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ABSTRACT 

In this note we show that a stronger version of the no-free 

production assumption is sufficient to guarantee the existence of 

competitive price system associated with an efficient growth path 

such that consumption-value is maximized at this growth path. 



I. INTRODUCTION 

Since the seminal work of Malinvaud [4], there have been many 

studies trying to characterize efficient growth paths by means of 

competitive prices. More recently [1] and [3] have tried to do it 

for economies with feasible streams of consumption lying in the 

t
1 
-space, the space of summable sequences. If every feasible 

stream of consumption is summable then there exists a competi tive 

price system associated wi th an efficient growth path such that 

consumption-value is maximized at the efficient growth path. In 

order to get summability of every feasible growth path, Cass and 

Majumdar introduce an assumption about the existence of a price 

system that have some properties which implies summability of 

every stream of consumption (assumption A7 in [3] p. 35 and 

assumption ~6 in [1] p. 240). since it is not very natural in 

economics to make assumptions about price system, both articles 

have investigated assumptions on the technology which would be 

equivalent to the price system assumption. They have been 

partially successful. They have found conditions on the 

technology which implies the existence of such price 

system.(condition A6 in [3] p.30 and A2 and A3 in [1] p. 254) 

In this note we present an assumption on the technology which 

is equivalent to the assumption about the price system. Also, 

with this assumption becomes easy to observe that the price system 

assumption is not necessary for summability of every feasible 

stream of consumption (see [1], pp-258). Moreover, this 

assumption has a good economic interpretation: it is a slightly 
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stronger version of the assumption of no free production. The 

assumption of no free production is that i t is not possible to 

produce a strictly positive quantity of some output from nothing. 

The stronger version that we introduce here is that it is not 

possible to produce a strictly posi tive quanti ty of some output 

from infinitesimal quantities of inputs. 

We will follow the technological structure described in [1] 

because it is more general than the technological structure in 

[2]. In section II we describe the technology. In Section III we 

discuss the introduced assumption. In Section IV we prove that 

our technological assumption is equivalent to the price system 

assumption. 

11. THE TECHNOLOGY 

Consider the following idealized model of an economy. At the 

beginning of the time the economy has a positive stock of physical 

goods such that alI other physical goods can be produced from 

them. The production process is realized when some goods (capital 

inputs) are transformed into others.(consumption goods and capital 

output) There is no technological progress. The production 

process has to satisfy feasibility. A typical growth path is then 
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where ~ satisfies the following assumptions: 

~l. (C,Z,X) ~ O; 

~2. ~ is a convex cone; 

t -= 0,1,2, ••• 

~3. If (C,Z,X) e ~, O < (C' ,Z') < (C,Z) and K' > K, then 

(C',Z',K') e ~ (free disposal); 

~4. If (C,Z,X) e ~ and K = O then (C,Z) = O (no free 

production) ; 

~5. If (C, Z, K) e ~ and X' » K then there exists 

(C' ,Z') » (C,Z); 

Assumptions ~1-~4 are standard in General Equilibrium 

Theory. ~5 is standard in Intertemporal Allocation Theory, at 

least since [3] was published. however, these assumptions are 

not enough to guarantee summability of every stream of 

~ consumption. In order to do that Cass and Majumdar in [1] make 

the following assumption: 
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:16. There exists p » O, q > O such that 

p.C + q.Z - q.K < O for alI (C,Z,K) E :1. 

" 

That is, there exists a price system (p,q,q) with p:. O 

and q > O such every feasible input-output combination evaluated 

at this price system has non-positive value. Cass and Majumdar 

have shown in [1] p. 254 that this existence assumption is 

equivalent to assume that the closure of the following set: 

N = (C,Y) Y = Z - K, (C,Z,K) e !r} 

does not contain any (C',Y') such that C' > O, Y' ~ o. 

Although this is a technological assumption it does not have 

a good economic interpretation. Our stronger version of the no 

free production assumption is: 

'!f6'. For alI c > O there exists a eSc > O such that if: 

(i) C. 
1 

~ c for some i, i = 1,2, •.• ,m; or 

Z . ~ Kj + c for some j , j = 1,2, •.• ,n . and 
J 

, 

(ii) Z ~ K - eS c (l,l, •.. ,l). 

Then (C, Z, K) ~ '!J. 

That is, a netput of c of any consumption or capital goods 

cannot be produced from infinitesimal quantities of capital goods, 

where by infinitesimal we mean any number X e IR such that 
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111. DISCUSSION OF ASSUMPTION ~6' 

A number of assumptions have been suggested in the literature 

for characterize efficient or optimal allocations by means of 

deviations in consumption-value maximization, eogo, "finite 

steepness" and "regular" 1 by Gale [2,pp 7-8]. They typically 

involve the restriction that marginal productivities near zero 

cannot be infiniteo For example, a feasible consumption stream 

for every feasible consumption stream Those 

assumptions did not guarantee summability of every feasible stream 

of consumption o In order to get summability, our assumption 

impose further restrictions on the marginal productivitieso Our 

assumption imply that the production function cannot go above the 

o 45 hyperplane o For the leading example of one sector growth 

model 

fi > O , f" <O 

the restriction says that f I :s 1/2 o For the case of more than 

one input, our assumption says that marginal productivities cannot 

1More extensive reference can be found in [1] po25o 
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be infinite near zero, in a similar vein to those already made in 

the literature. A leading example of a technology that does not 

satisfy ~6' is the CObb-Douglas production function. 

technology be 

Let the 

To show that this technology does not satisfy ~6', take the 
1 

sequence of capital input ({K1t,K2t» = {[~, (ct-ajl-aj}. This 

sequence generates the following technologically feasible 

production decisions which clearly violates ~6': 

c = e t 
1 

Zlt - Klt = - t 

Z2t - K2t = O. 

Remark 1: A good property of ~6' is that it makes clear that it 

encompass ~4, a fact not easily observable from ~6. 

Remark 2: Another good property of ~6' is that it makes easy to 

show that ~6 (and 'J6') it is sufficient but not necessary for 

summability of every feasible consumption stream. Let the one 

sector economy have the following technology: 

3 a l-a 
{(Ct,Zt,Kt ) e ~+ I Ct = KltK2t i Zl,t+l = 

K2t . 
= -2- , 

t = O,l, •••• } 
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Which is a Cobb-Douglas technology where the first resource 

is unexhaustible while the second suffers a depreciation rate of 

50% per period. As we have shown above, this technology violates 

'ff 6'. However 

= 

IV. EQUIVALENCE THEOREMS 

We will prove in this section two theorems about the 

equivalence between ~6' and the non-existence of a (C, Y) e N 

such that C > 0, Y ~ o. 

Theorem 1: lf ~6' is true then does not exists (C,Y) e N such 

that C > 0, Y ~ o. 

Proof: Suppose there is such 

We will prove the case where 

is a mimic of this case. 

C. ~ e. 
1. 

which belongs to N. 

The case where z. ~ e 
J 

For definiteness suppose that 

C~ = e. By ~3 
1. 

we can assume (C~=e,co.=o,Yo=O) e N. Let 
1. -1. 

t t t 
{(C.,C .,Y)} 

1. -1. 
be a sequence contained in N converging to 

(e,O,O) . Again by ~3 we can assume that c t . 
-1. 

= o. Let 

t t C7(1,0,y,t) where y,t 1 yt • The (Ci,O,Y ) = = sequence 
1. C7 

1. 

{ C 7 (1, 0, Y' t) } converges to (e , ° , O) • By ~2 ( 1 , o, Y' t) e N. 
1. 
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This sequence can be expressed as 

The first term in the sum converges to zero, 

therefore (C(l,O,y~)} c N converges a1so to (c,O,O). Thus 

vtJ > O, there exists a such that 

Y' t iit -tJ. Corresponding to this sequence in N there exists 

a sequenee t t t t { (C
1
, =c , C , =0 ,Z ,K ) } 

-1 

This eontradiets 16'. 

E 1 with 

• 

Theorem 2: If (a) there is no (C,Y) E N sueh that C > O, Y iit O, 

then (b) '!l6' is true. 

Proof: Suppose (b) is not true. Then for some c > O 

for alI ~ > O, there exists (C~,Z~,K~) E '!l sueh that '!l6' 

is not true. C t t th { ( Ct , Z t , Kt ) )} C ClT by ons rue e sequenee J 

se1eeting ~ = 1jt from those teehno10giea11y feasible 

produetion points satisfying (i) and (ii) of '!l6'. Then 

there is at least one I E { 1,2, ... , m+n} satisfying (i) 

for a subsequenee of { (Ct
, zt ,K

t
) }. Sinee hereafter we will 

work only with this subsequenee, we will keep the notation of 

the sequenee for the referred subsequenee. If 

{1,2, ... ,m} by '!l3 we ean assume 

Ct = c, C: = O for i ~ I 
I 1 

i=1,2, ... ,m, 

z: = K: - (ljt) 
1 1 

i = m+l,m+2, ... ,m+n. 

I E 

corresponding to this subsequenee there is a subsequenee 
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C
t ct o -= c, i-= 
I 

for i ~ I, and 

t Y -= (-l/t) (1, 1, ••• , 1) • This subsequence converges to 

(C' ,Y'), where C' = c, Cl = O for i - I and Y' = o. 
I -since N is closed (C',Y') belongs to it. This implies 

not (a). The argument is similar for 'r 
1 e { m+ 1 , 2 , ... ,m+n} 

• 
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