmic transformation 

( li. = O) The largest balances are obtained for the inverse tunction (li. = -I) To show 

this. first note that the severa I functions in this fél111ily meet at intlation rate ,T = -? a, 

sil1cc substitution ofthis value in (16) yields : = 1 This means that these curves are in 

L1Ct cOlllparablc, Sll1Ce thel' ali producc thc salllC \'éllllC lar the intlation rate associated 

\\lth the a\crage Illoncy Illlldil1gs For rates or intlatiol1 ditlcrent tban the onc that 

characterl/Cs the l11tersectlon of the Cl1l\es, larger absolutc \'alucs or;. corrcspond to 

largcr 11101H:y balances This (<In be sho"n by lirst noting that the slopc 01' these cur . .:es 

at their intcrscctlon is cqual to u. élnd IS thcrclorc indcpcndcnt 01' ;. Thcsc dC111and 

functions display "high contact" at that point 1 x 

IR To COlllp<lre lhe pcrrOrlll<ll1Ce or lhe rU11clI011S 111 (1(,) 111 lhe eslilll<lllOn or a dellland runclion ror a 

glyen dala sel one llIa~' prefcr lhal lhe \ analion or lhe paralllelers ), alld ,Y be conslrallled In such a 

\\ay as lo force ali of lhe fUllcllOns lo ~ Icld lhe sallle \'alue for lhe reallllolley demalld whenlhere IS no 

lllnallon If .:(0) = .:" . Ihis \\ollld imply lhal ,Y = I':" -I) l In Ilus case. (16) bccollles 

.: = (':n + a À !r)' A. \\hich cross for !rI = (z" - I) a À Dislincll~ from lhe case \\ hen only À is \'aried. 

Ihese Clll\eS do nol ha\'e a cOlllmon slopc aI lhe inlersecllon. and for ;r < ;rI' larger IÀI produce 

,\lI/li/ler llloney balances. Illule for ;r> ;rI larger IÀI prodllce larger money balances, It is posslble 10 

deme. in Ihls allernall\e frame\lork. resulLs ;Jn;JlogolIs lo lhe Ol1es in lhe le\l. regarding com'eXlly. 
lhe beh;J\lor of lhe elasI1CII~. a11d re\enue ma\lnUl;JIIOII 
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Figure 1 
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( 18) 

Since the second derivative of ( 16) is given bl' (18), and is positive for ali Ir, it 

follows that the functions in this family are ali convex The curvature of these demand 

curves at Ir:::: - y a is a decreasing function of 1,., since in that case the expression in 

the right hand side of (18) reduces to the term outside the brackets, where the 

coefficient of À. is negative. The rate of change of the slope of :: is therefore an 

increasing function of 11,.1, which means that the demand curves which correspond to 

larger absolute values of the Box-Cox parameter are flatter (steeper), immediatell' to 

the nght (Ieft) of ,7:::: - y a This difTerence in slope produces the prevlousll' stated 

ranklng In the value 01' 1110ney balal1ces In lhe neighborhood :: :::: 1 Thls ranklng of lhe 

\alues 01' lhe real 1110ney balances \\Ith respcct to ), e\lends to ali other pOll1tS of the 

dOlllall1 01" lhe l"ul1ctiol1s. because lhel' cOlllprise a contlnuUIll and onl1' meel ai :: :::: I, as 

can bc scen bl' inspectiol1 01'( 16) This completes the proororlhe assertions regarding 

lhe ranking the etTect À. 011 the shape and posillon of lhe demand cur,es 

When the behavior of the elaslicill' of monel' balances with respect to inflation 

(here denoted bl' cp) is anall'zed at high rates of inflation, a crucial ditTerence arises 

between the two possibilities of equation (16) To see this. we can look at the 

properties of the elasticitl' function, which is given bl' equation ( 19) 

aTr 
cp::::-----

1+ À.y + À.alr 
(19) 

It can be verified immediatell' lhat when 1,.:::: O and (/J is the logarithmic 

transformation, equation (19) reduces to <p:::: a;T, which is the expression for this 

clasticill' dcnved bl' Cagan [1956 J This runction. howevcr. increases in absolute value 

\\Ilhoul boullo as II1l1atlOI1 II1Creascs. forclIlg eSlllllatcd moncy balanccs to approach 

ICIO very Cls1 as hyperllltlalllll1 dc\c1ops. SIlKC ror any gl\iel1 a t11clr proportlonate 

ledllctilll1 dlle lo al1 il1crcasc il1 il1tlation is vcry large, and evcr increasing 

Alternali\clv, ir ti < O. lhe oellOlllll1alor in equalion ( 19) constrains lhe growth 

01' lhe clasticill' \vhen ,7 il1creases, slowing the collapse of monel' balances, as 

illustrated bl' Figure 3. More importantll', the inflation elasticity of the demand for real 

money balances converges to the inverse of the parameter À. of the Box-Cox 

transformation when hl'perinflation unfolds, as can be seen In (20), which is obtained 

by appll'ing L'Hospital rule to ( 19) 



I 
/'"1 ~1 = ---:-
'I' • f I. 

1-: 

(20) 

Lqllillltlll (20) silo"'. Ihal \\hell IIle II1l1alloll rate InlTCa'.cs \\llhoul bound, lhe 

IlIllIIIllS d;I~lllIl\ I()I lhe Bll\-Cll\ Ilall~l-ullllalloll \\1111 /c <: O IS lilllle. as opposcd to 

IIltinite valuc ootaincJ tar the case 01' i = O lllls IS consistent \\ilh lhe vic\\ lhat in the 

former case the speed \\ith which agents reduce lheir Illoney holdings in hyperintlations 

is constrained, at the margin, vvhich makes the demand for real balances decline slower 

in this case This is the reason why I believe that the ditliculty encountered by Cagan in 

explaining the demand for real money balances near the end of the hyperinflations with 

the log-linear model can be remedied at least partially by the use of the approach 

proposed here 

In the other extreme case, when money demand has the inverse functional form 

of equation (11), i e. when ), = -I, the limiting elasticity is equal to -1 This is true as 

long as the parameter of the convenience yield of money function (1\:) is constant. 

Now consider the possibility that "'- may be a function of the inflation rate, with a 

negative slope ( ""I < O) The limiting elasticity of the demand for real balances in (11) 

can easily be ca!Culated as -I+Ç, where Ç=lim(,7A.- 1 

"') is the limiting elasticity of 

the convenience yield parameter when the intlation rate increases without bound 19 

Comparing this expression with the limiting elasticity shown in equation (20), it can be 

seen that by setting ;, = I (Ç - I) it is possible to produce in lhe general Box-Cox 

formulation of equation (16) the limiting elasticity of the extended (for non-constant 

"") model of equation ( I I) 

((the empirical estimate of À in the general Box-Cox model responds mainly to 

lhe value of lhe limiling elaslicity of money demand at high inllation rates. as will be 

thc case if it is to be instrumcntal to capturc Cagan's largcr than expected Illoney 

balanccs in hypcnnllations, thcll it is possiblc that ItS valuc may, In lilCt, oe rellcctlllg 

lhe oehavior of Ihc convcniencc yldJ of mune)' aI Ihosc rales Dccreascs In lhe 

aosolute value of the shape paramcter oi' lhe L3ox-Cox tarmulation, Ihal may occur in 

estimating the equation for the several sI ages of a hyper intlationary process, may be 

due to increases of the absolute value of the elasticity of lhe parameter of convenience 

yield of money function (""), which are a consequence to the appearance 01' money 

substitutes In those cases, Iherdare, II Illa)' be hard lO dislinguish between t\\O 

1 ')Forlll<llly IhlS e.\lelllioll of lhe modcl ean be Irealed ;IS IS dOlle 111 lhe le\1 (l<lkJllg lhe ll10lley dellland 
fllllelloll <lS [i.\ed) ollly If II IS asslIllled Ihal a!,!ellts are 1I1l;1\\;lre of lhe depclldenee of lhe eOll\elllellee 
\Ield par;lllleler 01\ lhe Il\n;llioll ralC. <llld 1;lkc lhe CSIIIll;llC oflhc c\pcclcd,,- ;IS gl\cl\ <11 caeh pOJlllln 

limc, \\ hcn sohing Ihc d\ llallHe progralllllllllg problclll of cqllallolls (:')-(7) Ir Ihc runelion ,,-( ,T) \\crc 
1\1\0\\n ('\'-(/1/((' lO Ihc rcprCSCI\I;III\C agclll. 1I shollld 11;1\ c bcCl\lIlCllIdcd 111 lhe calcul<Jlion orlhc 
oplllllallllOIlC\ holdlllgS fllncllOIl 
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possibilities for the nature of the parameters of the model lO tlexible À and K fixed 

(equation (16», or tixed À and tlexible "" (eqllation (11), extended) 

The 80x-Cox functional 1'01111 l11a\ also bc instrumental in resolving yet another 

pllzzle 01' thc Cagan article the economles analyzed by him seellled to intlate at a 

11I~hcr rale Ihan lhe constanl ralc Ih;1I \\ould l11a\lI11izc Ihc inllation ta.\ Since. as secn 

;lhmc. f(ll <1 ~I\CIl Inll<111011 lale Ihc UO\-Cll\ 11(\l1slorl11alion \\llh ;, <: O \\111 produce a 

,kl11<1lld I(ll 111(lI1C\ hal;\llCcs I;\lgcr 111;111 lhe une I(HII1U in lhe case 01' the log 

I1 ;1I1~1'(llll1all(l1l (;. ()). 1I \\ 111 al~u plllducc 11 ~hcr optll11al rales for inllation ta\ 

l11a\iI11I/atllln. as (;111 be seCl1 111 '·lgUle..) To prove thls. 110te tirst that ir the dellland 

101' real balances IS glvel1 by eqllatlon (10). the constanl intlalion rate that maximizes 

the intlation tax revenue, which is equal to n = = ,7, is given by 17· in equation (21) 

• 1+ Ày 
17 = -----'--

-a(I+,{) 
(21 ) 

As expected, when,{ O equation (21) reduces to the familiar expression -1/ a 

derived by Cagan for the optimal (for tax collection) inflation rate. Note also that for 

the inverse function of equation (11) of section 2 (), --1- -I) the inflation tax 

maximizing rate will tend to infinity Therefore, the value of,{ is the crucial parameter 

in determining the behavior of the intlation tax maximizing rate, and has the potential 

for resolving the apparent divergence encountercd by Cagan bet\veen the average 

inflation rate during hyperintlations and the optimal rate calculated from the log-Iinear 

model 

Note also fram Figure 4 that the revenue curve for the Box-Cox formulation is 

flatter than for the logarithm specitication. which means that errors eventually made In 

over estimating the optimal inflation rate \vould produce, in the Box-Cox equation, 

significantly smaller shorttàlls in rcvenue than in the logarithmie specifieation Due to 

the nature of these revenue curves, which beco me more skewed as ,{ --1- -I. the 

eonscquence of a givcn absolute error in setting lhe inllation rate is less serious if it is 

made in the direction 01' inllating "too mllch". than ir it is madc in the other direetion. 

ar not inllating "enollgh" This may Icad IIsl..-avcrse dccislon makcrs to prekr to ClT in 

the direction 01' over estil11ating the ncccssary inllation rate to obtain a givcn intlatlon 

tax revcnuc, which would lcad them to collcet more seignoragc thcn necded to absorb 

a given volume 01' real resources Onc can only conjecture whether this fact will, In a 

given situation, contribute to the deepening of the hyperinflation proeess 

lOTo disl1l1glllsh bcl\\eell lhese posslblillles olle could Oblall\ addlllOllal dala 01\ lhe COI\\el\lel\ce 
ncld 
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The analysis of (21 ) also allows us to further restrict the acceptable values for 

the Box-Cox shape parameter. since for Ir" to be positive we must require that 

À. 2 -I Although this condition on ), is not implied by the basic properties of the 

money demand function, it is desirable that it be satisfied. since it is necessary that the 

optlmal mtlatlon rate for Inflatlon tax collection be well defined. for Cagan's 

e'Xpianatlon of the reason for lhe expanslon of 1110ney balances to be accepted 

Aggregating this to the rcstrIction already dcrived on the Box-Cox parameter. we 

()btalll inequalltv (22). \, hlch call be testeu to verify d' the adoptcd functlonal form IS a 

sat is!;\ctory rcprescllt,\t iOIl fór IllUlley UCI11i1lld 

-lsÀSO (22) 

The second order conditton for a local maxlmum of the mtlation tax revenue at 

Ir" obtains. as long as the conditions already derived for À. and yare satlsfied. To show 

this. verify that the sign of the second derivative of n. which is given by (23). IS 

negative at point Ir" defined by (2 J ) . 

J"n _ (I 1 ~1)1 ;-1[2 a(1-À.)1r 1 --. - a +l\.y+U/,1r +-----
JIr- 1+À.y+aÀlr 

(23) 

Note that since the term outside the brackets in (23) is negative. we have to show that 

the term inside the brackets is positive, at Ir" . After some algebra, it is stralghtfof\vard 

to see that to prove this amounts to showing that (24) is always satisfied 

a Ir" (I - À.) > -2 (I + À.y) (24) 

Substituting Ir" from (21). and recalling that (J 7) implies J + Ày > O, (24) reduces to 

the expression I < 2, which is identically true. This completes the proof that n is 

concave at Ir" It turns out that this is the only extremum of the function. and 

therefore It is also the global maXllllllm 

If the behavior of this maximum is explored when À is vaned, it IS easy to see 

that lr" > - J a, as long as y < \ This last condition is a consequence of requiring 

y < (-\ / À) (from (J 7)) to obtain for ;, = -I. which is the most stringent situation in 

(:2) Thls Il1cans that the ll1unc\' dCll1and obtalned wlth thc 13o\-Cox transforll1 with 

), <: O will generate intlatlon tax ma\lmiLing rates larger than those of the equation 

obtained with the 10garithll1ic transforll1ation used by Cagan. as ·e desired to show It 

is also easy to see. by inspection of (25). that if y < I the inflation tax maximizing rate 

IS an mcreasmg functlon of the absolute value of À.. 
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(25) 

Ta~en as a \\hole, Ihese lealules suggesl Ihal lhe 13ox-Cox funclional forlll Illay 

be helpful In Iracking the classic hyperintlalions data, if the parameter À. is properly 

estimated. lt is adopted here to estimate the demand for money In high inflation 

processes because it is likely to perform \vell when high inflation degenerates into 

hyperinflation lt is also of interest because it is a flexible functional form, capable of 

producing the log transformation or the inverse transformation of section 2, whichever 

is in fact the correct one to use:· 

3. Empi rical speci fication 

Here I take the usual approach of analyzing the money demand function in 

isolation and by single equation techniques, thus begging the questions of identification 

and silllultaneous-equations bias Dcaling with this broader issue would require a 

careful dcscription of the money supply process, which is outside the scope of this 

paper Money supply may also be specific 10 the country and episode being analyzed, 

and may not be amenable to the more general treatment of this paper22 

lt is also assumed that desired and actual cash balances are equal As a 

consequence, the reasoning providcd by the partial adjustment model to justify the use 

of the lagged dependent variable as an explanatory variable does not apply. The past 

behavior of the variablcs intluences the cquation for the current period only through 

lhe adaptive expectations lllechanisl11 operating in the independenl variables, as 

describcd be!tnv lhe absence 01' lhe lagged dcpendcnl variable rrom lhc righl hand 

SI de 01' lhc monc)' dCl11and cC]lIalilln is a departllre rrol11 lhe cOI1\'cnlional spccIlicallon. 

as il was dclincd by Goldreld and Sichel [1000 scclions 2 and 4] I bclic\c thal thls is 

an important advantagc 01' this spccilicallon bccausc in avolds lhe cconolllctnc 

problems involved in estimating an equation which uses the lagged dependent variable 

as an explanatory variable, in the presence of serially correlated errors. Also, as 

pointed out initially by Cagan [1956], the simultaneous use of adaptive expectations 

and partial adjustment of actual to desired money balances may also pose serious 

identification problems. 

21lt is .1lso c.1p.1blc of producing Ihc lincar funclloll If ),= I. bul Ihal can bc rulcd oul c.\-.1nlc bccausc il 
nould gcncralc Ilcgall\c 11I0llCy bal;lIlCcs for IlIgh cllollgh IlInalloll ralcs 
22An altcrnall\C appro.1ch. \\llIch IS Ihc usc or Ihc rllll-lllrOrl1lallOIl 111;1\111111111 Iikcllhood cslil1lallOIl 
proposcc.J b\ SargclII 1I '>771 ror clll1llllallllg Ihc pOlcllllal sllIIlIllallcolIs-cCjllallolls aS\l1IplOlic bias of 
(';1!!all'S CSIIIll:1I101l. IS 1101 \Cr\ CIH:Our:lglllg bcc11Isc 1I \ 1c1c.Jec.J "Ioosc" csllll1;llcs of lhc slopc paral11clcr 
orllle delll:11Ic.J schcdlllc ror 1I1011C\ \\hclI :lpplled lo lhe c.J:II;1 ror Ihc c1asslc Il\pCrlllnallOlls 
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lhe Illain e:\planatory \<lllable 15 the c\pccteo intlation. as is usual in thc 

analysis 01' I1lgh int1ation proccsses. ano as was ocri'v'cd in thc Illodcl 01' scction :2 

lntlation risk will also be important in c:\plaining the mo neta!)' dynamics These will be 

the crucial factors, when hyperintlation unfolds, since the etTects of the other (real) 

variables will be sl11all in comparison 

3 1 Expectations formation 

I will assume that expectations of the future rate of price increase are formed 

adaptively, as proposed by Cagan [1956] for hyperintlations [n his study, only cursoI)' 

examination of the time series i nvolved was sufficient to establish that the actual rate of 

change in prices at any moment did not account for the real money balances at that 

same mOl11cnt Balances seemed to depcnd also on the actual rates of price change in 

the past, \vhich led him to postulate that real balances depended on expected intlation, 

which in turn could be ca\culated as a weighted average of past rates of change, with 

weights given by an exponential function. This approach has beco me the usual 

formulation for the expectations formation mechanism for high intlation processes, 

according to Dornbush [1992 P 24] He points out that there appears to be significant 

sluggishness in the initial phases of high intlation. as \vell as a subsequent acceleration. 

which suggests e:\actly such e:\pectatlons Il1cchanisl11 

The hypothcscs 01' adaptivc c:\pcctations statcs that thc c:\pected rate of change 

In priccs is rC'v'isco pcr pcrioo 01' tlnlc proportionatcly to thc dlt1'crcncc bctviccn the 

actual anti thc c:\pcctcd rate Lctting (', denotc the actllal instantaneolls ratc 01' changc 

In pllces at tlmc /. i c it IS the oiscretc salllplc 01' thc contlnuOllS proccss d/I/I. ano 

Ietttng r;, dcnotc thc cxpected intlation rate at thc salllc point In timc"'. thc adapti\c 

e:\pcctatlon hypothcscs implics that F, can bc calculatcd appro:\imatcly by equatlon:.J 

(26) 

l,-(n)=I-exp(-.Oe)~c (ax) J, 1-/, ~ . \ exp I-/e 
exp (.0< I) \ T 

(26) 

2.1 Allhough lhe modcl \\<lS spccilied In conllllUOS llllle. il is eslim<lled here rrom <I d<ll<l series which is 
obl;lIl1ed rrol1l <I s<ll1lphng or lhe conlinuous processes aI dlscrele InleJ"\<lls (olle l1Ionlh) To el1lph<lSlle 
llus. lhe lIe\\ 1101<lt10Il IS Inlroduced Hansen <lnd S<lrgenl ! I 'no I h<l\ e e\plored lhe posslbtlil~ lhal lhis 
aggregallon o\er lime could IlIlp<ln slgnlrlcanl blas In lhe eslllllilllon or Cagan's lIlodel. <lnd concluded 
Ih;ll ror \;JI\les or /1 slIl;Jller lhan t. 111 lhe r;lIl)!e or \alues obl;Ulled ror lhe ll\perlllOallons he sludled. 
Ihere IS ai lIlos1 a \eJ"\ slll;111 aS\I\lplOll\: bl;ls 10 Clgal\'s eslllll;lIe or II 
21SII I\;e Clg;ll\ specdied I\ls IIHxlel 111 COI\III\\IO\lS llllle. lhe e\acl rorlllub ror lhe e'pccled II\O;JlIon IS 
;11\ Il\le).:r;JI ;11\;IIo!!o\ls lO lhe S\lI\\I\\aIIOI\ 11\ lhe le'l \I 11Ich IS 1\01 reproo\lced here For lhe dlscrele 
;lppro'I\\\;\IIOI\ lO be \ ;11\(.1. lhe llllle perlPt! T h;\s lo be çllOsel\ 11\ s\lch a \la\ as lo ass\lre Ihal lhe 
;lpprO'11IL11\()1\ I, s\lfTlLlclllh IHcçl~e Clbdl\ ~ho\ls Ih,lI ror lhe error 10 be l\\reflOr lo (I (I)";,. T CII\ be 

I I /1, 11111' I . C'\ll /1, I 1111111111" I 



The parameter [3. is the coefficient of expectation. and measures the speed of 

adjustment of intlation expectations It is positive and its unit is the inverse of the time 

unit ("per month", if C and F are l11easurcd on a 1110nthly basis) A large [3. implies tàst 

adjustment. and produces cxponcntial weights which decline rapidly. as values of 

actual inflatlon furthcr in thc past are Included in the sUl1ll1lation A sl11all [3. implies 

sl,mcr adjll'-lmcl1t anJ sll1allcr \\clght 111 thc SlIll1ll1atiol1 ror valllcs 01' actllal Inllatiol1 in 

thc reccl1t paI,[ lhc smallcr IS thc coclliclcl1t 01' cxpectatiol1. the more e\pectcd 

IIlllatlol1 is uelayeJ In rcspol1ding to Il1llatlol1ary shocks Thc avcragc Icngth 01' tlmc bv 

\vhlch c.\pectations 01' pricc chal1gcs lag behllld actllal changcs is mcasurcd by I lI, 

Its unit is time and it indicates thc position 01' the baricenter of the pattern of the 

exponential weights:~ in equation (26) The lirst term atter the equal sign in equation 

(26) is the normalization factor, which is eCIual to the intinite sum of the weights in the 

summation. 

One objection to the use of the error-Iearning mechanism of adaptive 

expectations is that it may imply a degree oI' "irrationality" of economic agents, in that 

they do not change their forecasting mcthod on the face of systematic forecasting 

errors However, as Sargent and Wallace [1973 J show, adaptive expectations can be 

rational in the sense of Muth [1961). if expectations regarding the future growth of the 

l11ol1ey supply arc formcd on the assllmption that thc government is linancin'g a roughly 

li\eu ratc 01' real cxpcl1Jitures by moncy creation In thcir cmpirical analysis they 

COI1CllIdc (p 3-.12) "Our cxplal1ation ror the lCeJback from X to 111 [intlation to moncy] 

tcnds tu COl1l'lIIll the wisdom 01' Cagan's Jecision to model c\pcctations by 

c\trapolatltll1 01' laggcd ratcs 01' il1llatiol1 SlIch 111cthod 01' lonning expcctations seems 

tu ha\c bcel1 rat i, 1I1a I" On t hc ot her ha nu. 13 F ricull1an [1978] has arglled t hat t he 

Sargcl1t anu Wallacc assumptiol1s arc cCluivalcnt to rcquinng that the Intlatlon rate 

follows a zero-drift random walk process with noise, and points out that the 

examination of the empirical evidence indicates that stochastic process is implausible as 

a description of the hyperintlations which Cagan studied. Therefore, this objection to 

adaptive expectations becomes an empirical issue which will hinge on whether the 

model fits the data welI or not. 

A rational expectations version 01' the Cagan specification, without imposing 

adaptive expectations but \vith random velocity shocks. is formally rejected in tests 

performed by Engsted (1993] lor the German hyperintlation He argues however that 

there is an element of truth in the model. in that deviations from it are transitory This 

2~ Irlhc d:lla IS 111 a 1II0111hly b:lSls. l/fJ IIIcasurcs Ihc ;l\cr:lgc lag i111ll01l1hs. For c':llllplc. ir {J = 0.20. 
lhc a'·cragc ICl1g1h or \\clghllllg patlcrtls IS 5 1II0111hs I.c. lhc SlIlII or lhc 110rll1:lltlcd \\Clghls bcl\\cCn 
pcnods 1-5 al1d I IS cClllal 10 () 5 AIso. 111 lhat casco apprO\itllalCly l)O"IÍ. or lhc "cighl is compriscd 
\\llhil11hc lasl 12 1II0111hs. 



suggests that the smoothing cITect of adaptive expectations may be in operation, In 

spite of non-rational expectations Taylor [1991 p.338] also interprcts his results as 

rejecting the rational expectations hyperintlation model for the cases studied by Cagan. 

Hov.ever, not requiring rational cxpcctations and estimating the model subject only to 

stationarity of the forecasting errors, \vhich is satistied by adaptive expectations if the 

rate of intlation integrates of order one, the model is supported in several cases These 

studies therefore suggest that adaptive - but not necessarily rational - expectations mal' 

be a reasonable assumption for 1110dels of money demand under high intlation 

Rational expectations is equivalent, in the deterministic case, to perfect myopic 

foresight In that case actual and expectcd intlation rates are equal. and systematic 

forecasting errors are avoided Perfect forcsight can be vie\'ved as a special case of the 

adaptive expectations hypotheses, as can bc seen by taking the limit in equation (26) 

\\hen fi, is increases Therelorc, nol Illllch is lost in assuming Ihat e'pectations are 

adílptl\'e, Ihen CSlilllílling the conlidcnce intcr\ill ror jJ, . and tinílll\' testin!:; Ihc perlect 

ItJ!eslghl hypotheses by C"\ílll1lnlng \\ hcthel 11 includes large \alucs:(' ror /J .. 

Furlhermore, flOI11 lhe elllPllical point oI' ,iew, the performance 01' lhe Illoney dcmand 

equation is not likell' to be illlpro\ed by asslIming Ihat lhe relevant \ariablc IS actual 

inflation Its use may reducc the cxplanatory po\ver 01' the money demand equation, 

when compared to the adaptive expectations formulation, because one degree of 

freedom is lost in assuming beforehand that /Je is large. 

Tests of relative performance of rational and adaptive expectations hypotheses 

10 present value models performed by Chow [1989] also show that adaptive 

expectations fil his data better He also illuslrates lhe \\ell-known fact that incorrectll' 

imposing the assumption of rational expectations on an othemise correct model can 

lead to unreasonable estimates of important parametcrs, and in concluslon argues that 

adapti\c c\pcctations can ae a llscful \\orkillg hypothescs in econometric practice 

I lere 1 hced this adviee and 110t imposc rationalily ex-ante 011 the adaptive expectations 

mudei 

Another line 01' rcasoning Ihat can bc pursued is to acccpt 1ll0dc1s that do not 

IllCt:! the ratinnal cxpcctatlons Icqulrelllel1t. bllt adopt an Illlpro\ed adapti\e 

e\pcctations hypothescs E\ans and Yarrow [19g I J c\tend the adjustmcnt rule ol' the 

baslc Illudel to IllCIllde a scconJ-ulJcr term, to correet lor the error Itl the estimate 01' 

the time derivative of inflation They claim that with their error-Iearning process stable 

equilibrium exist and have "normal" comparative static properties, as opposed to the 

perfect foresight rational expectations equilibrium, that in their model possesses 

"perverse" behavior. Frankel [1975] proposes a model in which agents are assumed to 

26 As an empincal míltler, ir d<lla <Ire l1Ionlhl~, <I value of 5 for lhe e\pccl<ltions parallleler illlplies <lnd 
average lcnglh of lhe "clghllllg paliem of () 5 l1Ionlh5. and a COIlCClltralioll of ')lJ% of lhe \\ clghl In 
Ihc I-pcrtod '<lluc 
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form expectations about the entire path of the price levei (and thus about the average 

long-term rate of intlation) as well as about the short-term rate of intlation, and argues 

that it l'ields short-run behavior more consistent v,ith the evidence The argument 

hov.ever is not empirica!, but is based instead on simulations of the dl'namic response 

of the model to shocks To justify his treatment of expectations, he argues that when 

information is costll' it mal' be "rational" for agents to use a relatively accurate simple 

mechanism to form expectations, rather than attempt to (expensively) compute rational 

expectations paths. For either of the models above, it is an empirical question \vhether 

these more elaborate formulations of adaptive expectations \vould tit the data better 

On the other hand, merely improving the expectations hypotheses to force expected 

inflation to track actllal intliltion 1110re closel)' l11il)! not Icad to a better titting eqllatlon, 

becilllse in thc 1II111t \\C \\ollld hilve the pertCct roreslght hvpotheses. \\hich does not 

Icad to a superior IlHl(.kl. as \\ as dlsclIssed abO\e 

Ilere I use iln ilpproilch similar lo the abo\·e. by extcnding lhe model \'vith 

adaptivc cxpectations to allo\\ it to deal more accuralcly \\Ith the uncertainty pmduced 

by the variability of inflation I-Io\\evcr, the nature of the extension is somewhat 

ditTerent, in that rather then Illaking changcs to the expectations mechanism to improve 

it, while keeping the expected value of the intlation rate as the only link to the demand 

for money, instead, the risk implicit in using forecasts of intlation obtained by assuming 

adaptive expectations is explicitly taken into account in the demand function To 

achleve this end, it is natural that a term proportional to the expected quadratic error in 

forecasting intlation be included in the demand for money function, and that it be 

estimated by adaptive expectations on the basis oI' the past errors 

It turns out that the strategy described in the last paragraph is equivalent to 

incllldlng the variance 01' inflation in the dCllland for Illoney function 27 , as suggested by 

thc derivation in section 2 Since its value is not known eX-(/lIle, and it may vary with 

time, the vanance (a: 01' equation (I)) has to be estimated at each point In time on the 

hasls 01' the past squared de\lalions oI' the actual intlatioll (dI' I') from its expected 

vallle (,T), rather thall !'Iom the a\C1age o\'el the whnle penod Ir the tormatlon of 

e\pectatiolls legardillg the \alue 01' the \aJlallCC IS also assullled to be adaptive, for 

conslstellcy with the lonnalioll oi' expectatlolls legardlng lhe Il1tlalion rale ilselC and 

allowing for a different expectations parameter (/3,), the expression in equation (27) is 

obtained. 

270n using lhis \ariablc in lhe eC]ualion. ho\\e\er. il is lIseful lo bc a\\;1[e of a slylll.ed fael lloled by 
Barro! I ')7()llhallhe \arianee of IIIn;]IIOn gelleralh depcnds on lhe lI11ellslly of mn;]IIOII The direel 
erreel of an lIlerease of lhe e.\pceled of innallon IS lO deerease lhe re;]1 babnees bul. due lhe erreel of 
IIInalion 011 lhe \ariéll1ee of innélllOI1. éll1 1I1direel erreet 111él\ be Introdueed. This erreet howe\er. is 1101 

lakell mio aeeounl here. as lhe e.\plallaIOr\ \ anables are asslIllled lO bc lIldependelll 



r' rlft I-exp(-f},) ~ , .' 
f,(pc ,.)= (13) L... (( I - r'l ;-exp(f},X) 

exp ,I I r 
(27) 

:1 2 Olher explanalory \'ariables 

EClllallon (29) generali;:es Cagan\ Illouel by incluuing perlllanenl incollle anu 

"lhe" inlerest rate as explanatory variables, to capture lhe real sector elfects These are 

important in high inflation episoues because lhcse processes are likely to last for 

several years, invalidating the usual assulllption ll1ade in the study of hyperintlations 

that these efTects are negligible, due to the time frame involved and the size of impact 

of the ot her factors 

Permanent income is measured by a \veighted average of past income indexes, 

with exponentially declining weights, following a suggestion tirst rnade by Milton 

Friedman [1956 p. 19] in connection with the specitication of dellland for money 

function He also used this l11easure of perl11anent incol11e, among others, in his study 

ofthe consumption function Ud frieulllan [1957 p 142]) This is shO\ .. n in equation 

(28), where I, is the Index ofreal actual incol11e in period x 

jJ, 2: O (28) 

Thc real inlercst rale is includcd In the elllpirical money demand eCluation, as 

sllggc~tcu by cquatiun ( 11) lhis IS a dcparturc from olher studies 01' money dell1and 

under high intlation which use the nominal interest rate as the return on alternative 

assets. The approach here can also be rationalized by assuming that the Fischer 

Hypotheses is true, based in part on the fact that Phylaktis and Blake [1993] find 

strong evidence in favor of the validity 01' this hypotheses for three high-intlation Latin 

American countries. Only one interest rate is listed in (29) for simplicity, but more 

generally, one should include the real return on each of the alternative assets in which 

wealth can be held Last, but not least, the use of real interest rates has the advantage 

of avoiding the l11ulticollinearity of the nominal rates of return with the inflation rate. 

To summarize, the general specitication 01' the money demand equation with 

the features derived in sections 2 and 3 is shown in equation (29), where the variables 

are dated by I and are represented by capital letters, the parameters are represented by 

Greek letters, and & is the error term 
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(/J( Af, / I~,;") = T+ aJ:,({3.) + a);({3 •. {3,) + 

a, H., + a, };({3,) + a,.\', + a,t + 6', 
(29) 

In lhe sllldv 01' lhe hyperInllaliom It héls been suggested that thc cxchange rate 

«In pla\ élfl Illlpmtélnt role In thc JClllélnd fór 1110ncy dunng those eplsodes Equatlon 

(2(J) (llllld IIlCllIdc thc t()f\\(IIU prClllllll11 on lhe exchangc rarc as an addltlonal 

explanator)' vanablc, to l11easure the expccted importance of forelgn currencl' as a • 

substitute for monel'2R, as suggested bl' Abel et ai [1979]. Alternativell', the real rate of 

return on holding foreign currencl' could be used, as recommended bl' the standard 

practice of including in the equation the return of ali alternative assets, but if it is 

included in nominal terms care must be taken to control for the possible 

multicollinearitl' with the expected intlation rate. It is an empirical matter to verify if 

the exchange rate variable will be empiricalll' significant in a given hlgh intlation 

process, in the presence of the other variables of equation (29). 

A time trend is also present in the suggested specification because high intlation 

mal' last for several l'ears, and it is neccssary to capture the efTect on the demand for 

rcal balances of technical progress represented bl' the widespread use of computers and 

electronic transactions The usual caveats, regarding the use of a time trend vanable to 

capture these etfects, appll' Finalll', a variable to account for seasonal factors which 

mal' be present is also included. 

In the next two sections the performance of the empirical specificatlon 

discussed above is assessed by applying it, respectively, to the German hl'perintlation 

data. and to the anall'sis of the high intlation episode which occurred in Brazil in the 

last two decades. 

4 Money demand during the German hyperintlation 

The main 1I1lprovel11ents ror modcling the monel' demand schedulc in high 

Intlatlon processes that \Vere slIggested in sectlon :: are (i) the 130x-Cox t'unctional 

torm should be able to tit the data bcttcr than the onglllal Cagan cC]lIatIon and. (ii) the 

variance of the inflation rate should bc included as an cxplanatory variablc. Thel' were 

developed on the basis of severa I considerations, some of them regarding the behavior 

of the demand for real balances in hl'pcrintlations. A natural test of these hl'potheses is 

to fit the model ofequation (29) to the data ofGerman hl'perintlation2'J, using expected 

2R The forward prelllilllll on foreing e.\change Illa~' also bc used ;JS ;Jn IIldlrccl Illeasure of e,pccted 
IIln;Jlion, ;JS proposed by Fr;Jnkcl 11lJ77 and 1lJ7') I· 
2?The orlgll1;J1 d;Jl;J is frOIll Cag;Jn II ')Súl. ;Jlld lhe lransforllled \';Jriablcs are as defincd 111 lhe lasl 
sccllon. The cqllallolls \\ere eSlllllalcd bY lhe proccdurc descnbcd in Appcndi.\ A 
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inflation and inflation risk as the only explanatory variables, to verify if it performs 

significantly better than the original Cagan model This is done in two steps the first 

evaluates the contribution of using a more flexible functional form, while the second 

tesls lhe inclusion of the risk variable. 

The result of the first step is presented in Table I, \vhich shows lhe coefTtcients 

for several pairs of equations, where the odd numbered ones correspond lO lhe 

logarithm functional fo r 111 , whde the even nUlllbered ones correspond to the general 

Box-Cox functional form The pairs 01' equations difTer only on the ending date of the 

sample period for which they are estimated These extend the period adopted by Cagan 

(which ends in luly 1923) because it is desired to assess whether the model presented 

here is able to track better the demand for real balances in the end 01' the hyperinflation 

process, which corresponds to data points \vhich he excluded from his equation for 

Germany 

The comparison of the statistics for the residuais of equations G I and G2 

shows that the Box-Cox functional form 3110\'>'s a superior fit for the sample period 

adopted by Cagan As the ending date is extended towards the stabilization month 

(November of 1923), the advantage of the Box-Cox equation is increased, since the fit 

of the equatioll \Ith the logarithm fllnctiollal form detenorates sigllilicantly, while the 

1300-Cox formulation is able to dlsplay supenor adherellce, as can be seen l'rJ)lll the /T 
statlstlcs in Table I lhese statistlcs rellcct the abdlty 01' the 130x-Cox equation to track 

tl1\; data at the elld 01' the hypellllllatioll, as call be seell by exalllllllllg Figure 5. which 

compares the actual balances with the mOlley balallces projected by the two eqllations, 

for the sample period endillg in Septelllber 1923 (eqllations (G5) and (G6)) 

Another important empirical advantage of the Box-Cox formulation is that the 

OW statistics obtained with it are higher than those for the logarithm functional form, 

which are extremely low. The serial correlation of the residuais in the logarithm 

fonl1ulation is estimated to be around 95°;0, Irrespective of the sample ending date, a 

fàct which may be an indication 01' Illissepecitication 11) of those equations For the 

equations with the Box-Cox formulation, however, the auto correlation of the residuais 

does not seem to pose a serious problelll, becallse the estilllated correlation coefTtcient 

is smallcr than for the logarithm specitication, and the coeflicients 01' the variables in 

the eqllatlon do not change significantly \vhen they are estimated with the Cochrane­

Orclltt correctioll procedllre lhe illlplicatiolls 01' the lo\\' DW statistics appears to be 

IllllCh Illore ~erillus lúr the eqllallolls \\ Ith the logarithm tunctional form, whose 

coelliclellts are 1I1lstable \\Ilh respect III the estllllatioll method 

10Silrro [llJ70l hild i1lreildy 1l01ed the 10\\ D\V SlalislICS of C;lgilll'S equilllollS 
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It turns out that for each of the sample periods the optimal para meter for the 

expectations formation mechanism in the 80x-Cox formulation coincides with the one 

obtained with the logarithm functional form The point estimate of fie decreases from 

O 25 to O 10, as the ending samplc date IS extended from luly to October of 192.3, but 

the conlidence Il1ter\'<11 bccollles '\IOer, as can bc seel1 in Tablc 2, \\ 11il:h reouces 

lhe \\elght 01' the e\ldence in I:Wlll oi' an c\enlllal shllt in the value ar that palallléler 

lhe inlerscctlon 01' the contidcncc Inll'l\ ais 1\.)1 /Ic is (O 17. O 2~), \\ hlch slIggests that 

the \allle O 2, obtainco by Cagan, Illay aClllally be a reasonablc esti111ate for the true 

value 01' that parallleter ..-\Iso, since thelr uppcr 11I1lit IS O 28, it is clear that the 

expected intlation rate is ditTerent from the current rate, since the (approximate) 

equality of these two rates would only obtain for values of the expectations parameter 

of the order of 10, which suggests that the hypotheses of adaptive expectations \\ias 

justified 

Table 2 

Estill1ates ofthe Conlidence Inter\'als for the Parameters ofthe 

80x-Cox Real ~10nev Demand FlInction in the Ger111an Hyperintlation I 
~~=~~=~===================================================== 

/1, 

/1, 

( ' , 
'-

I -11 I", ,11 "J 

(i·1 ( iX - (i1 I I 

(_111,"._111'::'/ ,,11 I:; ,-I I ..) 5 I 

IThese ')5'~" cOllfldellce IlIler.als \\ere obl;lIl1ed as descnbed 111 Appelldl\ A. lI/l/uml correclllIg for 
senal corrclalioll of lhe reSiduais, The~ are also appro\llItale. due lo lhe dlscrele gnd used 111 lhe 

esllmallOlI 

The estimated value for the Box-Cox parall1eter À in Table I is equal to -o 4 

for three of the equations, and -o 5 for G6, and is therefore situated near the middle of 

the interval of possible values detined by inequality (22) The interpretation of this 

value depends on which of the possibilities discussed in connection with the elasticlty 

calculation in (20) is considered 

First, assuming that the parameter 1\', which represents the convenience yield of 

1l10ney. is constant throughout the hyperintlation, it is possible to test the hypotheses 

that the actual functional form of the dellland for real balances is either Cagan's log­

linear specitication. or the inverse functional form of section 2. by testing for 

(respectively) ;, = O and À = -I The data in Table 2 allows the rejection of both 

hypotheses for ali sample periods considered in Table I. at the 95% contidence levei 
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For À = -0.4, and for constant 1';, the limiting elasticity of real money demand 

(rp) as the intlation rate increases \\ithout bound can be calculated from (20) to be 

equal to -2.5 [t is interesting to compare the \alue oI' the elasticity oI' lhe demand for 

real balances implied by the t\"O extreme functional forrns for li = 0.5, which 

characterizes the beginning 01' hyperintlatlon They are equal to -2 5 and -I 58 

respectively, for equations G I anc.l G2, which sho\\s that at that rate the elasticity for 

10garithll1 specification is almost twice that for the Box-Cox equation, and is already 

equal to the lill1iting elasticity calculated above 

[t is also easy to calculate, using (21) and the parameters of equation G2, that 

the continuously compounded monthly intlation rate that maximizes the intlation tax 

revenue is ,To = 19.2%, which is not significantly higher then value of 18% calculated 

by Cagan [f thls rate is compared wlth the continuously compounded average Inflation 

rate 11 for the hyperintlation period (August 1922 to ~ovember 1(23) 01' 1~3°0, it must 

be concluded that the Box-Co.\ Illl1ctiol1al l'orm did 110t hclp il1 explainlng the 

c.llvcrgel1ce bct\\eel1 thc optimal al1d the actual rates obscf\cd bv Cagal1 [I 95ó 1 
I [O\\C\'cr, that dtlrcrel1ce C<l11 bc put il1 ;\ bcttcr perspectl\'e If the optllllal rate 15 

ClllllPated to the a\crage 11111(\t10I1 rate 111 the pcriod for \\ 11Ich the equatlol1 IS 

estlmated, \ .. hose value IS bct\\eel1 23 2°,0 al1c.l 477°'°, depellding 011 whlch of the 

sall1ple pertods is cOl1sidered The c.llscussioll 01' \"hich is the relevant parall1eter for 

comparison with the calculated optimal inllation rate hinges on t\\iO aspects (i) what is 

assumed to be the occasion of the beginning of the practice of intlationary finance 

when intlation started to rise, or only after hyperintlation established itselt~ and (ii) 

what is assull1ed to be the end of the period t'or which the intlation rate is rationally 

determined by the attempt to collect seignorage 12 up to the end of the sample period 

t'or which the demand equation is valid, or until the end of the hyperinflation process If 

the tirst alternative is taken to be the answer to these tv,o questions, and luly 1923 IS 

taken to be the end of the sample period, the divergence between the optimal and the 

a\erage intlation rate is rather small 

Now cOl1sider the second posslblllty for the Interpretation of the estimated 

\alue 01' À, which is to assume that the dCllland Illllction has the inverse lunctional 

1(1\\11, \\hile "imulta\1eously allll\\ll1g "" \ar)' 111 this case the \alue 01' the shape 

[1cl1,lI11etcr of the Ihl'\-Co\ Illl1ctlP\1 IS detell11111ed by the decreases 111 thc COl1\eIlICnCe 

\Icld ui' 1110I1e\' that occllrs 111 11Igh Il1llatll)\1 plocc~~es Thls \\as dlscussec.l 111 sectiol1 

2 2, \\hcre It was sho\\11 that If the estlmate of), IS dOlllinated by the beha\ior of the 

money balances at the highest rates of intlation, and if .; is detined as the limiting 

JIThis value \\as obtained rrOI1\ Cagan's reported \alue or 322'10 ror lhe monlhly COl1\pounded a\erage 
rale 
'21t can bc argued thal arter sOl1\e le\eI or lhe innatlon rale is reached. 1\\ perinnalion IS lhe result or 
fiscal caos. ralher lhan or Oplil11l1allOn b\ poltC\ l11akers 



elasticity of 1\: \vith respect to intlation, then the following relation between them 

would hold s = (I À.) + I If that is the case here, then À. = -0.4 implies S = -1. 5, 

\vhich is a plausible value 

The second step of the evaluation 01' the model is to assess the contribution of 

the inflation risk variable to the equation For this I use Cagan's sample period, to 

avoid distortiolls that mal' have been Introduced by the extension oI' the sall1ple, and 

estimate the logarithm and the Box-Cox equations, with the inclusion of the risk 

variable O"), to obtain the coet1lcients shown in Table 3 

Table 3 

Estimates oI' the Oemand for Real Money Balances in the German Hyperintlation 1 

(Box-Cox functional fo rll1 , including the intlation risk variable) 
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IThe s,llllple pcnod IS Septclllbcr Ino to Jul~ In.1. and the \alucs In p;uentheses below lhe \'anables 

<Ire Slandard de\'iatlolls or lhe parallleters. (ol/dllll)I/,,1 on lhe \alues or À./'e ,nJ Jl. ' 1I'llho/l! correcllllg 

ror the senal corrclallon or lhe residuais. 

They reveal that the fit of the equation IS improved, \vith respect to the 

equations without the risk variable, as can be seen by comparing equations G9 and 

G I O of Table 3 \vith equations G 1 and G2 01' Table I, respectively The shape 

paral11eter ( À) increases slightly to -O 3 wlth the inclusion 01' the risk variable, but the 

logarithm rUl1ctional form is still rejected at the 95~o levei (see Table 2) The estimate 

oI" the parallleter 01" the expectatinns l"orll1ation ll1echanlSll1 for the intlation rate (!l,) 

and for the \ariance (li,) are eqllal to O 2. \~llIl:h Inlplies a 5 1l10nths a\erage lag oL 

lespecti\el\', the e'pected inl1atl(ln late \\Ith respect to the actual intlation rate, and oI' 

the c'pectcd \MlanCe \\Ith re~pect tu the squarcd deviations bet\vcen the expectcd and 

the i1ctllal IIlllation rdtcs lhe coelliClcnt oI' the IISk variable is signiticant. since the t­

statistic (conditional on the estimated values of },./3e and fJJ ) is equal to 44 and 42, 

respectively. Finally, the application oI' the Cochrane-Orcutt correction procedure does 

not produce significant changes in the coetlicients 01' equation G 10, and yields an 

estimated correlation coetlicient of the residuais of O 82 For the equation with the 

logarithm functional form (G9) the situation is not so satisfactory, since the correction 



33 

for serial correlation of the residuais produces significant changes in the estimated 

coefficients, and yields an estimated correlation coeflicient ofO.97 

Taken as a whole, the analysis of this section shows that the general Box-Cox 

functional form is better able to track the data of the German hyperinflation than the 

logarithm functional form J3 , and that the inc\usion of the variance of the inflation rate 

as an explanatory variable significantly improves the fit of the equation. 

5 Money dernand in Brazil 1974-1992 

The modeling strategy advanced here was applied to Brazilian data for the 

period extending from January 1974 to November 1992. when the continuously 

compounded monthly inflation rate varied from about 3% to c\ose to 60%. After 1986 

the were five monetary and price shocks which caused very large changes in the rate of 

inflation in short periods. generating episodes of steep acceleration and deceleration of 

prices. The demand for money in the months of very high inflation is about one-tenth 

(in real terrns) that ofthe beginning ofthe period (see Figure 6) 

The estimation of an adeqllate equation for the demand for money balances for 

the \vhole period specitied above turns out to be a challenging exercise. mainly because 

01' the Inten.:enlng sll0cks (no data points \Vere excluded) The Incluslon 01' a penod 01' 

rclatively lov.' intlation in lhc estilllalion 11 reqllires lhe equallon to pertorll1 \\ell under 

lhose situations. and allows us to analyze the changes in lhe behavior 01' agents that 

occur in the initial phases of hyperintlation On the other hand. the severa I shocks of 

the latter part of the estimation period, while difficult to track. are Iikely to bring out 

the essential characteristics of the demand for money in this economy 

Econometric estimation of linear models of the demand for money for Brazil 

which include post-1974 data, and use intlation as one of the explanatory variables, can 

be found in the following studies Cardoso [1983] uses quarterIy data for the penod 

1966-1 to 1979-IV. in a log-Iog mode\. and discusses the re1ative importance of 

nominal interest rates and the intlation rate in explaining money demando The inclusion 

of lagged money as an explanatory vanable in that equation was criticized by GerIach 

and De Simone [1985]. which estimate an auto regressive distributed lag model on the 

sal11e variables. but \vith seasonal fàctors They show that the Inflatlon rate IS 

statlsticallv 1110re significant than the nominal interest rate in thelr equatlOn. 

contradlctlllg Cardoso's rcsults. and cstllllate the long-run e1astlcity of íeal money 

dCl11and \\ Ith respcct to Inllatlol1 to De -o OS Darrat [1985] aiso cntlclzcs Cardoso's 

spccilicallol1 for the salllc reason. ano uses an All110n lag of the loganthm of. 

l'TIIIS compansoll ma" 1101 be clIllrcly rair. as lhe gelleral 80:\-Co:\ rorlll has one more degree or 
frccdom. bul I bchc\'c lhat thc dirrcrcllcc 15 large cllough to JU51lfy lhe 51nlelllenlllllhe texl. 
J 4 Frol11 !\)74 10 !\)X3 lhe rale ofpricc IIlcrcasc \\as below !O% per monlh 
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respectively, income, nominal interest rate, and inflation to resolve the apparent 

instability in her equation. He also finds inflation to be the main explanatory variable in 

his money demand eC]uation, and estimates the corresponding long-run elasticity to be 

cqual to -020 Rossi [1988] extends Cardoso's data and equations for the period fram 

1980-1 to 1985-IV. and argues that a dO\'vnward shift in the equation occurred around 

1980 He also uses the log-Iog functional forl11 and tinds the eC]uation to be unstable 

atter 1980 None 01' these modcls dcal explicitly with the problern 01' expectations 

formation, nor use alternative functional forms besides lhe log-Iog specification, or 

attelllpt to include an intlatlon risk variablc in the equation 

Rossi [1994] applies the Illcthodology proposed by Phylaktis and Taylor [1992] 

and by Engsted [19931 to test cointcgration 01' llloncy and prices. with Illonthly data. 

ror thc pcriod 1980-1 to 1993-12 It is lhe onlv study to includc \11 thc analvsis thc 

l110nctary and price shocks lh;1I \\Cle il11poscd on the cconOl11y to altcmpl slabilizallon 

atler 1985 Ilc linds cO\lllcgration ror lhe \\hole pcriod, bUl not for any 01' lhe sub­

pcriods in which hc dividcs his sal11plc In his log-linear forlllulation, hc eSlilllillCS the 

intlalion sCllli-clasticily 01' 1110ncy dCl11and 10 be bctween -5 and -8 for pcriods 01' high 

intlation, and double those values for periods of Illoderate intlation 

The model of section 3 sutTered some minor adaptations when applied to 

Brazil. First, the logarithm of expected income is used, rather than the expected income 

itself, to require the demand for real balances to display constant incollle elasticity. a 

feature which seellls to be desirable (see Goldfeld and Sichel [1990]) With this income 

index this property holds exactly when the functional forlll of (29) reduces to the log 

specification (À. = O), but only approximately in the other cases As an empirical 

matter. there is very little ditYerencc between eC]uations with and without the log 

lransformation in the incollle variable for this body 01' data 

Thc scasonal adjustlllcnt which was dccmed uscful in cstimating the equation 

ror Bralll was lhe inclllsion 01' a dumm)' variablc for lhc pcriods corrcsponding to the 

I)cccmbcr l11onlhs. ncccssary bccausc 01' spikes \\hich \\erc obscn'cd In the rcal money 

demand. anti are clcarly vislblc in Figure ó TI1Is c\traordinary dcmand in that 1110nth is 

111,\Inly due lO lhe payl11cnl to \\orkers 01' <1n ycar-end bonus equal lO one month's 

\\agcs. which is rcqllired by law in L3razd Thls dummy variablc cntcrs cquation (29) 

multiplied by the expected intlation. producing a shift in the slope of the function in 

that month, instead of shifting the intercept This retlects approximately a constant 

proportional increase, rather than a constant absolute increase, of the demand for real 

balances in Oecember, which seems to be the expected outcome of the increase in 

nominal incomes which occurs in that month The technological trend variable is 

represented by a time displacement variable. equal to the number of Illonths between 

the initial date and period I 
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Brazil - Money Base and Inflation 
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5 I Estimation 

Thc auaptcu 1110ucl \lias estllllated for Brazilian rnonthly data for the period 

I()i~: to 10\): 11. \\hichls presentcu 111 "\ppel1lli\ l3 (see Figure () for a graph ofthe 

tllllC ~elle~ llflllllllC\ alld IlllbtlOIl) T\\oclill'crellt C(lnccpts UfIllUI1Cy\< \\ere useu the 

1ll111leLlry ha~e (\ m). cqual the oUhtanJlng balance uI' currcncy issucd plus bank 

le~CI\C" (at the 1;I<,t oa) lll'the 11Hlnth). ano :\11. whlch incluues the balance ofbank 

ueposlts (also at the enu 01' the 1l10nlh) Onl)' the coetliclents eSlIll1ated for the 

narrO\Ner concept are shov.n here, since the results are similar for the two aggregates, 

and the conclusions of the empirical analysis do not depend much on \vhich concept is 

preferredJ6 . 

The coeflicients for the six main equations that were estimatedJ7 are displayed 

in Table 4, while the contidence intervals for the shape and expectations parameters are 

shown in Table 5 The equations are segregated into 3 pairs, according to the period 

covered by each the complete period (equations B 1 and B2). the period before 1985 1 

(equations B3 and B4), and atter 1985 1 (cquations B5 and 86) The equations for the 

sub-periods were estimated to evaluate the structural stability 01' the model, and to try 

to identify behavioral shifts that ma)' occur in the route to hyperinflation The first sub­

period corresponds to the initial phase of the high intlation episode, when the 

(continuously compounded) monthly intlation rate is below 12~/o (except for a few 

months in 1983), while the second is the period of extreme intlation, which starts with 

an acceleration of inflation during 1985, leading up to the tirst stabilization attempt in 

February of 1986. Four other subsequent attempts to control inflation in 1987, 1989, 

1990 and 1991, which can be identified as spikes in the intlation rate graph in Figure 6, 

also failed 

For each of the periods, t\NO estimates of the coetTicients were obtained for 

the odd numbered equations the maXilllUl11 likelihood procedure described in Appendix 

A \\'as used, while for the even nUl11bercd Ol1es the Cochrane-Orcutt correction for 

auto corrclated residuais \\as used to estilllate the corresponding odu nUl11bered 

equation It should be Iloted thal this correction is ol1ly usecl in cstilllating lhe final 

equation, after the shape and e\pectatlolls paralllelers are delerlllilled They are 

lherefore the same for both equatiolls in each pair 

~5Délla ror lhe nOllllnalllloney balances aI the elld or e;lch month IS plIblished b~ the Centr;ll Bank or 
Bralll. 
1(, The cocffiClent or detertlllnatlOll or lhe eClllallolls ror ~11 IS Illargln;lily larger. but they also h;1\e 
larger aulo correlallon orlhe residuais and sllghlh \\orse Durbln-Walson slallslics 
:17 The RA TS pogralll \\;lS used lo esli mate t he model 



Table 4 
Maximum Likelihood Estimates of the Demand for Real Money Base in Brazil 1 
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I TI1C standard crrors conJitional on lhe esllllluleJ vallles of )..,P. ,P,., <lnd p>" calclllutcJ by lhc stanJard 

regresslOn program, are shO\\1l 111 parelllheses hclow lhe respcdlvc eslllllale. Ali non-markeJ coclliclenls are 
'iglllll(<lnllv JIITerenl [rom zero ai the 5% leveI. anJ lhose markeJ \\'Ilh • are slglllfkanl ai lhe 10% leveI. 'nle 
(oclTiclcnls markeJ wlll! # <Ire nol slglllli(<InlI\ Jlllcrcnl frolll zcro 

2 'lhe eqllallons \\ere estnnaleJ aC(OrJlIlg lo lhe proceJure JcscnbcJ In AppcnJlx A The eSlÍmallOn mclhoJ 
IIlJlcateJ III tllls row refers lo lhe estnllallOn of lhe final eqllallOn oblallleJ hv lha I proceJlIre 



Comparison of equations 8 I and 82, which encompass the whole period, 

reveals that their coetTtciellts are Similar, indlcating that the specitication is very stable 

with regard to the efTects of auto correlated residuais The largest dltTerence between 

them is a 30% decrease in the interest rate coenicient when the correction in applied 

The coetlicient 01' determiniltloll 01' both eqllatlolls is high alld, cOIl~ideflllg this is a 

time series eqlliltloll, the estllllilteo auto cllrlelatloll oi' the residuais IS IlOt \ery hlgh 

The equatiolls ror the sub-pellods also display gooo e\plallatorv po\\er illld the 

sallle kllld of stabillty \\lth respect to the estil11atloll l11ethod as the equatlolls for the 

\vhole peflod The lilrgest dillcrences between the coetliciellts 01' equatlons [33 and 84, 

for the initial phase 01' the high inflation process, occurs for the variance of the inflation 

rate, which is not, however, a significant variable, and for the interest rate variable, 

which sufTers a 24% reduction when the correction is applied.1~ Equations B5 and B6, 

for the extreme inflation phase, have ver)' similar coetTtcients 

The immunity of the equations with respect to the estimation problems 

generated by large auto correlation 01' the residuais is encouraging, and is not obtained 

for less complete models of money demand for this period Of course, the equations 

B2, B4 and B6 should be preferred in making statistical inferences. as their estimate 

of the standard errors 01' the coetlicients is ullbiased It should also be noted that 

cOlldition (:~2), which was derl\ed theorctically to characterize the econoll1ically 

l11eal1111gli.il \allles 01' the shape parameter )" 15 respected ror ali equations. that almost 

ali cllelliciellh are slgllllicallt at the )0 ° Ic\ el. ilnd that thelr signs are as e\pected 

) 2 The eqllation for the complete samplc 

The estimated value for the Box-Cox parameter À. in equation B 1 is -08, with 

an approximate 95% confidence interval of (-O 95, -065) This implies, if we assume 

that the convenience yield of money (K) is constant, that the inverse functional form of 

equation (I 1) is barely rejected, since it corresponds to À. = -I However, while 

Cagan's log-linear formulation can be rejected at the 1 % levei, the inverse functional 

form cannot. The estimated value of the shape parameter indicates that the true 

functional form is much c\oser to the inverse function than to the logarithm function, 

which corresponds to À. = O If 1\: is not constant. the estimated value of the shape 

parameter À. may be distorted by the elasticity of ,...- with respect to inflation, as was 

argued in section 2.2, and the inverse functional form cannot be rejected on the basis of 

this equation alone. The following discussion, however, assumes that ,.... is constant. 

JRThere IS also a .\5'% reductiol1 111 lhe coemciel1l or lhe seasol1;11 Decembcr \·;1riable. \\llIch h;1S. I 
bclle\e. ;1 sl1laller econOl1l1C importal1ce lhill1 lhe chal1ges 111 lhe olher coemclel1ls 



The limiting elasticity 01' real money demando as the intlation rate increases 

without bound. is <p = - I. 25. as can easily be seen by using (20) For 1r = 0.5. which is 

the intlation rate that characterizes the beginning 01' hyperintlation. that elasticity can 

obtainedJ9 from equation (19). and is equal to <p = - 1.17. which is a value already close 

to the limiting elasticity This indicates that the deepening 01' hyperintlation \\ould noto 

for this l110nev demand lunLllon. slgnIticantly increase the absolute value oI' the 

elasticitv frul11 the value "hich IS zllleady obselved il1 the beg\l1l1ing ar the process This 

implicatl()n is completelv dIllelcnt frum that \\ Im:h \\ould bc dla\\11 flom Cagan's 

model. \\hich displa,s an e\Cf increasing elasticlty lhe value ar the elastlcity is also 

onl)' J 8° o or -3 02. \\hich is the \'alue obtained by using the value oI' the sellli-elasticity 

or 1110ney demand estimated by Rossi~o [ I c)94] for l3razil. in Cagan's elasticity formula 

\vith ,7 = 0.5 

It is easy to calculate that for the intlation rate that characterizes the beginning 

of the high inflation episode (1r = 0,03) the value of the elasticity of real money 

balances with respect to inflation is <p = -0.59 This value is close to -o 5. which is the 

theoretical value calculated by Barro [1970] in his optimal payrnents period model. 

with a constant fraction ofrnonetized transactions~1 It is about twice -o 3. which is the 

value implied by the log-Iinear model with Rossi's estimate of the serni-elasticity of 

money demand 

The elasticity of 1l10ney balances \Vith respect to the rate of intlation. at the 

averagc inllation rate fOI the period analyzed in Cardoso [1983]. is equal~Z to -O 48. 

\\ 11Ich I." also larger than the estll11ates abtained for the sallle period bv Gerlach and De 

SimOl1e [ I í)S", I and Dallat [1l)8", l. \\ hich ale respectl'c1y -o 08 and -O 20 Since the}' 

use a log-Iog 1\1I1Lllonal 1(,)\\11. the clasticity ar their uellland IUllctian IS constant. and 

W To calculate the c1asticity it is necessary to m;,ke h~potheses about the \alues of the other 
e'\ogenous variablcs in equation (2<») It \\;,S ;,ssullled in 111Is exercise Ih;,1 lhe re;,1 illterest rate is null. 
lhe income index is equ;,1 to 120 (wl1lch is lhe a\er;,ge \alue for the second h;,lf of lhe 80's). thal the 
c;,lculation is bcing pcrformed for lhe mid I <)80's (lherefore th;,1 t= 120). ;,nd th;,t the elasticity It IS 1101 

bcmg calculated for a Decelllbcr month The COCmClenlS of eqll;,tion B2 "ere used to obl;'1Il 

r = o. <)76 which. together \úth the \'allles of a. À and the assumed \alue of Ir. are lhen used 111 (11) 
4()Rossi 1i I)<)~ I eSlil11ales ali equallon \úlh Cagan's log-I i lIear spccifie;Jltoll for Bral'll. for lhe pcrtod 
I')XO I lo II)IJ) 12. b\ cOllltegratlon melhods. finding a slIper-conslslelll esltmate of a = (,. ()~ 

~IThal 1110del IS. 1 bc1le\e. the reasonable all;,log 111 Barro's papcr to the SttuMIOII of lhe illiltal phase 
of hlgh IIlnMIOII porlrayed 111 thls last clasltCII~ ca1culatIOIl. To compare lhe estllllate for the limttlllg 
c1astlclty \Ilth the \;,Iue wl1lch IS I\llplted by Barro's 1II0del. It IS lIecess;,ry to use the \erSlon ill \\ IlIch 
he cOlIslders thal \\ hen hypertnnallon gels under \\a\ lhcre \\ til appem subSlltute assets for mone) 
\\ 11Ich \\ 1II reduce the rr;,ctlon of !IIonetlled tralls;,ctions There he ;,rgues that thls \\\11 le;,d lhe 
ebsticlt\ lo incre;,se In ;,bsolute \alue. ;, finding \\hich IS consistent \\ Ith the beh;'\'Ior of th;,t \;,rt;,blc 
In the modcl presented Ilere. 
42The a\ erage anth!llctlc I/lIarlo'l\' rate or 1II0alloll for the penod IIIcluded In Cardoso [I <)!U I IS. 
;,ccordlng to ROSSI [I<JRX footnote 81 equ;,1 to (,7%. The l!IIplied COllltnuously cOlllpoul1ded lIIo'11hlv 

rale IS equal to 2.1 ú%. \\ hlch. throllgh equatlon (I 'J). ~1c1ds the requlred clastlclty 



may therefore be eapturing to some extent the average behavior of the true elastieity, 

\vhieh is in fact variable, if the model proposed here is eorreel. 

The evidence of the last three paragraphs lends support to the c1aim made 

earlier that the Box-Cox transform may be able to capture more precisely the behavior 

of the elasticity of real money balances in high inflation processes, because it does not 

incrcase without bound (in absolute valuc) as inllation incrcascs lt is smallcr (Iargcr) 

than that implied by the log-linear forlllulation for large (small) rates of inflation, as 

Vias shown to be the case in sectloll 2 2 

The optilllal constant continuously compounded rate of pnce increase for 

nptllllal inllalioll la.\ col\eclioll, calculalcd frolll equalioll (21) tor lhe coel1"lclents of 

eqllaliol1 82, is 13 ~~ ° per 1ll011lh II IS Illlerestll1g to note Ihat this rate is not 1l111ch 

dilTerellt froll1 19 2°o, the rale obtallled In the last seclion for Gerlllany, during lhe 

hyperinflalion The rale for Brazil corresponds lo an yearly rale of 405%, \vhich is 

significantly larger than the rate 01' aboul 250% ca\culated by Gianbiagi and Pereira 

[1990], for an equation estimated for the period 19794 to 1988 4, and is similar to the 

monthly rate of 15 2% ca\culated by Rossi [1994] from data for the period 1980 1 to 

1993 12 The inflation tax maximizing rate obtained here is consistent with the 

possibility that the episode of high intlation which occurred in Brazil in the last decade 

was caused by an attempt to increase the collection of inflation tax on real balances"'\ 

since it is similar to the a\·erage rate of inflation observed for that period 

Table 5 
[slill1aled Confldence Intervals l for the Expectations Parameters 

oflhe Base ~10ney (~1B) Delllalld Funclion for Brazil 1974-1992 

I <)\1.111"11 11111111><':1 1\1 1\ .1 11(, 

;. 1 -11 ')", -11 (, <; I I-I 15, -11 1>51 I -o 55, II I <; I 

Jl, 
11I 12, 11 2') 11111(" I) I x I 11I 1

'

,11 2.1) 

Pv 
(() 17, () 2S) \ () 15, I U O) \o22,(35) 

P" 
(O Oc" () 12) (O oc" () 13) \0 OI, O 18) 

======================================================= 

I Thc ()5% confidcncc inlcryals or lhc slwpc <lnd c'pccl<lllons paramclcrs \\crc 

calculalcd as dcscnbcd in Appcndl:\ A. 

41AIso scc further dlscusslOn oftllls poinl in lhe ne:\1 secllOll 
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The estlmates of the expectatlOns parameters for the tntlation levei (/3.) and 

nsk ({3e) are equai to 02, implying that they lag observed values by an average of 5 

months The value for the adaptive expectations parameter for the levei of intlation 

coincides with the value found by Cagan for his pooled hyperintlations data On the 

other hand. the value or O 075 for lhe e\pectations parameter for permanent income 

(IJ, ) illlplies an averagc lag with respect to the actual incomc indcx of 13 1110nths. 

which is consistent \vith the idca that pcrl11ancnt incolllc ought to rcspond rathcr slowly 

to shocks 

While the approximate income elasticity is high (227), the effect of the time 

dlsplacement variable, which can be intcrprcted as the effect of technological 

innovation, reduces money demand each month by approximately O 8% It IS possible 

that some degree of multicollinearity may have distorted the estimated value of this last 

coeflicient, since in the equations for both sub-periods it is smaller (about 03%) 

Finally, it is easy to see that the seasonal December dUl1ll1ly variable reduces the (total) 

coemcient of expected inflation to approximately -6.4 tn those months Finally, when a 

vanable equal to the real dollar exchange rate is introduced in the equation. it turns out 

not to be slgnificant. whlch suggests that forelgn exchange did not provide any 

sigl1lficant hcdglng opportunltlcs that \\cre not alrcady avatlable to agents thraugh 

othcr ill~tnlll1ellts in this cconomy. In thls pcriod 

5 J Eqllations for the slIb-periods 

COl11parison 01' equations 82. L3-l and 86 in Table 4 and inspection of the 

confidence intervals of Table 5. shows slgmficant differences between several 

coemcients for the two sub-periods. Since the estimates of À. and the {3' s change when 

different samples are considered, the analysis of the stability of the equation for a 

structural shift due to the beginning, in 1985·1, of the extreme inflatlon phase of the 

high inflation process was done in two stages. First, to evaluate the equality of 

coemcients of the linear part of the specification in the two sub-periods. a Chow test 

was performed with the equations estimated with the values of shape and expectations 

parameters (À and P s) equal those estimated for the whole period in equation 82. 

Second. the changes in the values the parameters of the non-linear part of the 

speclfication fram one sub-period to another were analyzed on the basis of the 

economic interpretation oftheir implications 

The Chow test at the 5% levei rejects the hypothesis that the coemcients of the 

linear part of the specification in the two sub-periods are equal, conditional on the 

values of À. and the /3' s betng those estimated in equation 82 However. the same test 

at the 1% significance levei is unable to reJect the stability hypothesis. Inspection of the 



coefficients shows that the mam difTerences between the two periods occurs for the 

interest rate and income variables44 The same test with the coefficients of these 

variables constrained to equal the value found for the whole sample achieves a 

significance levei of Ii 5%. allowing the acceptance of the stability hypothesis in this 

case In particular. the coet1icient of the expected inflation variable is quite stable 

arounQ the value found in equation 82 This suggests that the main ditTerences 

observed in the equations 84 and 86 are due to the non-linear parameters. \vhich are 

discussed below 

The most interesting difTerence between the sub-periods is in the value of the 

parameter ,1. which declines 1'orm -o 9 in the tirst sub-period to -o 4 in the second. 

Assuming that lI: is constant. the logarithmic Cunctional form can be rejected for the 

first sub-period. but the inverse 1'unctional 1'orm cannot The opposite situation occurs 

for the second sub-period. as the inverse function can be rejected but the logarithmic 

lúnction cannot The conlidence Intel\al5 are JisJoint. IIlJicatlng a c\car shin 

11' the aSSlIlllptlon that li: IS constant 15 rela\eJ. this change can bc c\plalneJ as 

probably only a rcllcction 01' dccrcascs in the con\cnicnce yielJ 01' Illoncy. ralhcr lhan 

as an instability 01' the runctional rorlll 01' lhe eqllation This possibility \\as Jiscussed in 

scction 2 2. \vhere it was argucd that under ccrtain circull1stances the 1'ollov,ing relation 

between À. and s. the limiting elasticity of 11.- with respect to inflation. would hold· 

s = (I ,1) + I If that is the case here. the observed change in the shape parameter 

could be due to a change of s from -o I to -2 3 This is the type of efTect what would 

be expected to happen. as the hyperinflation process evolves initially. when inflation is 

relatively low. 11.' is unresponsive to intlation. but as inflation increases and the extreme 

intlation phase starts. the elasticity of 11.- \vith respect to intlation increases in absolute 

value. as substitute assets for money are developed. and the convenience yield of 

money is reduced Another piece of evidence suggests that this is the case the 

cslllllateJ value of), for the Gerlllan hyperintlation in the last scction is -o 4. the same 

\alue founJ here for the extremc in/latlon phase 01' the Urazilian process 

Thc Jillcrcnccs in the e\pcctiltiollS pilral11ctcrs for lhc t\\O sub-pcrioJs can also 

bc casily interpretcd The increil5C (.Ir lI, 1'10111 o lOto o I:; rcllccts thc shortening 01' 

the a\eragc hg in e\pectatlons IOllllation \\ hen 1Il11ation incrcilscs, an encct "hich has 

becll pcrcci\cd and c\plalncd by Cagan [I C)~ó P óS-ó3] Thc cost to agents 01' not 

adJustlng their c\pectations fast cnough nscs stceply as the hyper intlationary process 

deepens. and this induces the agents to shorten their average expectations lag. The 

decrease of the point estimate of the inflation risk expectations parameter (/3,) when 

44 II is nol surprising lhal lhcse l\\o variablcs SCCIll lo bc Icss slablc. SIllCC lhc InCOI11C cITecl is dilTiClllL 
lo idcnlir~· in lhe c:\lrcl11c innalion phasc dllC lo lhe rcccssion Ih<1l occllrcd In Ihc period, and lhe 
inlcrcsl ralc \ <1ri<1blc l11<1y bc sllbJcCI lo cffccls frol11 Ihc Illonc\ sllpply process 



equations B4 and B6 are compared is not very revealing, since the confidence interval 

of the first period includes that of the second period This is only a consequence of the 

fàct that in the initial stage of the high intlation process, when inflation is low, inflation 

risk is not very important, as shown by the low coefficient of V in equation B4 As a 

consequence, lhe expectations parameter is estimated imprecisely, and the confidence 

interv'al vvide Finally, the expectations parameter for permanent income (P,) does not 

change significantly between the two sub-periods 

To summarize, there are two important differences between the initial phase 

and the extreme intlation phase of the high inflation process in Brazil in the last 20 

years the absolute value of the shape parameter of the Box-Cox transform was 

significantly reduced, probably due to the creation of money substitutes, and the 

average lag in the formation of expectations of inflation was reduced from 10 months 

to about 6 months. 

The implications of these etTects for the elasticity of lhe demand for real 

balances with respect to inflation, and for the optimal constant rate of price Increase 

for inflation tax collection are easy to assess The elasticity of the demand for real 

balances to Il1tlation, as it increases \\ Ithout bound, is eC]ual to -2 ), and for ,7 = O.:; 

that clasticitv-l l equals -I 0 lhe)' ha\c both increascd substantially, when cOl11parcd 

wlth the valucs obtained for the eC]uatlon for the whole period, especially-the limiting 

elasticity This overall increase in the clasticity is probably a consequence of the 

structural shiR represented by the increase in the liquidity of indexed assets that 

occurred in the period, which was motivated by the demand by economic agents for 

protection against the capital losses brought about by inflation. In this case, the optimal 

monthly inflation rate (for intlation tax collection) is reduced to 86%, mainly due to 

the substantial decrease in the absolute value of the estimated shape parameter of the 

Box-Cox transform, which reflects the larger absolute value of the elasticity of money 

demand with respect to inflation The average monthly inflation rate above 20% in the 

period certainly appears to be non-optimal, from the perspective of inflation tax 

collection. 

t\ spccilication ror an el11pincal cquation for estil11ating the demand for real 

balallces 111 l11gh Illl1ation processes. \\Jl1ch c\tcnds and generalizes Cagan's celebrated 

hvpcnnllatloll 111Odcl. has bccn proposeu It was derlved trom a theorctlcal stochastic 

45This li1l11tlng clastlcity value is dilTerent then the one calculated earlier bccause it uses the 
coclliclents or equation BG, which \\as litted ror the c:\treme inOal1on phasc or tl1ls high Inflation 
cplsodc. 



dynamic programming model of money demand which captures the concept that the 

convenience yield of money is sharply reduced in hyperinflations, due to the 

development of substitute assets. The solution of the model suggested the use of a 

Box-Cox transform of the real money balances, rather then Cagan's logarithm 

transform, in estimating the equation It also required the introduction of the variance 

of the inflation rate in the equation 

The empirical model was specified with adoption of an adaptive, but not 

necessarily rational, expectations formation mechanism for the inflation rate, the 

variance of the inflation rate, and income. The empirical specification was completed 

with the introduction of the real interest rate, of a variable to capture the efTects of 

technological progress, and of a very simple device to capture the seasonal factor 

which was felt to be relevant. A maximum likelihood procedure was used to estimate 

the model 

This money demand model for high inflation processes was tested by applying 

it to the data for the German hyperinflation, and to the analysis of Brazilian inflationary 

experience of the last t\\/O decades The results validate the model proposed here, and 

show that its characteristics are indeed important in understanding the demand for 

money in high inflation processes It suggests that the demand for money in the initial 

phase of the that process has a functional form similar to the inverse function ( a Box­

Cox shape parameter À. ~ -I O), which shitls to an intermediary form between it and 

the logarithlll function (À. ~ -0.4) when lhe extreme intlation phase establishes itself 

These shil1s of lhe Box-Cox parameter are likely to be only a rellection oI' changes of 

the elasllcily 01' lhe convenience yield 01' ll10ney to the inllation rate. which is 5mall in 

the low intlation phase, but is rclcvant in the extreme intlation phase 

Further research is nccessary to establish if the performance exhibited by the 

model in these particular high inflation episodes is also obtained in its application to 

other cases, in other countries. 



Appcndix A 

The estimation ofthe Box-Cox adaptive expcctations money demand model 

EC]uatlon (29) and dcllnilions (13), (26), (27), (28) form a non-lincar systC1l1 

\\hich CII1 be estllll<lted bv the t\~o-stílge Illd\IIllUlll li~eltllOod procedure de~cllbed 

belll\v 

I Lct thc \cclor 01' expectations paralllctcrs bc dcnotcd by li = (fie ,fJ, ,fJ, ), 

assume Ihat il is \..;110\VI1, and use lhe 111ct!tod proposed by Box and Cox H , [1964] lo 

produce maximum lihlihood estimates 01' A = ( Y" a e , a" a" G" a" a,), the 

parameters in equation ( 1), as follo\vs 

(a) Ca\culate the non-obscrvable variables f-,'({JeJ,l"({Jc,{J,)and U{J,) from the 

observed variables (' and I . 

(b) Ca\culate the normalized money balances = by dividing each AI/F by the geometric 

mean of the sample values of the real 1l10ney balances 

(c) For each value of I" regress (/)( =, I.) on the vector of the explanatory variables or 

equation (29), recalling that the non-obsef\.able ones wcre ca\culated in (a) Compute 

Ihc residual sum 01' sC]uares. which IS conditional on the vector or expectations 

paral11ctcrs, and dcnote it bv /(SS (;,) [J The regression coetllcients provide maximum 

II~cltll()(ld estllllates for 11, cOl1ditiol1al 011 ,{ a/lll on the assulllcd valucs for [J, whic!t 
. 

\~ill be ICplcscl1tcd bv II (;"LJ) 

(d) C!toose t!te \alue 01' ,{ rm \\hich /(.\.\( ;,) LJ is l11inil11ized This value, del10ted 

11. /J. is the nlíl\llllUm It\..;elihood estll11ate of I"~ conditional on the assumed values for 

li 

This procedure maximizes the likelihood function (to a second degree 

approximation) over a set of values for the shape parameter of the Box-Cox transform 

These À,'s should be chosen to span the range of possible values, which in our case is 

given by inequalities (13). Considering that in this procedure precision can only be 

increased by choosing a large number of candidate values for À" and that this also 

increases the cost of the estimate, it mal' be reasonable to select values between -I and 

0, equally spaced by ° 1 

I I Now consider the fact that the vector B is not known, but that it is possible 

to estimate it by a maximum likelihood method similar to the one proposed by Cagan 

[1956] for his single dimensional parameter {J 

·U, A h;lIldlcr rcrcrcllcc IS Maddala 11 <)77 p. :; 161 



. 
(e) For each value or li, rcpeat steps (a) to (o), ano caleulate J<SS( i.) li The 

ll1a\ill1l1ll1 likelihooo estill1ate 01' li (oenotcd here by li) IS the one ror whlch tl1lS \alue 

ISll1ininllZeo 
. . 

(t) Calculate the unrestrietcd l11axil11um Ilkclihood estimate of A as A B in (e), and 
. . 

the unrestrieted maximum likelihood estimate of À as À B in (d) 

The vectors B have to var)' in the grid generated by ali the eombinations of the 

possible valucs for eaeh of the I' 's Onc ean follow Cagan's lead and let each fJ vary in 

the intervalO 05 to O 4, with a step size of O OS, and from O 5 to I vvith step size O I, a 

strategy that seems to allow reasonable preeision for the estimation of parallleters 

whieh, afier ali, generate variables whieh are not observable Table A I displays some 

statistics for the exponential \veights in equations (26), (27) and (28), for selected 

valucs 01' fJ 

Tablc AI 

Charactcristics 01' the cxponential "cights 01' adaptive expectations I 

=~=~===~==================================================== 

;i I I'LI 111"111111 II 5 11 
~, I I i , I I 

111111111' 1111I IIIX 112r. 11.11 11 .11) 11 51 () (\ '" () ()l) 

11I 11 , 
~ I 1 

============================================================ 
I Ad;)P1cd frolll Tablc ~ in Cagan II ')%1 

The procedure described in items I and II above requires a search over a pre­

defined grid in the 4-dimensional space (À. B), where at each interaction a linear 

regression is run to estimate A. ( À, B) Of course, in subsequent runs the grid can be 

made finer in the neighbourhood of the optimum 

The conditional standard errors of the regression coefficients A ( À. B) can be 

obtained from the results of the usual regression programs for the equation with the 

optimal value for parameters À and B The standard error and the confidence interval 

for À, or for the components of B, (say, .; in general) can be obtained by an inversion 

of the likelihood-ratio test statistic Suppose we are testing the hypotheses ç = .;", and 

define e = I H,')'S (ç) HSS ( .;) j": The variable -2 IOK e is distributed as chi-squared 

\vith one degree of freedom. Therefore, the 95% confidence interv'al for'; includes ali 

the values sueh that equation (A I) is satisfied 

(A I) 
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6vpcndi\ [3 

The data for estlmatloll 01' lhe model for I3razil 

Prices (P) were measured by a consumer price index47 which is an average of 

prices collected during a month, and is therefore centered on the middle of the month 

to which it refers The instantaneous intlation rate at the end of month f was then 

approximated by the exponential rate of growth of the price index between period f 

and period f~ I. C, = In (/~.I I~) 

The real money base \'las calculated by dividing the nominal balances 

outstanding in the last day of the 1110nth, as published by the Central Bank of Brazil, by 

lhe Plice Inde\ aI thc last day of lhe 1Il01lth. estimated as the ge0111etric average of the 

currcnl 1ll01ltl1'S indc\ alld the ne\t 111011tl1'S indc\ ) /' * /' I 
l' f (. 

The leal intclest rate (In sellcs was constructed by detlating the series for the 

<I\CI<lge 111\ll1lhly IlOlllin;!I i11lcre~t rate cll'ccti,c ror l-da)' ahcad open 111arket 

opel at 1011S ( ,\') lhe dellatio11 làctor was thc a\erage inflation for the 1110nth to which 

the intcrcst rate Iclers, calculated as the ge0111etric average 01' the instantaneous 

inflation rates at the beginning and at the end of the month. The ar/fllmefte growth rate 

of prices (instead of the expOnenlfQ/ growth rate used to calculate C, ) was adopted to 

measure the instantaneous inflation rate for calculation of the average monthly inflation 

used to deflate the nominal interest rate, because it was desirable to maintain 

consistency with the procedure adopted by the Central Bank of Brazil to calculate its 

real interest rate series for the recent past As a consequence, the real interest series is 

calculated as R, = (1 + N,) ~ I~.I I~ 1 - 1. 

To calculate permanent income, data availability was limited. Afier 1973, a 

quarterly series of an index of real income4R ( I ) was available, and the value for the 

quarters was repeated for each of its 1110nths. None of the variables was seasonally 

adjusted Before 1973 only an yearly series was available, and it was used by repeating 

its value for each of the 1110nths. Equation (28) was then used to calculate the expected 

Income. 

47The index used was the IGP-D1 published by Fundacao Getulio Vargas 
4R The series for the quarterly index of real Olltpllt IS produced by Instituto Brasileiro de Geografia e 
Estatistlca (IBGE). the officIaI statistics bureau of the Bral.llian gO\ernmenl 
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