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Abstract

Building Risk-Neutral Density (RND) from options data iseonseful way for extracting
market expectations about a financial variable. For a saofplBl (Brazilian Interbank
Deposit Rate Index) options from 1998 to 2009, this papemesés the option-implied
Risk-Neutral Densities for the Brazilian short rate usihgee methods: Shimko, Mixture
of Two Log-Normals and Generalized Beta of Second Kind. @tsample goodness-of-fit
evaluation shows that the Mixture of Log-Normals method/tes better fitting to option’s
data than the other two methods. The shape of log-normaitdisons seems to fit well to
the mean-reversal dynamics of Brazilian interest rates.héve also calculated the RND
implied Skewness, showing how it could have provided maegty-warning signals of
the monetary policy outcomes in 2002 and 2003. Overall, Risltral Densities implied
on IDI options showed to be a useful tool for extracting maekeectations about future
outcomes of the monetary policy.

Keywords: risk-neutral density; interest rate options; generalibeth; mixture of log-
normals.

JEL codes: C13; C16; E47; E52; G12; G13; G17.
Resumo

A construcao de densidades neutras ao risco a partir desaddopgcdes € uma forma de
extrair as expectativas do mercado de uma variavel finemdeste artigo usa uma amostra
de opcdes de IDI de 1998 até 2009 e estima a densidadelsutisco implicita em opgdes
para a taxa de juros de curto prazo brasileira, usando &émlos: Shimko, Mistura de duas
Log-Normais e Distribuicao Beta generalizada do tipsddi avaliagdo dentro da amostra
mostra que a Mistura de Normais possui uma melhor ader@osialados de opgdes do
que os outros métodos no periodo de analise. O formatestiédbdicao log-normal parece
aderir bem a dinamica das taxas de juros brasileiras. &anfbi calculada a assimetria
implicita nas distribuicdes neutras ao risco, e foi mamkd como ela poderia ter fornecido
sinais dos futuros movimentos das taxas de juros em 20023 P@uma forma geral, as
densidades neutras ao risco mostraram-se uma ferranigipiaré extracao de expectativas
de mercado sobre futuros desenvolvimentos da politicatada.

Submitted in Junho 2010. Accepted in Novembro 2010. Theleanvas double blind refereed
and evaluated by the editor. Supervising editor: Caio IldeAlmeida. The views expressed in this
work are those of the authors and do not reflect those of thed@entral do Brasil or its members.

*Banco Central do Brasil, Brasilia, Brasil. Email: jreaairnelas@bcb.gov.br

**Banco Central do Brasil, Brasilia, Brasil. Email: male¢akami@bch.gov.br

Revista Brasileira de Financas 2011 Vol. 9, N. 1, pp. 9-26
ISSN 1679-0731, ISSN online 1984-5146
(©2011 Sociedade Brasileira de Financas



Ornelas, J., Takami, M.

1. Introduction

Many techniques have been applied in order to extract maiactations.
Building Risk-Neutral Density (RND) from options data iseoof them. This in-
formation may be useful for financial stability analysis.p8tvisory institutions
can assess monetary policy impacts on expectations byiimjevhether the mar-
ket is attributing a high probability of a significant charmefinancial variables,
such as interest rate or exchange rate. On the other wayeteectations on fi-
nancial variables may influence monetary policy decisidsng option-implied
RND, one can calculate, for example, the probability th&trest rate will stay
inside a specific range of values.

Other areas of research that require densities forecastalsa benefit from
Risk-neutral densities. This is the case of strategic adteeiation and market risk
models.

Risk-neutral densities may also be used to price illiquiticos, where we
cannot find a market price. In this way, we would have a pricettie illiquid
option that would be in a non-arbitrage condition with thieestoptions.

This article aims to evaluate methods for extracting thekRisutral Densi-
ties implied in the main Brazilian interest rate option: tbé (Interbank Deposit
Rate Index) option. As far as we know, this is the first papeetmver RND for
Brazilian interest rate options. Applications of RND foetBrazilian markets use
basically currency options.

The IDI option has some special features that make its gridifierent from
other fixed income options. In fact, the IDI option is simitaran Asian option
on the geometric average of the one-day interbank inteagst(CDI), between
the trade date and the expiration of the option. Therefqréon-pricing formulas
from traditional models must be adapted to be used with thptens.

In order to build RND’s, we apply three methods: Shimko (19®®&thodol-
ogy, the fitting of Mixture of two Lognormals, and fitting of ae@eralized Beta
distribution of second kind (GB2). After the estimation ¢g879 RND’s for each
method, we have assessed the in-sample goodness-of-fittofeethod with op-
tion data. The Mixture of Log-Normals provided the best ample fitting. We
have also calculated the implied Skewness using the Mixtticeg-Normals, and
analyzed its behavior in two specific periods of our sample.

The paper is organized as follows: Section 2 revises the Ra&ktral Den-
sity literature; Section 3 shows the IDI option main chagastics; on Section 4
our methodology is described; Section 5 gives an overviewdataset; Section 6
presents the results and finally section 7 concludes the.pape

1Campaet al. (1999), Castro (2002) and Chang & Tabak (2007) are some gfahers that have
extracted RND'’s from Brazilian Real exchange rate optidvgcu (2005) compares six methods for
extracting RND of 12 emerging markets currencies agairsttd Dollar, including the Brazilian real.

10 Revista Brasileira de Financas, Rio de Janeiro, Vol. 9, N0-126, 2011



Recovering Risk-Neutral Densities from Brazilian Intérfi@ate Options

2. Risk-Neutral Density (RND)

Black's (1976) method, assume that the future price’s ¥edla geometric
Brownian motion and that the volatility is constant, i.gtions on the same asset
should provide the same implied volatility values. Howevkese are too strong
assumptions. In practice, implied volatilities vary alostgke prices and expi-
ration dates. One stylized shape of the Strike x Implied tlglafigure is the
so-called “smile”: options too in-the-money or too outtbé-money usually re-
sults in higher implied volatilities compared to at-the+mey options. Depending
on the underlying asset, other shapes occur also, such asar*or “smirk”.
This constitutes evidence against the Black’s method tbhatdvyroduce a flat line
shape.

Moreover, for interest rate options, the underlying asseeploesn’t follow a
geometric Brownian motion. The nominal interest rate candgative. Therefore,
as a consequence of the non-adherence of the Black’s metlaog,other methods
and models came out in order to incorporate the underlyisgtgwice dynamics,
such as the Vasicek (1977), Heathal. (1992) and many others. Nevertheless,
many practitioners still use the Black’s model for intenege options, given its
simplicity. This the case of the Brazilian market of IDI apis, subject of this
paper.

Once we have a set of option prices for a specific time to ntgfusie can
recover the risk-neutral probability distribution (Ro$976). Breeden and Litzen-
berger approach (1978) gives an exact forratita recover the risk-neutral den-
Sity:

o?C(K)
02K
whereC(K) is the option price as a function of the strike pri€e is the contin-
uous interest rate of the underlying as§ets the time to expiration angtf (S) is
the risk-neutral density function as a function of the uhdeg asset price.

There are many methods for recovering this risk-neutrasiggfunction pdf or
the risk-neutral cumulative distribution CDF embeddedatian prices. Jackwerth
(1999) reviews this literature, and classify these metlatdsparametric and non-
parametric.

Assuming that a CDF is defined by a limited set of parameteasmetric
methods just provide ways in order to estimate them. Jackwi@B99) divides
these methods into three groups: i) expansion methodgniiglized distribution
methods and iii) mixture methods. The expansion methodsagdjuence of cor-
rection terms in order to obtain a better-fitting distributi For instance, Jondeau
& Rockinger (2001) use Gram-Charlier expansion to extrddDRGeneralized

|s=x = e~ pdf(S) 1)

2The non-arbitrage conditiors’ (K) < 0 andC” (K) > 0 of equation (1) are satisfied since we
have ensured that: i) RND’s with negative probability déesiwere not considered and ii) the areas
under the RND curves are less than or equal to one. As we willater, we have also excluded prices
that violate the non-arbitrage conditio@ptionprice < SpotI DI — Strike x exp(—DIFut * t).
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distribution methods use distributions with some addaigrarameters in order to
obtain a better fit of the RND. This is the case of the GenerdlBeta of Second
Kind that we use in our paper which has been used in manyestiat for instance
in Liu et al. (2007). Mixture methods create new distributions from corations
of well-known simple distributions like the normal. The meemmon combina-
tion is the Mixture of Two Lognormals, which we use in our paped have been
used by, for instance, by Coutagttal. (2001).

Non-parametric methods consist of fitting CDF’s to obserdath by means
of more general functions. These methods are divided imgethroups: i) kernel
methods, ii) maximum-entropy methods and iii) curve fittimgthods. Kernel
methods use regressions without specifying the paranfetmic of the function
(for example, see Ait-Sahalia & Lo (1998)). Maximum-entyapethods fit the
CDF by minimizing some specific form of loss function, as incBan & Kelly
(1996). Curve-fitting methods try to fit some very flexibleair This is the case
of Shimko (1993) that proposed a curve-fitting method to tdesby fitting a
guadratic polynomial.

In our paper, we use three methods for recovering the risiraledistribution
(RND): i) the approach of Shimko (1993) ii) the fitting of Mixe of two Log-
normals (M2N), and iii) fitting of a Generalized Beta distriton of second kind
(GB2). We will describe these methods on section 4.

3. IDI Option Characteristics

The IDI option is the main interest rate option traded in Brakhe average
daily value of contracts traded at the Brazilian ExchangefBMBovespa in the
period from June 2¢, 2003 to April 23¢, 2009 was US$ 8.86 millions, with 36
trades each day on average.

The IDI option is of European style, and mature in the firsimess day of the
corresponding month of expiration. The underlying assehisf option contract
is an index called IDI (interbank deposit index). It is cdédad according to the
recursive formula:

IDI; = IDI; 1 (1 4 i) 2)
where }_; is the Average Rate of One-Day Interbank Deposit Certifi¢@el)
converted to percentage per day at time 1.

Since 1997, the CDI has been expressed in annual interest &atd then is
converted to daily rates in the following way:

is = (1 + isannum)/?*? —1 (3)

Thus, thel DI, index reflects the daily accumulation of the average rates of
the CDI, so that from time to 7', we have:
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T—1
IDIp = IDI, [] (1 +1s) (4)

s=t

Hence, the IDI call option payoff at expiration datés:

Cr = Maz[IDIr — K; 0] (5)

whereK is the Strike index.

The IDI index was initially set at 100.000 points on Januar§297. Then, it
was reset to 100.000 several times. One has to careful thveseht index series
when pricing and trading the option.

The IDI option has some special features that make its gridifierent from
other fixed income options. In fact, the IDI option is simitaran Asian option
on the geometric average of the one-day interbank inteaitss(€DI), between the
trade date and the expiration of the option. Therefore jticachl option-pricing
formulas for bonds must be adapted to be used with thesensptieor instance,
Vieira Neto & Pereira (2000) used the short-term rate modl&lasicek (1977)
model to obtain a closed-form formulato the IDI options, Melfajardo & Ornelas
(2003) used the CIR model (Cet al,, 1985). Barbedet al.(2010) implemented
the HIM model (Heatlet al, 1992) for ID options, which generalizes both the
Vasicek and CIR models.

Although these models use sophisticated diffusion prassfes the short-term
interest rate or the term structure, most Brazilian tradees a simple modified
Black (1976) model for pricing IDI options. They use the fgtyrice of the IDI
Index as the forward price, and then price an option ovenadad price using the
Black model. The IDI index’s future price is calculated wsthe Spot IDI and the
term structure of the CDI curve, which is derived from Intank Deposit Future
contracts (DI Futuré)

4. Methodology
4.1 Shimko:1993

Shimko (1993) suggested a non-parametric implementatitredreeden and
Litzenberger approach (1978). It consists of implied ubtatcomputation and
the interpolation of the volatilities’ curve against theike price. This approach
comprises the following steps:

1) Implied volatility computation by Black’s formula on fute price of IDI
index;

SMore information about the DI Future contracts can be found hatp://www.
cmegroup-bmfbovespa.com/pages/eng/documents/DI\_Futures\_flyer\_\_122608.pdf
and the fixed-to-CDI Swap contract. In our paper, we caleullaé future price of IDI converting all
interest rates to continuously compounded rates.
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2) Volatility smile fitting by a parabolic function of the &es;

3) CDF and pdf calculations using formulas derived by Breealed Litzen-
berger approach (1978).

We assume the volatility smile effect as a function of stpkiee X; and esti-
mate the following equation by ordinary least squares (OLS)
O't(Xt) = AO —|— Al.Xt —|— AQ.(Xt)2 (6)

Note that we need at least three data of options per day faottifgimg a
parabola uniquely. The annual implied volatility functiesi X ) is given by:

Vt(Xt) = Ut(Xt)-\/F (7)

Taking the first and second derivatives &p, we obtain:
vp = (A1 +242.X) /T (8)
v = 2A9\/T 9)

In order to obtain the CDF and the pdf, we substitute (6), (§®)ein the
following formulas (10) e (11), calculated by Breeden & kitberger (1978):

CDF(X;)|s=x = 14 F.n(dy).' — N(ds) (10)

pdf(Xt)|S:X = F.n(dl).[l/” - dl-le] — TL(dQ).dQX (11)

whereF' is the future price of the IDI index (see equation (12) below)d;) is
the Gaussian normal distribution function,

d = ZTL(F/X) + (UQ(Xt)/Q).T
o(Xe)V/T

d2 = d1 — O'(Xt)\/F

/
14
le :I/If e 7d1.—

Xv v

1,1
dox = *;(Y +dy.v'), and

exp(—d}/2)
n(d:) V2T
Through the paper the future price F of the IDI index is cadted as follows:
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F = IDIyexp(rT) (12)
wherel DI is the spot IDI index and is the interest rate of the DI future contract
with the same expiration date of the option, or the interat& interpolated from
the fixed-to-CDI Swap contract curve.

4.2 Mixture of two log-normals (M2N)

Following Melick & Thomas (1997) and Liat al. (2007) we use a Mixture of
Log-Normals to model the Risk-Neutral Densities. More $jeadly, we model
the future price of the IDI index using a mixture of two lognwals densities:

pdfvrn(zlw, Fi, o1, Fo,02) = wxpdfiy(z|Fr,01) (13)
+ (1 —w)*pdfn (x|, Fa,09)
with

1
dfin (| F,0) = ———=exp | —0.5
pdfin (2] ) xoV2nT p< { O’\/T

We use the DI future contract interest rat& reduce the number of free pa-
rameters of the distribution. We do that by making the exateant of the distribu-
tion equal to the IDI Future price:

log(x) — log(F) + 0.502T] 2)

F=IDLe'' =wF, + (1 —w)F; (14)

Therefore, we have five overall parameters, but only fouer frarameters. It is
more flexible than a single lognormal, and can represent atnt and bimodal
shapes. The parametdrs and F» are the expectation of the two distributions of
the mixture, and make possible asymmetry and bimodalitg. Sigma parameters
determine volatility and allow fat tails.

The price of an European call option is the weighted averdge/@ Black
(1976) call option formula€’, (F, T, K, rs):

C(F1,0'17F2,0'2,U},K,7”,T) = wCB(F170-1;K7T7T) (15)
+ (1—w)Cp(Fr,09,K,r,T)

One advantage of the M2N is that we have a closed-formuldfntoments,
so that we do not need to calculate them numerically as inhimal®’s case. The
Skewness and Kurtosis can be calculated from the follonangélas:

E[IDI}] = wF{ exp (0.5(n* —n)oiT) (16)
+ (1—w)Fy exp (0.5(n* —n)o3T)
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As this is an extension of the Black model, the M2N also admitative nom-
inal interest rates. This is obviously a flaw of the model sitie estimate pdf will
associate a positive probability for negative interesgsatHowever, as Brazilian
interest rates mean is very high, this problem is minimized.

The parameters estimation of the M2N was done using an adapts the
algorithm of Jondeau and Rockindéor the IDI option characteristics and data.
This algorithm estimates parameters by minimizing of theasgd errors of the
theoretical and actual option prices. However, this caoditay bring a bias be-
cause out-of-the-money options have lower dollar pricesthns will have lower
squared errors (SE) than in-the-money options. Then thithadewould have a
bias of bringing better fitting for in-the-money options.rkois reason, we have
also estimated parameters minimizing the absolute peagergrror (APE), as de-
fined by:

APE = |TP — AP|/AP (17)

whereT P is the theoretical price using the estimated parametersddnds the
actual traded price.

4.3 Generalized beta function of second kind (GB2)

The Generalized Beta distribution of the second kind (GB2)ften used to
model Income distribution (See McDonald (1984)) and was fised to model
asset’s prices in Bookstaber & McDonanld (1987). It has hesed also to extract
pdf from option prices. For instance, Dutta & Babbel (2005¢d the GB2 to
extract risk-neutral densities from US Dollar intereseraptions.

The GB2 has the following density function:

az®P~1
= 8
pdfGBQ (l‘la7b;p7 q) bapB(p, q) [1 + (Z/b)a]erq (1 )

whereB is the Beta function.

It is often assumed that all parameters are positive andtifat 0 if © < 0.
Note that this ensures that the index is not negative, batést rates may still be
negative.

As in the case of the Mixture of Normals, We use the DI futunetcact interest
rater to reduce the number of free parameters of the distribufidrerefore, we
have four overall parameters, but only three free parametée do that by setting
the expectation of the distribution equal to the IDI Futurieg

bB(p+1/a,q—1/a)
B (p,q)
4The original algorithm of Jondeau and Rockinger is avadiailthe websitdttp: //www.hec.

unil.ch/MatlabCodes/rnd.html. Among the changes we have done in the algorithm, we use
formula (14) to reduce the number of parameters.

F =1IDIyexp (rT) =

(19)
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The cumulative distribution function of the GB2' D F; 52) is defined as:

CDFGBQ (m|a, bap7 q) =1 (y|p7 q) (20)

—1
wherey = (1 + (:c/b)’a) and/ is the incomplete Beta Function.

The price of a European call option assuming that the fuldtédllows a GB2
is:

C(a,b,p,q,K,r, T) = IDI[1—1I(ylp+1/a,q—1/a)]

Kexp(—rT) [1 -1 (ylp, q)]
with y = (1 + (K /b))

This distribution has a flexible shape also. We have also mut for the
moments, when they exists.

Again parameters estimation of the GB2 was done using anatitapof the
algorithm of Jondeau and RockinderAmong the changes we have done in the
algorithm, we use formula (19) to reduce the number of patarae for the IDI
option characteristics and data. We have also estimated bsith minimization
of Squared Errors (SE) and Absolute Percentage Errors (APE)

5. Dataset

Our dataset consists of 66,489 daily average call optiaceprduring the pe-
riod from January 1% 1998 to March 28" 2009. The IDI call option contracts
were much more traded than the put ones so that we decidee@ tonlysthe IDI
call option data. Moreover, the sample was also filtered lmlyer of observations
per RND' (higher than or equal to 4) and time-to-maturity (highentbabusiness
days). We have also excluded prices that violate the nottragle conditiorf as
well as RND with negative probability densities in the Shomkethod. After all
exclusions the sample was reduced 11,099 daily averagengptices and 1,879
risk-neutral densities, through 1,456 days. Thereforehese built RND with
5.9 options on average. It is worth to mention that in the ieigig of the period
(1998-2001) we were not able to build many RND’s due to ouhesions criteria,
especially the minimum number of options per RND. This pgri@s character-
ized by low liquidity, and this may affect results.

Besides the IDI Options data, we have collected also dataiinterest rates of
futures contract of Average Rate of One-Day Interbank Dig|§ps$ Futures) that

5Thent™ moment does not exist when< aq.

6The original algorithm of Jondeau and Rockinger is avadladilthe websitattp: //www.hec.
unil.ch/MatlabCodes/rnd.html.

A set of options can be used to estimate a Risk Neutral Densign they have the same traded
date and the same expiration date.

80ptionprice < SpotI DI — Strike x exp(— DI Fut * t)
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expires at the same date as of the respective call optionfrandthe IDI index
itself.

Note that we may have problems with the lack of synchronistwéen the
traded time of the option and the DI Futures. This may inclsmi@e noise in our
risk-neutral densities.

There are some structural breaks along the CDI time seriese $he begin-
ning of the IDI call option negotiations (on July 18, 1991 Brazilian economy
has been pervaded by various shocks. Particularly, thegeritil 2002 was too
turbulent mainly due to the Asian in 1997, Russian in 1998Brazilian in 1999
crises, as we can see in CDI Figure 1:

45

-l
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. ST TN
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® Y] O N Qv > > H o Q g
SN U U I N I U U I
N Ny Ny N N N N Ny Ny Ny Ny Ny

Figure 1
CDI-CETIP annual interest rate

6. Results

We have extracted the risk-neutral densities using thetmethods — Shimko,
M2N and GB2 — for all combination of trade date and maturitgt thatisfy the
conditions described on section 5. We can draw some queditabnclusions.
First, Shimko’s method seems to be more flexible to fit optiatadbut it comes
out with very weird shapes outside the range of strikesgedinis region is actually
an extrapolation of the 2nd degree curve fitted. Therefonenihe strike range is
very narrow, Shimko’s approach turns out to be inadequate.

Mixture of Normals has a special feature that is to naturaresent bimodal-
ity. This is especially relevant for short-term maturitieden the marketis divided
into two outcomes of the COPOMneeting.

9COPOM is the committee responsible for deciding the targettfe short-term interest rate in
Brazil. Itis composed by the board of directors from the @drBank of Brazil. COPOM stands for
“Monetary Policy Committee”.
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When running the fitting procedure, we have to bound the peters of the
GB2 and M2N in order to avoid very strange shapes. Allowingapeeters very
small or very large often produce shapes not very friendly.

6.1 Goodness of fit

We assess the goodness-of-fit of the distributions to thiempgiata using the
absolute percentage error (APE). We believe that the assetausing APE is
more intuitive than squared errors (SE), since it is an emsopercentage of the
call price.

The percentiles of APE are shown on table 1. For the M2N and @8pro-
vide errors using two algorithms: one minimizing the APE atiter minimizing
SE. Obviously the algorithm minimizing APE has better resir terms of APE.

As we can see in Table 1, the M2N method provided the bestfittimption’s
data for the period of our analysis. Shimko’s method pradigieod results as well.
GB2 distribution had the worst performance, with very higtoes for the highest
percentiles.

The magnitude of the errors for the best method - the M2N niiilg APE
- was quite good. The median of 0.48% means a pricing errcgpable if we
compare with a bid-ask spread.

Table 1
Absolute percentage error

Method Percentiles
20 40 50 60 80
Shimko 0.22% | 0.89% | 1.48% | 2.45% | 7.10%

GB2 (Min APE) | 0.07% | 1.29% | 2.46% | 4.48% | 15.67%
M2N (Min APE) | 0.00% | 0.11% | 0.48% | 1.06% | 4.78%
GB2 (MinSE) | 0.64% | 1.84% | 3.07% | 4.83% | 21.74%
M2N (Min SE) | 0.22% | 0.78% | 1.20% | 1.95% | 6.94%
GB2 (Min APE) | 0.22% | 0.89% | 1.48% | 2.45% | 7.10%

We may also analyze errors conditional on moneyness andghitime. Table
2 shows that out-of-the money options had better fitting thethe-money, except
for the M2N using minimum APE, which has a very low error. We Heat GB2
performs very poorly with out-of-the-money options. Foitlie-money options,
Shimko was the best performer.

Regarding the time period, in all cases the 2003-2005 hadeisefit. The
M2N using minimum APE was the best performer in all periodssidered.
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Table 2
Absolute percentage error by moneyness and period

Method Median by Moneyness Median by Period
<-1% | [-1%;1%] >1% 1998-2002 | 2003-2005 | 2006-2009
Shimko 0.29% 1.89% 3.45% 1.71% 0.99% 1.70%
GB2 (min APE) | 1.09% 3.06% 14.02% 4.19% 1.40% 3.09%
M2N (min APE) | 0.76% 0.43% 0.00% 0.37% 0.27% 0.89%
GB2 (min SE) 1.05% 3.59% 37.92% 4.39% 1.86% 3.45%
M2N (min SE) 0.74% 1.35% 4.34% 1.24% 0.81% 2.03%

6.2 Implied skewness

In this section, we analyze the skewness implied in the RN®D/s have cho-
sen the Mixture of Log-Normals for this analysis, since thiss the best fitting
method. The implied skewness was calculated using fornifla (Note that this
skewness is for the IDI index, and not for the interest raelfit Anyway, a posi-
tive skewness indicates more fear of a sharp rise in CDI hatle & decline. Figure
2 shows the distribution of the implied skewness for all RMOHe sample. We
see that skewness are positive for most of the sample, titichat investors are
frequently worried about sharp rises in interest rates ewBr
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Figure 2
Histogram of the IDI implied skewness

We analyze the implied skewness near changes of the CDI gdnemd. For
instance, figure 2 shows the implied skewness of the calboptwith expiration
in October 2003. It shows also the continuously compounged SDI and the DI
Futures converted to interest rates with expiration on Ret@003. In June 2003,
a downward trend in the CDI interest rate has begun, follgwitonetary policy
easing performed by the Central Bank. A long-term picturéhef trend can be
better seen on figure 1.
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Figure 3 shows strong negative skewness at the end of Mag. tNat this neg-
ative skewness incorporates market expectations of agsttecline of the interest
rates, which actually happened latter. In order to analjiserocess in more de-
tail, Figure 4 shows the Implied Risk-Neutral Densitiesragted using M2N in
three specific date'$, all of them using options with expiration in October 2003.
On March 28", we had an almost symmetric distribution with center arc2ufeh.
On May 27", the market incorporated a higher possibility of a drop deriest
rates, with a negative skewed distribution. Note that tlaig there is fatter left
tail. On June 237, the distribution was again symmetric, centered in a loeeel,
under 22%. Note also that the dispersion in June was muclrlomeaning that
the market has reached a consensus regarding the folloteipg sf the monetary

policy.

——CDI Spot
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sajed Jsasaqu|
SSaUMaNS

0.19 6
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Figure 3
Spot CDI, future of DI and IDI implied skewness

Another interesting period to be analyzed is the BraziliesRlential elections
campaign of 2002. The possibility of a victory of the leftngiLabor Party candi-
date Luiz Inacio Lula da Silva leads to a rise on the fututerest rate expectations.
Figure 4 shows the implied Skewness of RND with expiratiodanuary 2003,
the continuously compounded SELIC target, and the contislyocompounded
DI Future with for the expiration on January 2003.

10Note that these RND's refer to the expected average intertestrom this date until the expiration
of this option. As these RND’s have different time to matyribey are not directly comparable.
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Risk-neutral densities for specific dates
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Figure 5
Interest rates and IDI implied skewness
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Figure 6
Risk-neutral densities for specific dates

It is interesting to note that DI Future has increased degpi¢ Selic Target
rate cut in the COPOM meeting of July #7and downward bias of the meeting
of June 19". We also see a strong positive implied Skewness, along the ye
of 2002, until October, month of the elections. Note thas$ {hositive Skewness
incorporates market expectations of a strong rise of trerést rates. Thus, no
matter the effort of the Central Bank in fostering lower netst rates, the market
was forecasting a strong possibility of a spike in the taimferest rate that actually
happened in the meeting of Octoberf"1.4The overshooting of the exchange rate
caused by capital outflows was indicating a higher inflatiothe future and this
forced the Central Bank to raise the target rate. After thieespf the target and
future rates, the skewness lowered, indicating less riskrigfe over the DI Future
rate. This episode was a typical case where the derivativkahaas indicating a
trend different from those intended by the Central Bank.

We may also analyze this episode looking to Risk-Neutralddess of specific
dates. For instance, figure 6 shows RND in Maj®nd June 2%, two days after
the meeting where COPOM decides for downward bias in thestaege. We see
that in May, the mean interest rate expectation was lowe¢shrwness was higher
(1.15 against 0.35 in May). So, market increased expeatafithe mean rate, but
reduced the probability of a spike.

Figure 7 shows another example in September and Octobrti® days af-
ter the meeting where COPOM decides to raise interest nate80d basis points.
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We see that in September, the mean interest rate expectamlower, but skew-
ness was higher (1.84 in September against 0.35 in Octdberjnarket increased
expectation of the mean rate given the rise in the targetbateeduced the prob-
ability of another spike.
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Figure 7
Risk-neutral densities for specific dates

7. Conclusion

We have estimated the IDI option-implied Risk-Neutral Dges for the Brazi-
lian short rate CDI using three methods: Shimko, Mixture wbTLog-Normals
and Generalized Beta of Second Kind. The in-sample gooefefitsevaluation
showed that the Mixture of Log-Normals method provideddrditting to option’s
data than the other two methods during the period of our aigly

We have also calculated the implied Skewness and showedtivaw provide
early-warnings of market expectations for monetary patieyelopments in 2002
and 2003. Overall, the Risk-Neutral Densities implied ohdptions seems to be
a useful tool for extracting expectations the market abotutré outcomes of the
monetary policy. It may also be used to support monetarcpaléecisions, since
it can express market expectations with details.

In order to use RND in practice, one must consider some ltroita. First,
when prices as taken from a very volatile day, time synclaation of prices may
be a problem. Another potential problem is the over fittinglafa, since we are
using distributions with 3 and 4 free parameters, and ona@eesix options per
day. Such situation may add instability to the estimationtigh time.

In future research, other RND extraction methods may bedefstr the IDI
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options, such as Kernel, Maximum-entropy or Expansion oathAlso, we may
combine interest rate and currency option-implied RiskHxbd densities to fore-
cast economic developments, and to support decisions iardes of monetary
policy, asset allocation and general business strategies.

One can also perform an out-of-sample evaluation of the RdtBciast ability.
With the available dataset it is not yet possible to have am@rlapping series
with enough data to perform such analysis. Another intergstnalysis that can
be done should we have enough data is to estimate the risgi@vdérom options
and real world data. This risk aversion parameter can be tastednsform risk-
neutral into real-world densities.
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