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ABSTRACT

We propose models to analyze animal growth data with the
aim of estimating and predicting quantities of Liological and eco-
nomical interest such as the maturing rate and asymptotic weight.
It is also studied the effect of environmental factors of relevant i
influence in the growth process. 3
The models considered in this paper are based on an extension
and specialization of the dynamic hierarchical model (Gamerman
& Migon, 1993) to a non-linear growth curve sctling, where some of
the growth curve parameters are considered exchangeable among
the units. The inference for these models arc approximate conju-
gate analysis based on Taylor scries expansions and lincar Bayes
procedures.
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370 BARBOSA AND MIGON

1. INTRODUCTION

Longitudinal data of growth usually present non-linear behavior in rela
tion to the assessment condition, as for instance the time, and are observed
for more than one individual or experimental unit. A typical case is the
study of animal growth, where the mechanisin of growth of individuals of
a‘certain race are characterized by biological factors of genetic nature, and
environmental factors (see for instance, Fitzhugh,1976).

In this paper, models are proposed to analyze growth data of cattle
(weight versus age, corresponding to the monitoring of cows of a certain
race), with the aim of estimating and predicting quantities of biological and
economical interest such as maturing rate (measure of how quick the animal
reaches its final weight) and asymptotic weight. The information contained
in these parameters is important for the design of animal improvement
programs to increase the efficiency of the production process. It is also
studied the effect of environmental factors of relevant influence in the growth
process such as the animal birth season.

A traditional univariate modeling of these data through classical
growth curves suffers from the so called aggregation dilemma (Blattherp &
George, 1991): a single curve for the entire dala set (‘pooled model’) sin for
excess of aggregation and conscquent loss of information and, on the other
hand, an independent model for cach individual can (and in fact it does)
present instability in the parameter estimates: such problem is approached
through shrinkage procedures based on hierarchical and shared parameter
models. Since the initial presentation of the so called hicrarchical models
by Lindley & Smith (1972) as a flexible Baycsian modelling structure for
data analysis, its practical use has been frequent, as for instance, in Racine-
Poon (1985), Blattberg & George (1991), Lange, Carlin & Gelfand (1992)
and many others.

The class of models considered in this paper can be interpreted as
a multivariate extention of the modecls introduced by Migon & Gamerman
(1993) or, alternatively, as a non-lincar extention of the models presented by
Barbosa & llarrison (1992). The former is bascd on an extension and spe-
cialization of the dynamic hierarchical model (Gamerman & MNligon, 1993)
to a growth curve setting, where all the parameters are considered exchange-
able among the units of same birth scason.

The hicrarchical dynamic madels proposed in this paper are defined
in three parts or stages. In the first one, a 3-parameter growth carve is
defined for cach unit (where the parameters have the interpretation of ma
turing rate, growth factor & asymptotic weight), and stochastic constraint«
(structural information) are imposed on these parameters in the second
stage according Lo three different hypothesis: model 1 - the maturing e
parameter exchangeable among the units, model 2 - maturing 1ate and
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growth factor exchangcable and model 3 - all the parameters exchange-
able; the third part of the model (evolution equation) expresses the dynamic
evolution of the parameters.

The inference for these models are approximate conjugate analysis
based on 12 order Taylor Series expansions and linear Bayes procedures;
the implementation of these models are made considering flat priors and
some practical procedures such as: discount factors for the dynamic evolu-
tion, variance law (proportional to the level) for the observational variance,
variances in the second stage estimated off-line from corresponding univari-
ate models, etc. Models fitting and predictive performance are assessed
through MAE - mean absolute error for all models, including a degenerate
case of model 3 where the variance in the second stage is zero, which we

call ‘pooled model'.
This paper is organized as follows. In Section 2 a general formulation

and analysis of the models proposed in this paper are presented. These
models are adapted to a growth curve context in Section 3, resulting in
three classes of hierarchical and sharing parameters models. Fitting results
and models comparison are discussed in section 4, followed by some final
remarks in section 5.

2. HIERARCHICAL NON-LINEAR DYNAMIC MODELS

2.1 Modeling Structure

The dynamic hierarchical model is composed by three parts: the obser-
vation equation, including a link function, the structural equation and the
evolution equation, describing, respectively, the observational distribution,
the parameter hierarchy structure and the parameter dynamics, as follows:

(i) - Observational distribution:
(v.lm.a?) ~ N['h-vl.tatzl (1)

where: Vi, = diag(v(ny,e)," -, v(nee)), with v(.) defining a variance law
to be specified; o? is a scale factor, and y, is a r x 1 vector of observation
units taken at time ¢.

The observational process mean 1), is related to the state parameters of
the first level of the hierarchy 8, through the inversible link function A(.)
such that: A¢ = h(n,) = F; 40, where F} ¢ is a known regression matrix of
proper dimensions. v

(ii) - Structural equation:
(01,0002,¢,0%, De—1) ~ [F2,02,0,V 2,400 (2)

where F3 is a known contraction matrix and 83, is a vector of structural

parameters.
4
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372 BARBOSA AND MIGON

(ili) - State parameters evolution:
(02,6102,¢~1,08, De-1) ~ [9e(02,0-1), W 10 2] (3)

where g¢(.) is the process evolution function and | | denotes a distribution
specified only by the first two moments.

4 There is no theoretical restrictions to consider additional stages in the
parameters hierarchy. It is worth to mention that the dimension of the
parameters reduce from stage Lo stage. Following, inferential aspects of the
non-linear hierarchical models with two stages are discussed.

2.2 - Inference procedure

Inference is performed sequentially in time as follows. At time t the
prior moments for the first and second stage state parameters 8, ¢ and 8,
are obtained from the posterior moments of 8, ¢_; through the structural
and evolution equations with a first order Taylor series expansion of g(.)
about the posterior mean of 82¢_;.

The prior moments of the observational mean 5, are matched to those
obtained from a local linear approximation to the link function equation,
and a Bayesian conjugate analysis for (1., 0?) with normal-inversc gamma
prior distribution is used to obtain the posterior distribution for these pa-
rameters. Linear Bayes methods are then used in conjunction with the link
function equation to derive the posterior moments for 0, and 0, It is
worth mention that the inferential procedure described above is conditional
on the value of the matrices V2o and W,. The values of W, are determined
considering the discount factor method (West & Harrison, 1989) and the
elements of V3, in 8 empirical Bayes fashion. Further details about the
inferential procedure can be found in Migon & Barbosa (1994).

3. A CLASS OF GROWTH MODELS

A large class of growth models is presented combining the models de-
veloped in Section 2 with the univariate models introduced by Migon &
Gamerman (1993) which are described in this section.

3.1 - Univariate Growth Models

Let ne = Ely¢|D¢-1,P] be the expected response function of the univariate
time series y¢, where D;_) represent all the past information available before
time t, and B is the adopled global parametrization. A general family
of growth curves is defined by h(n) = 8, + 8285, where h(n) = o7 if
7# 0 and log(n) if r = 0, which relates the data mean to the parameters
used to describe it.

Some important examples are the tnodified exponential (r = 1), the
Gompertz (r = 0) and the logistic (r = —1). It should be noted that the

!
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transformation is applied to the process mean, with the data in its original
scale, and also, that if 83 > 0 and 7 > 0 the data grows without limit, and
if B3 < 1 its grows under an asymptotic value.

To make the above formulation more flexible we reparametrize the
model defining the parameters recursively in order to account for local be-
havior of the growth curve as opposed to the former global description.
Also we permit that the parameters evolve smoothly in time. The dynamic
evolution is:

0= 9(0,-1) + v, (4)

where 0, = (p,7,4)7 is the vector of parameters with g, = h(n) the
process level, v, the increment from time t — 1 to ¢t and ¢¢, 8 dump fac-
tor (¢ < 1). The non-linear evolution function is defined as g(6,—;) =
(Be—1 + ve—1.7e-16¢~1, #¢-1) and w¢ is a random component.

Note that the case ¢, = 1, Vt, corresponds to the linear growth model.
The local parameters relate with the global ones through: ) = ¢ + ,—_7"—‘-,
B2 = —124- and B3 = ¢¢. :

The model specification is completed with the observational distribu-
tion defined by y;|n¢ ~ Nin¢, v(ne)], where the inference procedure involve
the modeling of v(n), the use of discount factors associated to w; and Taylor

series approximations to coupe with the existing non-linearity.
3.2 - Hierarchical Growth Curve Models

The basic structure of the models presented in this section is built from
the combination of the models introduced in sections 2.1 and 3.1, with the
adoption of exchangeability assumptions among the units, concerning one
or mote parameters.

Such hypothesis, called structural equations in the hierarchical model
context, can be defined in at least 3 alternative forms for the generalized
growth models presented in this paper. For each of these alternatives, we
present the regressors F; and F; and the non-linear evolution function
g(.)- Among these models, just the one where the three parameters are
exchangeable in relation to the units, is in fact hierarchical; the other two
models have structural equations redundant.

Also, for a particular observational unit i (i =1,2,---,r) we have:

(eilnei0d) ~ Nlnei o Ve, (5)-

with Vi ; = v(ne,) for a given variance law v(.) and a link function described
by n, = i‘{,i- r=-1,01.

Model 1: One parameter exchangeable (dump factor ¢).

In a biological context of growth curves the dump factor ¢ is associ-
ated to the animal maturing rate. It is supposed that the maturing ratc is
a race characteristic and therefore the parameter associated to it should be
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exchangeable among the animals, but each animal develops its own individ-
ual weight level. Under these hypothesis, the parametrization adopted is,
al = (pl'7lv¢lp R 1 ‘7rv¢r)T and 02 = ("1! R4 DRY (1 2% £ ¢)T

It should be noted that ry = 3r and r2 = 2r } |, where r is the number
of units considered; using the Kronecker-product notation, the regressors
are defined by F; = (1,0,0)® I, and Fp = (F},---, F§)T, where

4
0 --- 010 00
Fi=|0 --- 0 0 1 0 0
0 000 0 1

The non-linear evolution function g(.) is defined for this model by
9(02¢~1) = (11 + 71 Md,---y pmr + 9, o, ¢)7_, and the structural
variance has the form Vp = I, ® V, with V = diag(0,0, V), since with
the exception of the parameter ¢, the others two are [ree of structural
restrictions.

Although the formulation presented is correct, it is not parsimonious
since the structural equation is redundant; this happens because given 8,
in the hierarchical model, there is no transference of information from y, to
81,¢, since y, L 01,¢]02,¢, i.e., cov(y,,0,02,) = 0.

The proof is immediate: for instance, in the case of an identity link
function, it is easily obtained from the observation and structural equations
that, cov(ye,01,el02,¢) = cov(Fivae + vy, vae) = 02Fy Vo = 0 where
vie~ N[0, a2V, i=1,2

Model 2: Two parameters exchangeable (maturing rate & growth factor)

In this model only the process level u is supposed distinct for each
individual. The parametrization adopted is @; = (1, 71,1, Br2 Yr. &) 7
and 02 = (p1, -, 88r,7,¢)7. Note that, r; = 3r and ro = r + 2, which
characterizes a large reduction in parameter dimension.

The asymptotes are determined uniquely for each individual. The re-
gressor Fy is defined as in model 1, but the components of F are:

0 -«- 1 ... 00
p;.‘= 0O --- 0 --- 10
0 --- 0 --- 01

The non-linear evolution function g¢(.) is defined in this modecl by
9(02¢-1) = (1 + 7 opur 4 7, 70, ¢)T_, and the structural variance

Vae=1,®V, with

' 0 0 0

V=10 V, Vie
0 Vie Ve
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Model 3: All parameters exchangeable

! This model can be considered canonical since all the parameters are
exchangeable and the reduction in dimension is maximum, i.e., r2 = 3. Also,
there is a8 unique asymptote common to all individuals. The parametrization
»! adopted is ‘l = (“lo 0 T STRRERY T 7 ¢I’)T and 02 = (“v',. ¢)T‘ The F,
regressor is the same as in the other two previous models but Fj is defined
by F2 = I3 ®1,, where 1, = (1,---,1)T. The non-linear function g(.) is,
9(02,4-1) = (1 + 7, 74, #)-1.

For each one of the three models presented, the linearization matrix
G = g'(m3,), necessary to the description of the state parameters evolu-
tion, is easily obtained.

4. FITTING RESULTS AND MODELS COMPARISON

4.1- Introduction

From an initial data set of cattle weights and other variables collected at
EMBRAPA - The Brazilian Institute for Agricultural and Cattle-Raising
Research, in Sao Carlos, SP, corresponding to the monitoring of cows of
Canchim race from its birth till its 30 months old at intervals of 3 months,
were considered the data of 227 females which information of weight, birth
season, etc. were available. The regularity of 3 months in the observation
interval is guaranteed by standardization via linear correction in the original
data, as recommended by the Beef Improvement Federation.

From this animal population it was considered a stratified random sam-
ple of 20 animals, with 10 units of them at each of two opposite birth seasons.
The importance of considering birth season data corresponding to each ani-
mal is clear since this variable is a very representative environmental factor
and the animal growth process depends on the environment.

Before the presentation of the data analysis in the next section using
the proposed multivariate models, it is presented here some preliminary
results corresponding to the fitting of the univariate models introduced in
section 3.1 using individual data of each animal as well as average weights
for the animals in each birth season.

Three types of growth curves were sequentially fitted: logistic, Gom-
pertz and modified exponential, and in each case, two versions were con-
sidered, static and dynamic, where the distinction is made by the valug of
the discount factor. The analyses were considered using well centered prior
distributions with reasonably vague variances, characterized by their first
two moments, denoted by mg and C¢ (diagonal matrix), as shown below.

The prior moments for the modified exponential growth model were
specified such that when the animal borns, its level of weight is in the
interval (30; 56) kg with 95% of probability, which is in accordance with

¢
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TADBLE I: Prior Moments

M-Lxponential Gomperlz, Logistic
mo (43.5, 60, .95) (3.8,.90,.95) | (.023,—.015,.95)
‘1 Co (43.5, 60, .05) (1.0,1.0,.05) (.05,.05, .05)

reality. 'The prior moments for the other growth models were specified in
a similar way. ‘T'he variance law considered is given by Vi o p,. The
discount factors for the system evolution were fixed at 0,95 for the level and
growth factor and at 0.98 for the maturing rate ¢, which corresponds to
the expectation that the latter parameter should be more stable than the
others.

Since the dynamic models have in general more flexibility for fitting
purposes, we consider them from now on, even though there is no expressive
advantages in predictive terms. The logistic model will be deleted from
subsequent analyses sinee it has shown poor fitting.

4.2 - Modecls Immplementation: nuimecerical results

The hicrarchical and shared parameters models for growth data analysis
presented in this paper are fitted to the data described in 4.1, according to
the inferential procedures proposed, considering the Compertz and mod-
ified exponential forms, in their dynamic versions. Sinee models 1 and 2
have their structural equations redundant (they are a kind of degenerated
hierarchical) we call them shared parameters models. Model 3 is consid-
cred in two versions: with V3 # 0 (hicrarchical) and with V4 = 0 (*pooled
modecl’).

Model assessment is based on the predictive Mean Absolute Frror -
MAE. The models implementation makes use of the same discount. factors
and prior distributions considered in the univariate case; also, the second
level state parameter variances are obtained off-line from the corresponding
univariate fitlings. The MAFE values are presented for each fitted model
considering not the individual units but just their quantiles.

From ‘Table Il and 1H, corresponding to two different birth seasons,
it is clear that the hicrarchical model has a better performance than the
pooled model almost independently of the functional form considered. what
suggests the usefulness of the proposed hicrarchical methodology. It should
be noted that this model permits to summarize the information contained
in the data in a unique growth carve, but keeping the capability of making
inferences of each individual sepacately.




.. - L. ..
LT R T N R O R G S L R T Y S S P e .
el J A Lot T T L

ANALYZING ANIMAL GROWTH DATA n

TABLE I1: MAE for Models 1, 2, 3 (Scason 1)

M odel M odel M odel M odel
Gompertz 1 2 3 — hier. 3 — pooled .
Ql 18.2 17.3 283 29.4
Q2 24.1 23.6 38.6 40.1
Q3 44.2 37.0 45.1 44.0
M-Exp.
Q1 259 18.5 20.5 331
Q2 30.1 23.6 36.9 3.4
Q3 36.4 44.8 48.2 51.5

TABLE I1II: MAE for Models 1, 2, 3 (Season II)

M odel Model M odel Model
Gompertz 1 2 3 — hier. 3 — pooled
Q1 36.8 32.8 37.4 36.8
Q2 40.1 42.5 41.8 53.7
Q3 53.1 47.7 49.7 60.5
M-Exp.
Ql 34.7 38.3 31.6 37.0
Q2 383 48.1 35.2 45.3
Q3 44.1 52.0 52.1 50.1

¥

These tables also show that, in general, models | and 2 have better
predictive performance than the pooled model and, in some cases slightly
better than the hicrarchical model. It should be noted that these shared
parameters models expresses the assumption that certain parameters (as for
instance, maturing ratc) arc a race characteristic and therefore should be
shared by the units. A model that absorb this knowledge a priori like models
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1 and 2, makes a better use of experimental information and therefore, it is
not surprising their superior predictive performance.

It should be stressed the fact that the hierarchical model (V3 # 0) and
the shared parameter models in fact are useful to approach complementary
questions. The shared parameter models are more effective for prediction
and the hierarchical model is more adequate to summarize the information
related to all individuals (of a certain race).

In order to exemplify the aggregation dilemma it is presented in figure
1, the graphic of the posterior mean of the ¢ parameter evaluated from
the univariate models and from the hierarchical and pooled models. The
dotted lines represent the minimum and maximum observed values from the
univariatc analysis for the 10 units considered in the scason 1. The others
represent the posterior mcan cvolution, respectively, for the hierarchical
model (full line) and the pooled modecl (broken line). It is clear, as expected,
that the estimates from the multivariate models are more stable and smooth
than the ones obtained from the univariate models.

5. FINAL REMARKS

IL is worth to stress the main findings and conclusions we can get from
this application and to state some relevant points for further investigation.
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One of the main aspects of the class of proposed modcels considered in this
paper is it great flexibility. First, this class of models has a varicty of par-
ticular and uscful models embedded in it, defined by different functional
forms and different exchangeability assumptions. Also, for a chosen func-
tional form and a given hicrarchical structure, the time varying parameters
can accommodate diffcrent quantitative aspects of the growth process. An-
other important aspect is the fact that the parameters have a biological
interpretation.

As expected all models perform better than the pooled model for data
sets corresponding to cach birth scason. For our objectives, we can say
that hicrarchical models and shared parameter models are in some sense,
complementary, since the two versions of model 3 are appropriate for data
description and comparison (between seasons), and modecls 1 and 2 are more
adequate for prediction.

One of the points for further work is the inclusion of an extra level of
hierarchy in the model to contemplate the effects of different birth seasons.

We should note that the proposed models, conditionally on the value
of the ¢ parameter would be lincar and consequently an alternative form
of analysis could make usc of the Gauss-llermite numerical intcgration over
(¢,V2). HHowever, this approach would be more sensible only for models
where V3 has few non-zcro clements. Alternatively, the estimation of V2
could be carried out through Markov chain Monte Carlo technology, in the
dynamic context as considered here.
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Uma Aplicagao de Métodos de Monte-Carlo em Modelos de
Volatilidade

Hedibert Freitas Lopes (IM-UFRJ)
Hélio S. Migon (IM/COPPE-UFRJ)

Abstract

Os modelos para séries temporais heterocedasticas tem sido explorados exaus-
tivamente na 1ltima década. Engle (1982) e Bollerslev (1986) observaram que as
" mudangas na volatilidade de vérias séries tendiam a ser serialmente correlacionadas
e propuseram, respectivamente, os modelos ARCH (Autoregressive Conditional Het-
eroscedasticity) e GARCH (Generalized ARCH).
O mais popular desses modelos é o GARCH(1,1), onde a série de interesse {y:} é
um processo rufdo branco gaussiano com variancia unitéris, {¢,}, multiplicade por um
fator de escala {0}, isto &,

ye = 0w, t=1,---,T, e6~NID(0,1) (1)
o} = v+api,+B0ly, 1>0, a+p<L @)

Este modelo pode ser estendido adicionando-se mais defasagens de y, e ¢2 na equagao
{2), embora seja pouco cornum nas aplicagoes. Quando 8 = 0 temos um ARCH(1).
Os principais fatores que podem explicar o crescente interesse nesta érea sao:!

1. O reconhecimento de que muitos modelos teéricos em finangas esto relacionados
a volatilidade; por exemplo, os retornos de investimentos em agoes e as taxas de
cémbio exibem, em geral, mudangas na volatilidade ao longo do tempeo.

2. A modelagem da volatilidade é um excelente campo para o desenvolvimento ¢
aplicagio de novas técnicas estatisticas para modelos nao-lineares e nao-gaussia-

2

nos*.

Geweke (1989) e Miiller & Pole (1994) estudam os modelos GARCH sobre o en-
foque bayesiano; Geweke utiliza técnicas de integracao Monte Carlo com Importance
Sampling, enquanto Miiller & Pole utilizam Métodos Monte Carlo via Cadeias de
Markov.

Uma alternativa aos modelos ARCH é permitir que o2 dependa de algum compo-
nente nao-observavel ou variével latente modelando seu logaritmo (isto é, h; = log¢?),
através de um processo estocastico linear. Modelos desse tipo sao comumente chamas-
dos de Modelos de Volatilidade Estocdstica (SV). Esses modelos sao uma versao, em
tempo-discreto dos modelos que governam a maior parte da teoria moderna de financas
(Taylor (1993)).

1Existern centenas de artigos publicados sobre o tema.
2Carlin, Polson & Stoffer (1992) desenvolveram métodos de estimagao de modelos dinAmicos nao-lineares
e nao-normais usando Gibbs Sampling.

IBLIOTECA MARIO HENRIQUE SIMONSEN
FUNDACAO GETOLIO VARBAS



Uma versao simples de modelos de volatilidade estocastica foi proposta por Taylor
(1986):

Ve 61]){'1(/2}5:, t=l,"',T, EyNN]D(O,l) (3)
he = vo+mhe-1+ve, v~ (0,02) (4)

Uma interpretacao da variavel latente hy é representar a variacao irregular e aleatéria
de novas observagoes, o que é muito dificil de se modelar diretamente em mercados
financeiros 3.

O modelo SV pode ser re-escrito como

log{y?} = h,+log{e?} (5)
hy = v+mhi1+w (6)

o qual pode ser pensado como um modelo de espacos de estado.

A facilidade de avaliar a fungdo de verossimilhanga e sua adaptagao para muitas
séries temporais econémicas tornou os modelos ARCH muito populares. Por outro
lado, a dificil avaliac@o da funcdo de verossimilhanca dos modelos de volatilidade
estocéstica dificultaram sua aplicagao empirica®.

Recentes esforcos tém sido feitos para reverter esse quadro, uma vez que, como
jé foi dito, os modelos SV tém boas propriedades, pelos menos quando se trata da
sua adaptacdo a situacbes econémicas empiricas. Jarquier, Polson & Rossi (1994)
abordam o problema sobre o enfoque de Modelos Hierdquicos Bayesiano, isto é&: p(y; |
he), p(he|w) e p(w). O exemplo apresentado em (3) e (4) corresponde a

(velo?) ~ N0} (7)
(helw) ~ N0l (8)
W) ~ plw) )

onde: o2 = ezp(he), pe =10+ mhe-1 € w = (v0,71,0.).

Este trabalho tem como primeiro objetivo fazer uma comparacio das representa-
¢0es mais simples vistas acima, onde a estimagao é feita através de dois procedimentos
de integragao : (i) Amostrador de Gibbs e (ii) Sampling-Resampling que gera amostras
de (v, a, 8) ou (10,71, 0,) da priori, amostras estas que sdo reponderadas pela funcao
de verossimilhanga e tranformadas em amostras da posteriori, onde toda anélise é
entao conciuida. Essa wdltima técnica (chamada de Sampling-Importance Resampling
(SIR), quando ligada a uma Importance Function), tem um grande apelo pedagégico
e sugere uma estratégia de célculo ficil de implementar (Smith & Gelfand (1992).
Fazemos esses exercicios com uma série simulada com uma estrutura na volatilidade
e com algumas séries da economia brasileira.

30 interesse em modelar volatilidade ji vem de longa data, com o trabalho de Clark (1973) que propos
um modelo de misturas para a distribuicao das mudangas nos pregos de agoes.

4Kim & Shepard (1994) e Shepard (1995) fazem extensas revisdes dos principais conceitos, técnicas de
estimagao e previsao e desafios que estao por traz dos modelos ARCH e dos modelos SV.

2



UMA APLICACAO DE METODOS DE MONTE CARLO EM
"MODELOS DE VOLATILIDADE ESTOCASTICA

i
t
!
i
!

Helio S. Migon e Hedibert F. Lopes
Universidade Federal do Rio de Janeiro - IM & COPPE

e-mail: migon at pep.ufrj.br

| CONTEUDO

Introdugao

1. Modelos ARCH e de Volatilidade Estocastica:

exemplos e propriedades basicas

2. Uma Classe Geral de Modelos de Volatilidade Estocastica

3. Inferéncia emn Modelos de Volatilidade Estocdstica

4. Exemplos:
Usando dados artificiais

- Usando dado real: taxa de juros

5. Extensoes e Conclusoes



TRODUCAO

Motivagao
e Teoria moderna de finangas propoe modelos de decisao relacionados
com a volatilidade.
¢ Modelos de volatilidade sao excelentes exemplos de modelos nao-li-
RneaFes 6 Nao-normais.

; ¢ Em modelos dinamicos é comum modelar-se a varidncia observacional.

Objetivos

Investigar uma ampla classe de modelos de volatilidade estocastica -
uni e multivariada. .

e Propor métodos de estimagao Bayesiana e comparar resultados.

¢ Discutir topicos de selegao de modelos via fator de Bayes e medidas de

rao linearidade.

Avaliar influéncia usando medidade de Kullback-Leibner




l 1. MODELOS ARCH E DE VOLATILIDADE ESTOCASTICA

MODELO ARCH(1)

Ye = h}‘/zft; €t ~ n[Oa 1]
ht=a+6yt2—l, a>0

-

Alternativamente

V=a+byltu,  ve=hlg—1)

Propriedades

4 _ -
I = E[y,] = 31— 9) se 362 <1

; = B2 1-362

2

e y2 ¢é covariancia-estaciondrio com funcao de autocorrelagao:

pya(s) =6°, se 62 < 1/3

e y; é ruido branco se: 6 <1




MODELU GARCH(1,1)

Yt = htl/z €, € ~n0,1]

hi=a+6 yf_1+¢h,_1, a>0

Alternativamente

—

yt2=a+(6+¢) y12_1+l/i_¢yt—l, Ut=ht(€%—':!')

Propriedades
k=ZW _5.3 var[E[zé?lyt_lll’
28 VH Elyf]
e y2 & covaridncia-estaciondrio com fungao de autocorrelagao:

__1-6(6+¢)
T 1462 = 26(a+ ¢)

py,’(l)
Py3 (8) = py'z(l)s—l, s> 2

-

e y: é ruido brancose: §+¢<1



= em e e mee a—

MQRELO DE VOLATILIDADE ESTOCASTICA LQG-AR(1)
VEST - LOG-AR(1)

Vi=a+6Vi_y+0, v

Alternativamente

—_

log(y}) = ¥y +ai, ar=Ilog(e}) ~ Log — x*

\Ilt=a+5 \Ilt_1+0'y vy

MODELO DINAMICO NAO NORMAL E NAO LINEAR

com hiperparametros w = (a, 6, 02)
Propriedades

2
a 2 gy,

Ely;] 2
=3exp(aq,, He = 1-6 €eoy = 1 — 62

T By

e y2 ¢ similar a ARMA(1,1) com fungao de autocorrt;laqéo:

K

exp(og) — 1
= &%
Py (9) Jexp(o3) — 1

VEST é similar ao GARCH(1,1)

e y; é ruido brancose: 6+¢ <1




2. UMA CLASSE GERAL DE MODELOS
DE VOLATILIDADE ESTOCASTICA

(yelhe) ~ EF[0, hy]
(’H|9,0:2,Dt-1) ~ [#(0’ Di-l)’ 03]

p(8lo?)
p(ol)
onde:

e [ ] - é qualquer distribuigio sobre R*, especificada pela média e
! variancia, EF- familia exponencial e

e -Di-l = (yly'")yi—l)hla"')ht—l)

Se desejdvel § pode variar no tempo

MODELO HIERARQUICO




‘
'

EXEMPLOS
« ARCH(1)
- | p(6,Di-1) = a +6 yi_
¢ 02 =0

e VEST-AR(1)
[1(0, Dt-—l) =a+ 6 lOg(ht_l), VO'?/

(ht|8, he—1) ~ LN[u, 7]

¢ VEST-NORMAL/GAMA AR(1)
(ytlht) ~ N[O,h,]
(helhi—1) ~ Galu(8, D;—1), o]

#(0,D_1) = a+ 6 log(hi—1), Vo3

) (a + 6 ht_l)z
ag = 02
o+ 6 ht—l
by = 2



Figura 1:

(a) Série Original (T=250) e Fungio de autocorrelagio (FAC)
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(b) Série Transformada (quadrado) e Funcio de autocorrelagio (FAC)

L@
3] o
<
b e
O. .
0 .5 10 15 20
Lag
Series : yarc952
w @
O o
<
Q l | NN |l |
(=) ! L




0.015

-0.005

-15

-30

igura 2:

(a) Série Original (T=250) e Fungao de autocorrelagio (FAC)

(b) Série Transformada (log-quadrado) e Fungao de autocorrelagio (FAC)
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SOt 3. INFERENCIA EM MODELO DE VOLATILIDADE

ABORDAGEM BAYESIANA

SAMPLING IMPORTANCE RESAMPLING

Um algoritimo aplicavel tanto em modelos ARCH como VEST ¢é de-

scrito por

i) Gerar N pontos da distribuigao a priori
01' Np(e)al = 1a"',N

ii) Gerar, no caso VEST, N pontos da distribuicao de evolugao das volati-

lidade
ViNN[O,].],i=1,"-,N

iii) Calcular as realizagoes da volatilidade
hei =i+ bih_1;+ 0,6 ;

iv) Obter os pesos gerados pela verossimilhanga

exp(w;)

w; = —————~, ond
" Dexp(w]) )

* 2 y%
w} = —[¥ log(oy;) + 2_02
1.

v) Gerar M pontos a partir da distribuigao discreta {6;,w;}

O;NP(GI,"WGN), Z=1,,N € J‘:la’M




AMOSTRADOR DE GIBBS
Modelo de Volatilidade Estocastica

; Posteriori Conjunta
. p(h, wly) o p(y|h)p(h|w)p(w)

Condicionais Completas

p(w|h,y) => Modelo Linear Bayesinao

P(h|w,y) = Fazer Passo a Passo

p(htlht—l,ht+1,W,yt) =P(yt|ht)P(ht|ht—1)P(ht+1|ht)

= b V2 exp[~y2 /20)1/ hy exp[~(log(hy) — 11)*/(2log(c?)]

onde : p = [o(l - 6)+ 6(log(hyy1 + log(hi—1)]/(1 + &%) *

0 =0l/(1-¢&)
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4.1. DADOS ARTIFICIAIS

Modelo ARCH(1)

e Série gerada com parametros o = 0.00015, 6 = 0.95 e T = 250.
e SIR, com priori nao informativa (bem escolhida!), fornece resul-

tados 1mais razodveis que o método de méaxima verossimilhanga,

comn inicializagao (0.00015,0.95) extremamente precisa.

RESULTADOS OBTIDOS

SIR MLE
& | 0.000173 (0.000025) | 0.00016 (0.0000089)
5 | 0.902386 (0.062271) 1.0316 (0.16250)

e Observe que épp g > 1, implicando em processo nao estacionario,

além da convergéncia ser fraca.

e Gibbs Sample: o programa utilizado, BUGS, nao consegue veri-

ficar a log-concavidade, embora esta seja garantida.




kernel density for alfa (5000 values) kernel density for gama (000 valugs

(@) .
S - mean = 0.00017: o | mean= 08024
o s.d = 0.000p2476 s.d = 0.06228
5% = 0.000139 5% = 0.7909
5 95% = 0.000221 95% = 0.997
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Modelo VEST-LOG-AR(1)

e Série gerada com parametros o = —0.245, 6 =0.98 ¢ 02 = 0.5, com

ho =1.0 e T = 250.
RESULTADOS OBTIDOS

e SIR, com priori nao informativa (bem escolhida!) e supondo o2

conhecido
e MCMC via Bugs, com 3000 iteragoes.

SIR MCMC
& -0.4723 (0.3381) | —0.4155 (0).1548)
. 6 0.8851 (0.0565) 0.9042 (0.0364)
, 6,2 2.00 fixo 3.19 (1.1030)

e Esses resultados, embora preliminares sao animadores.
e Os métodos tem comportamento similar.
¢ Os intervalos de probabilidade de 95% praticiunente contéin o ver-

dadeiro valor dos parametros.



Volatilidade Estocastica

kemel density for alfa (3000 values)
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kemel density for tau2 (3000 values)
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kemel density for gama (3000 values)
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kermel density for h[227] (3000 values)
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4.2. DADO REAL - TAXA DE JUROS

Esse conjunto de dados refere-se a taxa de juros de CDB pré-fixado (tres
dias 1iteis), isto é log(1+1¢/100). Apresentamos abaixo uma andlise usando
SIR e m modelos ARCH com uma estrutura AR(1) para cuidar da nao

estacionariedade da série original. Algumas comparagoes sao apresentadas.

e MODELO UTILIZADO

v = pye—1 + Wi %€y, € ~ N[0,1]

hy = a+6y12—1’ Yo=0

e SIR, com priori nao informativa ( bem escolhida!), fornece resul-
tados mais razoaveis que o método de maxima verossimilhanga,
com inicializagao obtida de uma rodada de SIR que degenera,

(p, @, 6) = (0.736,0.00156,0.3473)
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RESULTADOS OBTIDOS

SIR MLE
p 0.9121 (0.042) 0.7636 (0.010)
& | 0.000325 (0.000092) | 0.000576 (0.000121)
6 0.84499 (0.0184) 1.40061 (0.2601)

e Observe que dpLE > 1, implicando em processo nao estacionario,

embora a convergéncia seja forte.

o Outras inicializacoes do método de maxima verossimilhanga nao

convergiram.

e b e mae - =

- .‘ L
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* Resultados de VEST foram obtidos no BUGS para um modelo sem
considerar a componente de nivel e, também, para um modelo com

p fixo. Esses resultados, embora razoaveis precisam ser melhor

analizados.
n
* mean = 0.9121 | mean = 0.0003249
’ s.d = 0.04217 s.d = 0.0000917
. 5% = 0.7973 5% = 0.000052
o | 95% = 0.9846 8 | 95% = 0.000396
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5. EXTENCOES E CONCLUSOES

Métodos de Monte Carlo sao efetivos.

Classe ampla de modelos a mvestigar.

Implementar técnicas de diagnostico e selecao de modclos via Fator de
Bayes, medidas de nao lincaridade e influéncia através de Kullback-

Leibner

Representar modelos ARCH e estrutura linear dinaica.
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