
Fundação Getulio Vargas
Escola de Pós-Graduação em Economia - EPGE

Thiago Neves Pereira

Essays in Macroeconomics and Public Finance

Rio de Janeiro / RJ - Brazil

2011



THIAGO NEVES PEREIRA

ESSAYS IN MACROECONOMICS AND PUBLIC FINANCE

Tese para obtenção do grau de Doutor em Economia apresentada à Escola de

Pós-Graduação em Economia da Fundação Getulio Vargas

Área de concentração: Economia

Orientador: Carlos Eugênio da Costa

Rio de Janeiro

2011



 
 
Ficha catalográfica  elaborada pela Biblioteca Mario Henrique Simonsen/FGV 
 

 
 

                   Pereira, Thiago Neves 

                       Essays in macroeconomics and public finance / Thiago Neves Pereira.   
                   – 2011.  

     163 f.  
 

                       Tese (doutorado) - Fundação Getulio Vargas, Escola de Pós-   
                   Graduação em Economia.                         
                        Orientador: Carlos Eugênio da Costa. 
                        Inclui bibliografia. 
 
                        1. Finanças públicas. 2. Impostos. 3. Reforma tributária. 4.  
                    Macroeconomia. I. Costa, Carlos Eugênio da. II. Fundação Getulio  
                    Vargas. Escola de Pós-Graduação em Economia. III. Título. 
 
                                                                                    CDD – 336.2 
 

 



THIAGO NEVES PEREIRA

ESSAYS IN MACROECONOMICS AND PUBLIC FINANCE

Tese para obtenção do grau de Doutor em Economia apresentada à Escola de

Pós-Graduação em Economia da Fundação Getulio Vargas

Área de concentração: Economia

Aprovado em 25/03/2011

Pela comissão examinadora

Carlos Eugênio da Costa

Escola de Pós-Graduação em Economia (EPGE/FGV)

Pedro Cavalcanti Ferreira

Escola de Pós-Graduação em Economia (EPGE/FGV)

Maurício Canêdo Pinheiro

Instituto Brasileiro de Economia (IBRE/FGV)

Maria Conceição Sampaio de Sousa

Universidade de Brasília (UnB)

Alexandre Barros da Cunha

Instituto Brasileiro de Mercado de Capitais (IBMEC-RJ)



Acknowledgements

I am very grateful to my advisor Carlos Eugênio da Costa for his guidance and
support in my thesis. I am also very much indebted to Pedro Cavalcanti Ferreira
and Emmanuel Saez for their help and suggestions. I benefited from comments
and stimulating discussions with Marcelo dos Santos, Luiz Felipe Maciel and Gus-
tavo Araújo.

I have a special thanks to my girlfriend Amanda Pimenta Carlos. Thanks for
supporting me in many ways.

Finally, I would like to thanks my parents, Elder and Valdê, and my brother
Murillo.

I thankfully acknowledge financial support from the Coordenação de Aper-
feiçoamento de Pessoal de Nível Superios (CAPES), Banco BBM and Graduated
School of Economics at Fundação Getulio Vargas (EPGE-FGV).



Resumo

Esta tese dedica-se ao estudo dos sistemas tributários. Eu investigo como um
sistema tributário afeta as escolhas dos indivíduos e consequentemente os recursos
do país. Eu mostro como um sistema tributário induz as escolhas das pessoas,
determinado assim as alocações de trabalho, produto e consumo da economia.

No primeiro e segundo capítulo eu examino a taxação sobre os indivíduos, en-
quanto que no terceiro e quarto capítulos analiso a incidîncia tributária sobre os
diferentes agentes da sociedade.

No capítulo um, eu examino o sistema tributário ótimo, seguindo Mirrlees
(1971) e Saez (2001). Eu mostro como seria este sistema tributário no Brasil, país
com profunda desigualdade de renda entre os indivíduos. Ademais, eu investigo
o sistema tributário afim, considerado uma alternativa entre os sistemas atual e o
ótimo.

No segundo capítulo eu analiso o sistema tributário conhecido como sacríficio
igual. Mostro como o sistema tribuária derivado por Young (1987), redesenhado
por Berliant and Gouveia (1993), se comporta no teste de eficiência derivado por
Werning (2007).

No terceiro e quarto capítulo eu examino como propostas de reforma tribuária
afetariam a economia brasileira. No capítulo três investigo como uma reforma
tributária atingiria as diferentes classes socias.

No capítulo quatro, eu estudo as melhores direções para uma reforma tributária
no Brasil, mostrando qual arranjo de impostos é menos ineficiente para o país. Por
fim, investigo os efeitos de duas propostas de reforma tributária sobre a economia
brasileira. Explicito quais os ganhos de produto e bem estar de cada proposta.
Dedico especial atenção aos ganhos/perdas de curto prazo, pois estes podem in-
viabilizar uma reforma tributária, mesmo esta gerando ganhos de longo prazo.



Abstract
This thesis is dedicated to study of tax schedule. I investigate how a tax sched-

ule could affect the individuals’ choice and consequently the resources of the coun-
try. I show how a tax schedule induce the individuals’ choice, defining hence the
allocations of labor, output and consumption of society.

In the first and the second chapters I examine the taxation of individuals, while
in the third and the fourth chapter I analyze the incidence of levies on different
agents of economy.

In the chapter one, I examine the optimal tax schedule, following Mirrlees
(1971) e Saez (2001). I show how would be the optimal tax schedule in Brazil,
charactering by a deeper income inequality among the individuals. Moreover, I
investigate a affine tax schedule, that is considered an alternative tax schedule be-
tween the current and optimal tax schedule.

In the second chapter I analyze the tax schedule known as equal sacrifice. I
show how the tax schedule derived by Young (1987), that was renewed by Berliant
and Gouveia (1993), behavior itself in the efficiency test derived by Werning (2007).

In the third and the fourth chapter I examine how tax reform proposals would
affect the Brazilian’s economy. In the third chapter I investigate how a tax reform
affects different social classes.

In chapter four, I study the better directions to a tax reform in Brazil, showing
which rearrange of levies is the less inefficient to the country. In the end, I inves-
tigate the effects of two tax reform proposals in the Brazilian economy. I define
the gains of output and welfare in each proposal. I call the special attention to
gains/loses of short run, because they could make no possible to approve a tax
reform, even though the reform could good effects in the long run.
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Introduction

This thesis is comprised of four chapters about macroeconomics and public fi-
nance. I focus on theoretical and empirical aspects of the economics of taxation.
Taxation is a powerful device for affecting the behavior of consumers. Through
taxation the government can encourage or discourage consumption, labor supply
and the distribution of resources. Therefore, the government has to create a tax sys-
tem that induces good allocations and consequently provides as higher as possible
welfare to the society.

The debate about taxation is not limited to the economic research area but also
attracts much attention in the political sphere and among individuals. Of course,
there is an important component of political economy in this debate. At the center
of debate there is the discussions about the equity-efficiency trade-off.

Along this thesis I analyze taxation in different ways. In all situations, I inves-
tigate alternative directions of changes for the current tax system. Although most
of this thesis is dedicated to Brazilian economy, the results could provide useful
academic and policy research discussion about tax system worldwide.

The current Brazilian tax system is too complex and is viewed as a barrier to the
sustainable growth. It is responsible to many distortions in the economy. For this
reason, I investigate the alternative allocations to the incidence of taxes into dif-
ferent tax base, i.e. consumption, investment, labor income and capital tax bases.
Specifically to labor income, I also analyze a non-linear tax among individuals.

The first chapter computes the optimal non-linear income tax schedule for Brazil,
following the lead of Mirrlees (1971) and Saez (2001). My first contribution is to
take into account the non-linearity that is present in the current labor income tax
system when we back up the distribution of skills from the labor income data. I
use a separable specification for preferences and consider different levels of risk
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aversion. By varying the level of risk aversion I capture both variations in the pref-
erences for redistribution and variations in the elasticity of labor supply. I compare
the welfare gains associated with changing the current tax system. I also consider
the loss in efficiency that arises as a consequence of my restricting myself to affine
income tax schedules.

The second chapter investigates efficiency properties of an income tax schedule
derived under the minimum equal sacrifice criterion in a Mirrlees (1971) setting.
The shape of equal sacrifice tax schedules does not depend on the underlying dis-
tribution of productivities which is in contrast with schedules resulting from the
maximization of a social welfare functional. It is not hard, then, to find examples
of economies for which equal sacrifice tax schedules are inefficient. This result
is, however of little practical relevance since we do not ’choose’ the underlying
distribution of skills. Our focus is on the more relevant question of whether inef-
ficiencies are likely to arise for preferences and distribution of productivities com-
patible with empirical distributions of income. We show that the methodology in
Werning (2007) can be used to address this question. We find that, although un-
der reasonable parameters for preferences and the distribution of productivities an
equal sacrifice schedule may be inefficient, for our best specifications, inefficiency
only arises for extremely high levels of income.

The third chapter analyzes the effects of a tax system that is built around in-
come tax or consumption tax. Much of the interest in tax policy arises from the
widespread belief that taxes on income and on savings tend to lower long-run in-
come by retarding the creation and expansion of firms and by discouraging work-
ers and investments. Following this belief, Brazilian government has proposed a
tax reform which, basically, replaces tax on investment and on labor with tax on
consumption. In this chapter, I develop a dynamic general equilibrium model with
heterogeneous agents to guide my quantitative assessment of the economic and
distributional implications of such tax reform. The model is calibrated in such a
way that it matches some selected features of the Brazilian economy. I also use the
calibrated model to calculate the deadweight loss of each type of taxation and thus
provide some rationality for that rearrangement in the tax system. The main result
of the chapter is that, even though the tax reform increases the asset accumulation,
labor and output of economy, it also raises the welfare inequality as borrowing
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constrained individuals cannot take advantage of the drop in tax on savings.

The last chapter analyzes two tax reform proposals for Brazil. The first proposal
is the government’s proposal and the second is the Brazilian National Confeder-
ation of Industry’s (CNI) proposal. My focus is on the macroeconomics effects as
measured by changes in consumption, stock of capital and output. More impor-
tantly I try to measure the welfare consequences of such proposals. In my analysis I
consider the neoclassical capital accumulation model with a representative agent.
I also calculate the Marginal Cost of Public Funds (MCF) from the different tax
bases in Brazil. The MCF points to the most favorable directions for a tax reform.
With regards to the specific proposals, I show that both proposals could increase
the efficiency in the economy and cause a Pareto improvement to the society.
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Chapter 1

The Optimal Labor Income Tax

Schedule for Brazil

1 We compute the optimal non-linear income tax schedule for Brazil, following the
lead of Mirrlees (1971) and Saez (2001). Our first contribution is to take into ac-
count the non-linearity that is present in the current labor income tax system when
we back up the distribution of skills from the labor income data. We use a separa-
ble specification for preferences and consider different levels of risk aversion. By
varying the level of risk aversion we capture both variations in the preferences for
redistribution and variations in the elasticity of labor supply. We compare the wel-
fare gains associated with changing the current tax system. We also consider the
loss in efficiency that arises as a consequence of our restricting ourselves to affine
income tax schedules.
JEL Classification: H20, H21, H30
Keywords: Optimal Non-linear Taxation, Distribution of Skills, Affine Tax System

1.1 Introduction

In this paper we analyze and propose some options of income tax reform. Our
attention is on indirect (consumption taxes) and income taxation. Our first target

1This is joint work with Carlos Eugênio da Costa.
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is the simulations of optimal income taxation in Brazil. Our main references are
Mirrlees (1971) and Saez (2001).

Our first departure from Saez (2001) is the approach we use to create the skill
distribution. In Saez (2001), the distribution of skills is backed up from the em-
pirical distribution of income by approximating the labor income tax schedule by
a linear one. That is, given an assumed utility function defined over labor and
consumption one derives the level of skills that is compatible with the observed
taxable income, under this linear tax schedule. We, instead, allow for the non-
linearities that characterize the Brazilian income tax schedule.

We derive optimal income taxes for different values of risk aversion under a
separable specification for preferences. By varying the degree of risk aversion we
capture both changes in the willingness to redistribute income and the elasticity
of labor supply.2 We observe that the optimal tax schedule is sensitive to the risk
aversion and labor supply elasticity. In our simulations, we consider a risk aver-
sion parameter equal, smaller and bigger than those considered by Mirrlees (1971)
and Saez (2001). Our labor supply elasticity parameter has a smaller value than
Saez (2001).3

With these parameters, the compensated and uncompensated elasticities and
the income effects vary across the skill distribution. As we see below, the compen-
sated elasticity has an important role in the optimal income taxation formula. We
show that the marginal tax rate is increasing in the risk aversion and labor supply
elasticity parameters.

The second goal of this paper is propose and analyze a new simple income tax
schedule in Brazil. This new tax schedule is completely defined by a constant
marginal tax rate and a cash transfer per head. The idea is to find a feasible new
tax schedule that is more efficient than the current tax schedules. Other impor-
tant characteristic in the new schedule is to be easy to implement. Additionally,
we want to investigate the effects of cash transfer program in the labor supply,
consumption and utility.

The paper is organized as follows. In the section 2 the general model is intro-
duced. First we present the benchmark model and after the Mirrlees model. In the

2Chetty (2006) uses labor supply elasticities to bound risk aversion.
3He considered the labor supply elasticity equal to 3 and 5 in his simulations
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section 3 we explain our data and the methodology. The section 4 is dedicated to
our results. We split this section in four parts. In the first part we present the re-
sults to benchmark model. In the second part we present optimal income taxation
results in Brazil. In the third part we present the optimal taxation in United State
according to our procedure. In the forth part we present the results to the new tax
schedule in Brazil. Section 5 is devoted to concluding remarks. In the Appendix
we show the complete derivation of our model and some useful figures.

1.2 Model

1.2.1 The Benchmark Model

Following Mirrlees (1971), consider a two good model in which a continuum mea-
sure one of individuals have identical preferences defined over consumption, c,
and effort, l, represented by u(c, l). u(.) is a smooth strictly concave function,
strictly increasing in c and decreasing in l.

Individuals differ with respect to their productivity, w, which we shall also refer
to as their skill. The cross-sectional distribution of productivity is F (.) with associ-
ated density f(.). An individual with productivity n needs to put effort l = y/w to
generate output y whereas an individual with productivity w′ needs to put effort
l′ = y/w′ to generate the same output. Because we consider a competitive econ-
omy, y is also an individual’s earnings, y = wl, and we shall use the terms output
and earnings interchangeably.

We may represent the preferences of an individual of productivity w in the con-
sumption earnings space as U(c, y;w) = u(c, y/w). We shall make extensive use
of this latter representation when we derive the optimal income tax schedule. For
now, however, note that given any labor income tax schedule T (.) note that an
individuals’ budget constraint is c ≤ y − T (y).

Now, consider an individual who is earning y, and paying a total of T (y) in
taxes. If T (y) is differentiable at y let τ = T ′(y) be the marginal tax rate and R =

τy−T (y) be the virtual income.4 We may use this linear approximation of a type-w
individual’s budget constraint around his optimal choice, y, c ≤ y(1 − τ) + R, to

4If the tax schedule is not affine, then τ is itself a function of y.
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define the following problem:

max
cw,yw

U(c, y/w) (1.1)

s.t. c = y(1− τ) +R. (1.2)

The solution to this problem defines y(1− τ, R, w) and c(1− τ, R, w).

Following Saez (2001) we further define the compensated and uncompensated
price elasticities as well as the income elasticity of earnings through

ζc =
1− τ
y

∂y

∂(1− τ)

∣∣∣∣
u

,

ζu =
1− τ
y

∂y

∂(1− τ)
,

and
η = (1− τ)

∂y

∂R
,

respectively.
The Slutsky equation,

ζc = ζu − η, (1.3)

relates the three elasticities.
The compensated elasticities is always non-negative. In all the discussion that

follows we assume that leisure is not an inferior good. The functional forms that
we use in the numeric exercises will also imply this property.

1.2.2 The Mirrlees Model

For sake of completeness, in this section we derive the optimal income taxation
schedule, following Mirrlees (1971). We, then, relate the expressions found herein
to those in Saez (2001). The main advantage of his representation is to relate op-
timal tax formulae to well known empirical parameters. Our focus on Mirrlees
(1971) is due to the fact that, although Saez (2001) provides an interesting way
of deriving the expressions for the optimal tax, his approach is not suited for the
actual computational implementation.

As discussed before, an individual’s consumption as a function of his or her
earnings is c(y) = y − T (y), where T (y) is the tax function.
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The government chooses a tax schedule to maximize a given social welfare
function G(u) subject to raising enough resources to meet an exogenously given
expenditure level. Mirrlees (1971) tackled this very complex problem by solving
the primal mechanism design program of maximizing

W =

ˆ ∞
w

G(u(w))f(w)dw,

whereG(.), is an increasing and concave function of utility u(w) = U(c(w), y(w);w).
This maximization is subject to a resource constraint of the form

ˆ ∞
w

(z(w)− c(w)) f(w)dw ≥ E, (1.4)

whereE is the government expenditures, and an incentive compatibility constraint,

n ∈ arg max
w̃

U(c(w̃), z(w̃), w)∀w. (1.5)

Recall that f(w) is the density associated with the cumulative distribution of
skill F (w), w ∈ [w,∞], where w > 0.

Under single-crossing, which obtains in our case if consumption is normal,5 the
local necessary conditions

Uc(c(w), z(w), w)c′(w) + Uy(c(w), y(w), w)y′(w) = 0 (1.6)

and y′(w) ≥ 0 may substitute for the global constraint (2.3).
As it turns, it is sometimes easier to work in the (u, y) space by defining function

ψ implicitly through

U(ψ(u(w), y(w), w), y(w), w) = u(w).

Then, using the envelope condition

Uw(ψ(u(w), y(w), w), y(w), w) = u′(w),

to substitute for (1.6), we have completely eliminated c(w) from the program.
This will be useful for us to provide an heuristic examination of the optimal

tax formulae. Toward this end let us specialize to the case of separable iso-elastic
5Normality of consumption is sufficient, not necessary.
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preferences and ignore for the moment the monotonicity condition. For lack of a
better name, we call this problem without the monotonicity constraint, a relaxed
problem.

Let
u(c, l) = ν(c)− h(l)

where h(l) = lγ/γ and ν(c) = c1−ρ(1− ρ)−1.
Next, define θ = w−γ and let φ(θ) is the density induced by f(w). Abusing

notation somewhat, let

u(θ) = v(ψ(u(θ), y(θ), θ))− θy(θ)γ/γ,

then using the envelope condition6

u′(θ) = −y(θ)γ/γ.

Now, the Lagrangian associated with the planner’s problem Utilitarian criterion is

ˆ θ̄

0

{u(θ)φ(θ) + µ(θ) [u′(θ) + y(θ)γ/γ] + λ [y(θ)− ψ(u(θ), y(θ), θ)− E]φ(θ)} dθ.

Integrating the second term by parts we get

ˆ θ̄

0

{
u(θ)φ(θ)− µ′(θ)u(θ) + µ(θ)

1

γ
y(θ)γ + λ [y(θ)− ψ(u(θ), y(θ), θ)− E]φ(θ)

}
dθ

−µ(θ̄)u(θ̄) + µ(0)u(0).

It is then straightforward to see that

µ′(θ) = φ(θ)− λφ(θ)ψu(u(θ), y(θ), θ),

which, from µ(θ̄) = µ(0) = 0 implies

λ =

{ˆ θ̄

0

c(θ)ρφ(θ)dθ

}−1

,

6Alternatively we could use Milgrom and Segal (2002) to write the incentive compatibility constraint as

u(θ) = u(θ̄) +
1

γ

ˆ θ̄

θ

θ̃y(θ̃)−γdθ̃.
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and

µ(θ) =

ˆ θ

0

1− c(θ̃)ρ
{ˆ θ̄

0

c(θ)ρφ(θ)dθ

}−1
φ(θ̃)dθ̃.

Next, note that
µ(θ)

φ(θ)
y(θ)γ−1 = λ

{
θy(θ)γ−1

c(θ)−ρ
− 1

}
can be written

y(θ)γ−1

φ(θ)

ˆ θ

0

{ˆ θ̄

0

c(θ̂)ρφ(θ̂)dθ̂ − c(θ̃)ρ
}
φ(θ̃)dθ̃ =

θy(θ)γ−1

c(θ)−ρ
− 1.

This expression fully describes how marginal tax rates are determined in this sim-
ple setting. A full derivation for the case with non-separable utility is found in
Mirrlees (1971, 1976). In the appendix A, we discuss the problem that arises when
the solution to this relaxed problem is not monotonic.

This expression is the one used in our computational exercise. Yet it conveys
little about the forces at work. We shall, then, present (and show the derivation
in the appendix A) a more intuitive expression found in both Diamond (1998) and
Saez (2001). We maintain the separability assumption Ulc = 0, and write

T ′(wl)

1− T ′(wl)
=

(1 + ζuw)

ζcw

(
1− F (w)

wf(w)

)
uc(w)

ˆ ∞
w

[
1

uc(w̃)
− G′(uw̃)

λ

](
f(w̃)

1− F (w)

)
dw̃.

(1.7)

The subscripts w represent the fact that a parameter is computed at the skill
level w. There are also two transversality conditions, µ(w) = µ(∞) = 0, which
allows us to derive the expression for λ for general social welfare function,

λ =

´∞
w
G′(uw̃)f(w̃)dw̃´∞

w
uc(w̃)−1f(w̃)dw̃

.

Terms ζc and ζu are respectively the compensated and uncompensated elasticities
of earned income.

Equation (1.7) can be rewritten as

T ′(wl)

1− T ′(wl)
= A(w)B(w)C(w)D(w), (1.8)
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where
A(w) =

(1 + ζuw)

ζcw
,

B(w) =
1− F (w)

wf(w)
,

C(w) = uc(w),

and
D(w) =

ˆ ∞
w

[
1

uc(w̃)
− G′(uw̃)

λ

](
f(w̃)

1− F (w)

)
dw̃.

The A(w) term expresses labor supply responses in uncompensated and com-
pensated elasticities. Keeping others things constant, the marginal tax rate is de-
creasing in ζc and ζu. As described by Tuomala (2006), the greater income effect
in absolute compared to uncompensated effect implies in an higher marginal tax
rate. As the elasticity varies across population, it is important to know how the
elasticity varies with the wage rate.

The second term, B(w) is known as the inverse hazard ratio. It tells us how
the shape of the distribution of skills affects the optimal marginal tax at the level
w. When we increase the marginal tax rate at the some w∗, we collect more rev-
enue from individuals whose productive is above w∗. Since these individuals are
1 − F (w∗) in number, the higher this term the largest the gain from increasing the
marginal tax rate. The very same increase results in a lower output of individuals
of skill n. According to equation (1.7), the marginal tax rate is higher when f(w) is
lower and wf(w) is smaller.

Note that, if we raised the marginal rates on very low earnings, we would sub-
stantially raise the tax revenue, for most of the taxpayers have earnings higher
than this low level. Moreover, the higher marginal rates at the bottom have very
marginal effects to this group due to the low value of n.

The third term, C(w), reflects both income effects, and differences in the social
value of income. The higher the income effects (in absolute value), the higher is the
marginal tax rate. In this kind of model, when there is the income effects, the gov-
ernment is concerned with the income inequality among the individuals, whilst in
the quasi-linear case, the government is worried about the utility inequality.

The fourth term, D(w), incorporates distributional concerns. The integral in ŵ

measures the social welfare gain from slightly increasing the marginal tax rate at
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w and distributing as a poll subsidy to those below w. The integral increases in
w until a skill level w∗ and decrease after w∗. The turning point depends on the
Lagrange multiplier, λ, also known as marginal social cost of public funds.

Since the integral affects the marginal tax rate positively, this means that the
range over which the latter increases also stretches further. Therefore, more tax
revenue leads to a less progressive tax structure. The intuition is that the lower is
the revenue requirement, the more the government can afford to support the poor
by a generous poll subsidy, recouping at least part of this by a pattern of rising the
marginal tax rate on the better off.

The exact pattern of this term in the equation (1.7) follows as n rises depends on
the social welfare function and the shape of the skill distribution. So the shape of
the skill distribution is also important here. Moreover it is obvious in the integral
term in the equation (1.7) that the functional form of uc has the important role in
the determining the shape of the schedule.

Note that if we specialize (1.7) to the preferences we have used,

T ′(y(w))

1− T ′(y(w))
=

1 + ζuw
ζcw

c(w)−ρ

wf(w)

ˆ ∞
w

[
c(w̃)ρ −

ˆ ∞
w

c(w)ρf(w)dw

]
f(w̃)dw̃,

which is quite close to the expression we found.

1.3 Methodology

1.3.1 Income Data

In this paper, one of our objective is to find the optimal income tax schedule for
Brazil. Our first step is to consider the empirical income data of National House-
hold Sample Survey (PNAD7) in 2006. As every survey, PNAD is subjected to er-
rors in its collection or in different way. Trying to eliminate part of these troubles,
we have refined the original income sample.

In the first procedure, we have chosen individuals that work between 30 and
60 hours per week. Additionally, we also have chosen individuals with income
more or equal than R$100 (one hundred reais) and less or equal than R$120, 000

7Collected by Instituto Brasileiro de Geografia e Estatística (2006).
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per month. After these procedures, we have 133, 118 observations in our sample
which we use to create distribution of skills.

Figure 1.1: Empirical Wage Income Distribution and Kinks
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In 2006, the Brazilian’s income tax system had three marginal tax rate. The first
income marginal tax rate was 0% for individuals’ income between R$0− 1, 257.12

per month. The second group facing a marginal tax rate of 15% included individ-
uals with income above R$1, 257.12 and up to R$2, 512.08. Finally, the individuals
with incomes above R$2, 512.08 faced a marginal tax rate equal to 27.5%.

However, in our metric of taxation, besides the income tax, we also consider
the indirect levy. The indirect levy or consumption tax has the same incidence on
all groups. According to Pereira (2008), the indirect tax rate was 16.97% in 2006.
Using the equivalence between taxes 8, the effective marginal tax rate for each
group is respectively 15.25%, 27.97% and 38.56%. We use these values to create

8We can rewrite the equation p(1 + tc)c ≤ (1− tl)y as pc ≤ (1− τ)y, where τ = 1− (1−tl)
(1+tc)

.
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the distribution of skills and to solve the benchmark model.

The empirical income distribution9 is presented in Figure 1.1. We plot the em-
pirical income distribution with the kinks of current tax system. According to our
empirical income distribution, 81.16% of taxpayers are in the first group, that pay a
marginal tax rate equal to 15.25%. In the second group we have 9.63% of taxpayers
that pay 27.97% and in the last group, we have only 9.21% of taxpayers that pay a
marginal tax rate equal to 38.56%. The modal value is equal to R$350.00, the mini-
mum wage in 2006. If an individual had earnings above R$3, 000, he or she would
be in the top 5% of earning distribution and if an individual had earnings above
R$7, 000 reais, he or she would be in the top 1% of earning distribution.

1.3.2 Distribution of Skills

We cannot directly apply equation (14) in Saez (2001) because the earnings distri-
bution is affected by taxation. We, thus, need to back up the underlying distribu-
tion of skills from the distribution of income and the current tax schedule. That is,
if we are to use the equation (1.7), and we have to create an exogenous distribution
of skills that replicates the empirical earnings distribution. After this procedure,
we can use the approximated distribution of skill to perform our numerical simu-
lations.10

Given the income distribution, the current tax schedule and the utility function
we can find the empirical distribution of skills, as in Saez (2001). Contrary to Saez
(2001) in that we take into account the non-linearity of the current labor income tax
schedule.

At this point it is worth noting one thing. Our procedure is a little different
from Saez (2001). He approximated the empirical earnings by a parametric dis-
tribution. In other words, he supposed that the earnings in United States follows
a Pareto distribution. Thus, given the smoothed earnings, the linear tax rate and
the utility function, he recovered the skills and consequently the skill distribution.
In our procedure, we consider the empirical earnings and the non-linearity of cur-

9The empirical income distribution was estimated by Gaussian kernel density distribution.
10Note also that given the empirical earnings distribution and the tax schedule, when we change the utility

function parameters, we also generate a different distribution of skills. In Figure 1.2 we plot the empirical and

approximated distribution of skills according to the risk aversion and labor supply elasticity parameters.
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rent labor income tax schedule to recover the empirical skills. Given the empirical
skills, we smooth the empirical skills by a parametric distribution. In our case, we
use a Generalized Pareto distribution.

To illustrate the procedure let us focus on a very convenient specification of
preferences,

u(c, l) = ln c+ γ ln(1− l). (1.9)

Assume that an individual has productivity n and faces a linear income tax
schedule, T (y) = τy. The individual’s maximization problem is to maximize (1.9)
subject to c ≤ y(1− τ). It is not hard to see that y(w) = w/(γ+ 1). If we can observe
the distribution of y, which is just the cross-sectional distribution of labor income
in the society, we can, define w(y) = y(γ + 1), the inverse of y(w) and recover the
distribution of w.

Roughly speaking, this is the procedure adopted by Saez (2001) in his seminal
paper. This procedure works fine provided that the income tax schedule is reason-
ably well approximated by a linear tax function. The problem here is how to define
what a reasonable approximation is in this context.

To try and handle this issue in the simplest possible manner, we recognize the
non-linearity that is present in the Brazilian income tax schedule when we recover
the distribution of skills. What makes this task feasible is the use of a linear ap-
proximation along each individual’s choice.

Let us get back to our previous example, and recall our definition of virtual
income, R(y),

R(y) = τy − T (y).

where we have now made explicit its dependence on y.

First assume that the tax system is progressive in the sense of non-decreasing
marginal tax rates and note that the current tax system is piecewise linear with a
finite number of kinks. Let zi, i = 1, ..., w, yi < yj for i < j, be the income levels
where there is a kink in the income tax schedule. Define τi as the marginal tax rate
that applies to all individuals earning y such that yi < y < yi+1 and let us first focus
on an individual that is not choosing in a kink of the tax system. In this case, we
have that R(y) = Ri for all y ∈ (yi, yi+1), where yi is the highest income level that is
less than y and for which there is a kink. That is yi < y, and y < yj for all j > i.
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Let us then get back to an individual’s maximization problem. We can split it
into two parts. First, for an individual with productivityw and for each pair (τi, Ri)

define ŷi(w) as the solution for this problem.
So the solution for the individual’s problem is11

ŷ(w) =
w(1− τi)− γRi

(γ + 1)(1− τi)
.

Next define yi(w) through:
yi(w) = yi−1 if, ŷi(w) 6 yi−1

yi(w) = ŷi(w) if, yi−1 < ŷi(w) 6 yi

yi(w) = yi−1 ifŷi(w) > yi

This will define

V (τi, Ri;w) ≡ ln(yi(w)(1− τi) +Ri) + γ ln(1− Yi(w)/w)

Then, the second stage is simply that of choosing

u(w) ≡ max
i
{V (τi, Ri;w)}Wi=1 .

When there are concave kinks in the budget set defined on the Y ×C space, then
we have that yi(w) = yi for all individuals such that V (τi, Ri;w) = V (τi−1, Ri−1;w).
If this is the case, define, the set

Wi ≡ {w ∈ [w,∞];V (τi, Ri;w) = V (τi−1, Ri−1;w)}, (1.10)

the set of all types that are bunched at yi. Concave kinks in the budget set means
that these sets are not singletons, i.e. the presence of a concave kink leads to a mass
point in all yi’s.

The main difficulty that this situation imposes on us is that, in principle, we
cannot distinguish these individuals from observing their incomes. A simple way
for us to deal with this issue would be to assume that the density is flat along these

11It is now easy to see that the affine function

wi(y) = (γ + 1)y +
γ

1− τi
Ri

generalizes wi for all income levels y ∈ (yi, yi−1).
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intervals. Alternatively, we could use a spline to try to complete the empirical
distribution.

There are two reasons why we believe that this should not pose too much of
a problem for us. First it should however have little impact on the tax schedule
we derive since we use a parametrized distribution that we shall adjust to this em-
pirical distribution of skills. Second, as it turns we do not observe these bunching
points in the data.

The Parametrized Distribution We choose the Generalized Pareto (GP) distribution
to fit the empirical distribution of skills. The GP distribution fits well at the upper
tail. Previous papers has used the log-normal distribution, despite the fact that it
approximates very poor the empirical distributions at the top and bottom tails.

The parameters of Generalized Pareto distribution are chosen so that the skill
distribution replicates the empirical earnings distribution. The GP has three pa-
rameters, σ, κ and µ. Specifically we choose these parameters to as much as pos-
sible recreate the income distribution and the empirical distribution of skills and to
match the empirical ratio expenditure/GDP. The GP probability density function
is given by

f(w | κ, σ, µ) =

(
1

σ

)(
1 +

κ(w − µ)

σ

)−1− 1
κ

(1.11)

where the Generalized Pareto distribution with the tail index (shape) parameter κ,
scale parameter σ and threshold (location) parameter, µ, evaluated at the values
in w. If κ = 0 and µ = 0, the GP distribution is equivalent to the exponential
distribution. If κ > 0 and µ = σ/κ, the GP distribution is equivalent to the Pareto
distribution.

We plot the empirical and approximated skill distribution in the Figure 1.2 to
all parametrization that we consider in this paper. In the appendix B, the Figure
1.11 displays one case to make easier to observe the fit between empirical and
approximated skill distribution.

In the Figure 1.3 we observe that the hazard ratio is very high at the bottom
of income distribution because wf(w) is close to zero while 1 − F (w) is close to
one. At the top, the hazard ratio converge to levels that depend on the parameters
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Figure 1.3: Hazard Ratio - 99% of Individuals
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of risk aversion and the elasticity of labor supply. In the appendix B, we plot the
hazard ratio function to 99.9% individuals in Figure 1.13. It is easier to observe that
the hazard ratio is almost stable for earnings above R$9, 000 reais.

Holding the Frisch elasticity of labor supply constant the hazard ratio at the
top is lower when risk aversion is smaller and it is bigger when risk aversion is
higher. In all cases considered, the hazard ratio is L-shaped while in Saez (2001),
the hazard ratio is U-shaped.

According to equation (1.7), the optimal marginal tax rate is increasing in the
hazard ratio. Thus, we expect the higher hazard ratio (risk aversion) to induce
a higher optimal marginal tax rate. Saez (2001) found a hazard ratio around 0.5

while we found a range between 0.45 and 1.1. It is easy to observe that, at the top,
the hazard ratio has a smaller variance when γ = 2 than in the case where γ = 1.25.

Convex Kinks Before closing this section, a word is due on convex kinks in the
budget sets, which is induced by regressivity in the income tax schedule. Now, let
yj be a point where the tax system induces a convex kink in the agents’ budget set.
The issue now is that there will be a productivity level n such that any individual
with productivity nwill be indifferent between to levels of earning y′ and y′′ where
y′ < yi < y′′. Nobody would be observed choosing between these two values. It
should be noted that this observation does not create any difficulty for our proce-
dure since the set of agents that are indifferent between two levels of earnings is of
measure zero.

1.4 Results

In our simulation, we calibrate our model along the lines of Mirrlees (1971) and
Saez (2001) to represent the Brazilian economy in 2006 The government’s expendi-
tures E are set at 24.91% of output. It is important to remember that we consider
both consumption and labor income taxes rates in our simulations.

The utility function is of form u(c, l) = c1−ρ

1−ρ −
lγ

γ
, where ρ is the parameter of

risk aversion and γ is the parameter of labour supply. In our simulations we use
the following values for risk aversion, ρ = {0.5, 1, 2} and for the parameter of labor
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supply, γ = {1.25, 2}.12

We consider two social welfare criteria. The first is the Utilitarian criterion,
where G(u) = u, respectively G′(u) = 1. The second criteria is the Rawlsian crite-
rion, where G′(u) = 0.

1.4.1 The Benchmark Model

The benchmark model is the one that results from applying the current tax system
to the distribution of skills that results from solving problem (1.1). The marginal
taxes rate, τ , are the values described in the last section. The virtual income is the
empirical values in 200613. Ideally the model would exactly replicate the Brazilian
economy in 2006. The approximations we use, however make it diverge somewhat
from the actual data.14

Table 1.1 summarizes some statistics for the data and the benchmark model,
like value per percentile, the Expenditure/GDP ratio, mean, variance, etc. It also
displays the empirical and the benchmark earnings according to label supply elas-
ticity and risk aversion parameters. For example, in the percentile 50, the individ-
ual earns R$500 reais, while in the benchmark model with γ = 1.25, the earnings
are R$292.49, R$368.63 and R$509.92, respectively to ρ = 0.5, ρ = 1 and ρ = 2.

The large difference in the standard deviation is explained by the peeks in the
empirical distribution. As the approximated distribution is smoother, the values
are spread following a parametric distribution. In contrast, the empirical has many
peeks along the distribution. There are cluster points in the empirical distribution,
that could be explained because the wages are discontinuous.

In Figure 1.4 we plot the empirical and the approximated (benchmark) earnings
associated with different parameters for the cumulative function of individuals.
The graphics in the left side are plotted to 90% of individuals that are sorted by
earnings (skills). In the right side we have the individuals that belong to the range
between the percentile 90% and 99% of earnings.

12When ρ = 1 the utility function has the form u(c, l) = ln(c) − lγ

γ
. γ is directly associated with the Frisch

elasticity of labor supply ηf . When γ = 1.25 the Frisch elasticity is equal to 4, ηf = 4 and ηf = 1 when γ = 2.
13The empirical virtual income to the first group was zero (0), to the second group was R$159.70 reais and

to the last group was R$422.15 reais.
14For example, in the benchmark model, individuals do bunch at kinks.
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Figure 1.4: Earnings versus Cumulative Function
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Figure 1.4 and the Table 1.1 suggest that model with ρ = 2 fits the empirical
earnings better than the models when ρ = 0.5 and ρ = 1. In general, our approx-
imation fits the empirical earnings very well. The exception could be made after
the percentile 98%. The benchmark earnings grow faster than the empirical earn-
ings after the 98% of sample. The approximated earnings values are higher than
the empirical earnings. We explain the "bad" fit at the bottom due to the behav-
ior of empirical earnings distribution at the bottom. The empirical earnings data
have an increase in the density function at the bottom before the model (see Figure
1.10 in appendix B). We can also observe that there is bunching in the kinks in our
benchmark (approximated) data, which is contrast with the actual data.

Figure 1.5: Compensated Elasticity, Uncompensated Elasticity and Income Effect - 99% of

Individuals
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Other important result is the direction and magnitude of the uncompensated
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and compensated elasticities and the income effect. Figure 1.5 we plot the direction
and magnitude of each elasticity to 99% of population. The compensated elasticity
is decreasing in ρ and is always positive. The estimated income effect depends
on risk aversion and labor supply elasticities. Keeping the labor supply elasticity
constant, the resulting income effect is increasing, in absolute values, in earnings
(skills). In Figure 1.12 in appendix B we plot the elasticities to 99.9% of population.

According to equation (1.7), the optimal marginal tax rate is decreasing in com-
pensated elasticity and increasing in the uncompensated elasticity. The uncompen-
sated elasticity is decreasing in risk aversion and it changes its signal from positive
to negative.

The term A(w) in equation (1.8) may be written as 1
ζc

+ ζu

ζc
. Because ζu is always

smaller than 1, 1
ζc
> ζu

ζc
. Therefore, the compensated elasticity’s effect dominates

the term 1+ζu

ζc
. Although the sign of ζu changes from positive to negative when we

increase risk aversion, the uncompensated elasticity’s effect could only attenuate
or intensify the effects of compensated elasticity on termA(w) but never change its
sign.

1.4.2 The Optimal Taxation Model

In this section, we present our simulations for the optimal non-linear tax schedule
for Brazil. As we said before, we consider different values for ρ and γ. These utility
functions generate a compensated elasticity that varies with earnings.

Table 1.2 summarizes the welfare measure according to different parameters for
the utility function and different social welfare criteria. As expected, at the optimal
schedule there are some individuals that are better off and individuals that are
worse off than in the benchmark case.15 The gains are located at the bottom and at
the top and the loses in the center of distribution. As we consider the Generalized
Pareto (GP) Distribution, the number of individuals at the bottom is very large
when compared to number of individuals at the top. One reading is that an optimal
tax schedule increases the utility to the poor individuals.

15This should be the case if we consider the findings in Mattos (2008) which shows that the Brazilian tax

system is Paretian. However, because he considers different functional forms and data sets, it is not obvious

that his result would apply to our setting.
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A possible reading of our result is that the social welfare function implicit in
the Government’s decision places more weight on richer individuals than what is
implied by a utilitarian SWF. This is not in contradiction with Mattos (2008) since
we are allowing for a direct desire for redistribution through the concavity of the
individuals’ utility functions.

Figure 1.6: Optimal Marginal Tax Rate - 99% of Individuals
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The results for the optimal marginal rates in our simulations are plotted in Fig-
ure 1.6 for monthly earnings in reais (R$). Within this range of earnings we find
about 99% of individuals. In Appendix B we plot the same picture for 99.9% of our
population (see Figure 1.14).
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The range of values of skill distribution is bounded at the bottom, i.e., [w,∞],
with w > 0 and the distribution is unbounded distribution at the top. Our values
for the Marginal Tax Rate (MTR) at the bottom of distribution are smaller than
those in Saez (2001) and Tuomala (2006). As expected, the level of the optimal
marginal rate depends on the risk aversion and labor supply parameters.

In all situations, the optimal tax schedule has the form of inverted U-shape for
the Utilitarian criterion. We verify that the optimal tax schedule leads to increasing
earnings, y′(w) > 0. It is the necessary and sufficient condition for individual
second-order conditions explained in details in Mirrlees (1971).

When γ = 1.25, the optimal marginal rate is increasing in earnings for most of
the range. It falls dramatically at the top and is equal to 0 for the most productive
individual. This 0 (zero) marginal tax rate at the top is necessary for efficiency
as shown by Sadka (1976) and Seade (1977). We do not focus on this result that
depends on the boundedness of the skills distribution. We believe this is not a
good representation of the relevant distribution of skills.

The maximum optimal marginal rate is around 43%, 68% and 98% respectively
to the risk aversion parameters equal to ρ = 0.5, ρ = 1 and ρ = 2.

When γ = 2, the marginal tax rates is very close to the case γ = 1.25. However,
the marginal tax rate is a little higher than in the first case, the exception is in the
case ρ = 2. The maximum marginal tax rate for ρ = 0.5, ρ = 1 and ρ = 2 are,
respectively, 54%, 75% and 96%.

The Rawlsian criterion yields higher marginal rates at low earnings. However,
the results when ρ = 2 are a bit surprising. Independently of the labor supply
parameter, the marginal rate in the Rawlsian criterion falls in the begin and sub-
sequent increases before the R$1, 000 reais. The values of MTR reach about 97%

and keep constant until the R$90, 000 reais, when the MTR starts to decrease and
converges to zero. To the others values of risk aversion, the MTR is monotone de-
creasing in the earnings and converges to the marginal tax rate equal to zero at the
top.

The marginal tax rate does not have the U-shape found elsewhere in Utilitarian
criterion. Two forces seem to be at play here. First, the hazard ratio in the our
paper has the L-shape instead of the U-shape found in Saez (2001). Second, we do
not have bunching at the bottom. When z′(n) < 0 in the relaxed problem, one must
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change the initial condition. When we change this initial condition, the marginal
rate at the bottom becomes higher. As we do not have this problem, the initial
MTR is zero at the bottom. This procedure is described in great detail in Mirrlees
(1971).

Figure 1.7: Optimal Consumption: Utilitarian criterion - 90% of Individuals
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The high marginal tax rates for those at the top of the distribution in the case
ρ = 2 are due to the fact that the compensated elasticity (ζc) is small and close to
zero. As we can see in equation (1.7), the compensated elasticity has an important
role in the determination of optimal marginal rate. Other important point is the
hazard ratio, that is increasing in the risk aversion.

With a large value of risk aversion, the government has great incentives to
smooth consumption and, consequently, increase the redistribution of earnings.
Thus, the high value for the marginal tax rate to support the redistributive goals of
the government. This effect is apparent in Figure 1.7.
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Figure 1.7 displays consumption against earnings for various levels of ρ and γ.
Transfers can be inferred by the distance to the 45 degrees line. The higher risk
aversion implies in the lower the consumption inequality. Figure 1.7 represents
90% of individuals. Note that the level of guaranteed consumption, i.e., the in-
tersection with the vertical axis is increasing in risk aversion. This illustrates the
redistributive goals of the government.

There are some differences in the results obtained here and those obtained else-
where. Brazil is a country characterized by a very high level of income inequality,
which is reflected in a very disperse distribution of skills. The lower marginal tax
rates found at the bottom of the may be explained by the distribution of skills. The
other important point is the hazard ratio (1 − F (w))/(wf(w)). Due to the Gener-
alized Pareto distribution, the hazard ratio has L-shape. However, the it does not
tend to zero like in log-normal distribution.

Mirrlees (1971) found a lower marginal tax rates than we did. The reasons for
that are the utility function and the log-normal distributions of skills considered by
him. Saez (2001) found a high rates at top like us. He considered a compensated
elasticities equal to ζc = 0.25 and ζc = 0.5. The other important point is the hazard
ratio, that has a U-shape. The shape of hazard ratio is responsible to the U-shape
in the marginal tax rate in his paper.

1.4.3 The Optimal Marginal Tax Rate in United State

In this subsection we simulate the optimal marginal tax rate in United State (US).
There are many articles that analyze the optimal marginal tax rate in US, some
examples are Tuomala (1990, 2006) and Saez (2001). Like Brazilian case described
above and contrary to Saez (2001), we take account the non-linearity of the United
State labor income tax schedule. We recognize the non-linearity that is present in
the US income tax schedule when we recover the distribution of skills. In present
paper, the labor income tax schedule is composed by income and consumption
taxes schedules.

To simulate the US marginal tax rate we consider the panel study of income
dynamic (PSID) data in 2007. We use the head’s income from wages and salaries
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in 200616. We also drop all head that declare with no wife, husband or first-year
cohabitor and individuals with income equal to zero.

In 2006 the income tax schedule to head of household filing status was 10%

on the yearly income between 0$ − $10, 750, 15% on $10, 750 − $41, 050, 25% on
income between $41, 050− $106, 000, 28% on $106, 000− $171, 650, the individuals
pay 33% on the income $171, 650− $336, 550 and 35% on the income over $336, 550.
To consumption tax, we consider the mean among US states of the sale tax in 2006,
where the value was 5.1%.

Figure 1.8: Optimal Marginal Tax Rate in US - 99% of Individuals
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As we drop the individuals with income equal to zero, when we recover the
distributions of skills we have the range of skills, [w,∞], with w > 0. In our sim-
ulations, we consider only the case where γ = 2. To compare the optimal tax rate
in Brazil and in United State, we calibrate the government expenditures (E) to be
around 0.2491 of product. We also consider a Generalized Pareto distribution to fit
the empirical distribution of skills.

To the Utilitarian criterion, we find the inverted U-shape to MTR in US. The
Figure 1.8 we plot the earnings versus MTR in US to 99% of individuals. Likewise
the previews simulations, the MTR in US is increasing in the risk aversion. As we
said above, the MTR is increasing in the risk aversion because the individuals do

16The variable index is ER40903.
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not tolerate the income inequality among them.

The MTR in US is a little lower compared to Brazil in all situation. When ρ = 0.5

and ρ = 1, the MTR begins to fall after the $100, 000 dollars and keeps almost
constant between $100, 000 and $800, 000. To ρ = 2 the MTR is increasing in the
earnings and it is constant around the rate 84%. In this case, the MTR in US is very
similar to Brazil, because it is stable at the top taxpayers.

To the Rawlsian criterion, as expected, the MTR is higher compared to the Util-
itarian criterion. As in Brazilian case, the largest difference between two criteria is
at low earnings. At the bottom, ours values are closed to Saez (2001), however we
do not observe the increase in MTR like him. Our marginal tax rate is decreasing
toward 0.

Compared to Saez (2001), the values at the top are similar to his article. In the
logarithm case, (ρ = 1), the value of MTR at the top belongs to the range of values
found to him, i.e. between 0.6 and 0.8, though we consider a different compensated
elasticity.

Ours simulations differ completely from Saez (2001) at the bottom in the Util-
itarian criterion. We do not find the fall in the begin of the earnings. As we said
above, our distribution of skills is bounded to a lower bound, w > 0. For this
reason, we do not observe the fall of MTR in the begin of earnings. The other im-
portant point is the empirical hazard ratio function (see Figure 1.16 in appendix B).
Our hazard ratio has the L-shape while Saez (2001) has the U-shape. As we show
in equation (1.7), the hazard ratio has a very important role to define the shape of
optimal marginal tax rate.

Figure 1.17, in the appendix B, we plot the marginal tax rate for yearly earnings
between $0 and $2,000,000. In this range we have around 99.9% of our sample. In
appendix B we also plot the distribution of earnings in 2006 (see Figure 1.15).

1.4.4 Affine Tax Schedule Proposal

In this section we compute the optimal affine tax schedule for Brazil. The idea
here is to see if we can get close to the optimum with a simple tax schedule. In
fact, in a static setting, this schedule is equivalent to a poll tax (or subsidy) and a
consumption tax, which is a very appealing system in practice.
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As we saw in the previous section, at the bottom, the optimal tax schedule is
characterized by a cash transfer to individuals with low earnings. This transfer de-
pends on the redistributive goals of the government that guarantee a consumption
level to the individuals. Grossly speaking, a cash transfer program could have the
same function at the bottom than optimal tax model. The most famous cash trans-
fer program in Brazil is the Bolsa Família Program. The Bolsa Família is conditional
to the family’s structure17.

Our proposal consists in a simplification of the number of marginal tax rate
and the incorporation of any kind of the cash transfer program to the affine tax
schedule. This way, the taxation and the transfers would be made by the same
institution.

The affine tax schedule is composed by a pair (t, B), where t is the marginal tax
rate and B is the transfer. The transfers are financed by the tax. The individual’s
problem may then be written

max
cw,zw

U(c, y/w) (1.12)

s.t. c = y(1− t) +B.

As in the problem describes by equation (1.1), the solution is defined by y(1 −
t, B, w) and c(1− t, B, w).

Beyond financing the program the government must also finance the other ex-
penditures, E. Therefore the government’s budget constraint is´∞

w
(zw̃ − cw̃ −B) f(w̃)dw̃ ≥ E, where B is independent of w.

As we want to compare the current tax schedule to the affine tax schedule, we
have chosen the same level of government expenditure, E, that we consider in the
previews sections.

To find the affine tax schedule, we define a vector of marginal taxes rates, t̃, and
a vector of cash transfers, B̃. In the first step, we start with a big range of values to
t and B. In the second step we refine and reduce the range of t and B. We repeat
this procedure until to find the global maximizer. In this section we consider only
the Utilitarian criterion. Observe that, for each pair (ρ, γ) of the parameters of
risk aversion and labor supply elasticity, we have to look for the global maximizer
point in a different range of t and B.

17For details on Bolsa Família, Program (2009) http://www.mds.gov.br/bolsafamilia
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Figure 1.9: Individual Utility - Benchmark and Affine Schedule : 99% of Individuals
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We find the following results, when γ = 1.25, for ρ = 0.5, we have t = 0.3894

and B = 54.73 reais. To ρ = 1, we have t = 0.6786 and B = 176.84 reais. To
ρ = 2, we find t = 0.7929 and B = 342.63 reais. When γ = 2, for ρ = 0.5, we find
t = 0.4845 and B = 70.52 reais. To ρ = 1, we have t = 0.7143 and B = 191.57 reais.
To ρ = 2, we find t = 0.8418 and B = 367.36.

Figure 1.9 shows who is better off and who is worse off if we substitute the
affine tax schedule for the benchmark tax schedule. We also plot the utility in the
optimal tax schedule. We plot individual utility in the y-axis and the cumulative
function of number of individuals in x-axis. The figure is plotted to 99% of indi-
viduals. It is easy to see that the affine schedule provides an increase in the utility
for a large fraction of the population. The utility increases for at least 45% of the
individuals in all simulations.

We can observe that in some situations the affine tax schedule provides an util-
ity close to the optimal schedule.

In Table 1.3 we summarize the aggregate utility to the benchmark and to the
affine schedules models. According to our results, except when ρ = 0.5, the affine
tax schedule leads to an increase in the social welfare in the Utilitarian criterion.

Table 1.3: Aggregate Utility: Benchmark and Affine Tax Schedule

γ = 1.25 γ = 2

Benchmark Affine Schedule Benchmark Affine Schedule

ρ = 0.5 25.3105 24.3819 31.3462 30.1774

ρ = 1 5.2526 5.4644 5.4586 5.6093

ρ = 2 -0.0052 -0.0027 -0.0047 -0.0024

Source: Elaborated by Authors

We explain the result when ρ = 0.5 due to the low risk aversion. It implies in
a greater earnings inequality among the individuals compared to the case when
ρ = 1 and ρ = 2. Although the aggregate utility is smaller in the affine schedule
than in the benchmark schedule, looking at Figure 1.9 we observe an increase in
the utility for individuals with low earnings. However, this increase is not enough
to compensate for the losses imposed on such a large fraction of individuals.

As the optimal tax schedule is extremely difficult to implement in reality, we
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have to look for some alternatives to the optimal schedule. In the section we
present one of this alternatives. We show that is possible to find a feasible affine
schedule that is better than the current one under the Utilitarian metric.

1.5 Conclusions

In present paper we investigate alternatives ways to the current tax schedule in
Brazil.

In the first part of this paper, we back the distribution of skills for Brazil using
the distribution of income and the tax schedule for the year 2006 for various pa-
rameters for individuals’ preferences. Our approach is similar to Mirrlees (1971)
and Saez (2001). We differ from Saez (2001) in the way we create the empirical
distribution of skills. Saez (2001) approximates the current tax system in the US
using a flat tax to create the skill distribution whilst we take into account the non-
linearities of the Brazilian system.

In the second part, we derive optimal tax schedules for different preferences
for distribution. As the optimal taxation is difficult to implement in reality, we also
calculate the optimal affine tax schedule. This allows us to focus on the effect of
cash transfers programs, like Bolsa Família, in labor supply and utility. The idea is
to find a simple tax system which is better than the current system and verify how
close we get to the optimal tax system.

Our results of optimal taxation are in line with others papers in the literature
in some dimensions. However, we find inverted U-shaped marginal tax rate func-
tion instead of U-shaped, which is in contrast with Saez (2001). The fact that we
investigate optimal policy in a developing country with a very high inequality in
earnings may be the underlying reason for our findings.
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1.6 Appendix A

In this appendix we derive equation (1.7) and the equations of the differential sys-
tem that we solve numerically in the present paper.

The equations were found with blind Hamiltonian optimization and under
ulc = 0 assumption. Following Mirrlees (1971), we consider that u(w) is a state
variable, l(w) is the control variable and c(w) is determined implicitly as a function
of u(w) and l(w) from equation u(w) = u(c(w), l(w)). Others examples are Sadka
(1976), Seade (1977), Tuomala (1990) and Diamond (1998).

The government’s problem is described by equation (1.13). The terms λ and
µ(w) are respectively the Lagrange multiplier of resources constraint and the mul-
tiplier of incentives constraint. E is the government expenditure.To obtain the
incentive constraint we derive u(c(w), l(w)) into w, i.e., du

dw
= − lul

w
.

H =

ˆ ∞
w

G(u(w)f(w)dw + λ

[ˆ ∞
w

(wl(w)− c(w)) f(w)dw − E
]

+µ(w)

[
du(c(w), l(w)

dw

]
(1.13)

To solve the problem we derive the eq.(1.13) into u and l. The first order condi-
tion into u(n) is equation

dµ

dw
=
∂H

∂u
= −

[
G′(u(w))− λ

uc

]
f(w) (1.14)

The first order condition into l is given by:

λ

[
w +

ul
uc

]
f (w) + µ(w)

ϕl
w

= 0 (1.15)

where ϕ(u, l) = −lul. Integrating the equation (1.14) from w to infinity and we
also consider the transversality condition, µ(w) = µ(∞) = 0. Then we have a new
equation that is given by:

µ(w) =

ˆ ∞
w

[
G′(u(w̃))− λ

uc(w̃)

]
f(w̃)dw̃ (1.16)

Now we substitute the equation (1.16) into the equation (1.15) and we have
equation (1.17):
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λ

[
w +

ul
uc

]
f (n) =

ϕl
w

ˆ ∞
w

[
λ

uc(w̃)
−G′(u(w̃))

]
f(w̃)dw̃ (1.17)

Define the variable υ(n) that is continuously differentiable functions of c and l

and has the form, υ(w) =
(

1 + ul
wuc

)
�ϕl. We can rewrite the equation (1.17) as

υ(w) =
1

w2f(w)

ˆ ∞
w

[
1

uc(w̃)
− G′(u(w̃))

λ

]
f(w̃)dw̃ (1.18)

As c and l can be expressed as continuously differentiable function of u and υ,
therefore themselves differentiable of w. The differentiation of equation (1.18) with
respect to w is:

dυ

dw
= −

[
2wf(w) + w2f ′(w)

] 1

(w2f(w))2

ˆ ∞
w

[
1

uc(w̃)
− G′(u(w̃))

λ

]
f(w̃)dw̃

− 1

n2f(w)

[
1

uc
− G′(u(w))

λ

]
(1.19)

The equation (1.19) can be written as

dυ

dw
= − υ

w

[
2 +

wf ′(w)

f(w)

]
− 1

w2

[
1

uc(w)
− G′(uw)

λ

]
(1.20)

The relationship between utility and skill is given by the equation (1.21):

du

dw
= − lwul

w
(1.21)

Then our system of differential equations is given by the equations (1.20) and
(1.21). The complete description of conditions to solve this system see Mirrlees
(1971). Like Saez (2001), f(w) is derived from the empirical distribution of wage
income. However, we use the current taxes schedules to matches the empirical
distribution.

Following Mirrlees (1971), we have to do some transformations in equations
(1.20) and (1.21) to solve our system. Consider the utility function u(c, l) = c1−ρ

1−ρ −
lγ

γ
and its partial derivate with respect to c and l are uc = c−ρ and ul = −lγ−1.

According to definition, the variable υ could be write as:

υ(w̃) =
1− l(w̃)γ−1

wc(w)−ρ

γl(w)γ−1
(1.22)
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whereϕl = γlγ−1. The equation (1.22) could also be rewritten as c = [wl1−γ − γwυ]
1/ρ.

The equation (1.20) has the form:

dυ

dw
= − υ

w

[
2 +

wf ′(w)

f(w)

]
− 1

w2

[
1

c−ρ
− G′(u(w))

λ

]
(1.23)

If we substitute the consumption expression above into equation (1.23), we fi-
nally have the equation (1.24)

dυ

dw
= − υ

w

[
2 +

wf ′(w)

f(w)

]
− 1

w2

[
wl1−γ − γwυ − G′(u(w))

λ

]
(1.24)

The term λ comes from the equation (1.14) and the transversality conditions µ(w) =

µ(∞) = 0. Then the λ expression is given by:

λ =

´∞
w
G′(u(w̃))f(w̃)dw̃´∞

w
1/uc(w̃)f(w̃)dw̃

(1.25)

More details about this expression see Mirrlees (1971). Now we have to do the
transformation in equation (1.21) to eliminate the utility. The idea is, instead of
has a equation in du/dw, we would have a equation in dl/dw. With this in mind,
the first step is to substitute the consumption relation above in the utility function.
The new equation is:

u(c, l) =
[w(l1−γ − γυ)]

1−ρ
ρ

1− ρ
− lγ

γ
(1.26)

Now we derive the equation (1.26) with respect to w, the new relation is given
by:

du

dw
=

1

ρ

[
w(l1−γ − γυ)

] 1−2ρ
ρ

[
(l1−γ − γυ) + w(1− γ)l−γ

dl

dw
− wγ dυ

dw

]
− lγ−1 dl

dw
(1.27)

From equation (1.21), we know that du
dw

= lγ

w
. If we substitute this relation into

equation (1.27) and reorganize the terms we have the equation:

dl

dw
=

lγ

w
− 1

ρ
[w(l1−γ − γυ)]

1−2ρ
ρ
[
(l1−γ − γυ)− wγ dυ

dw

]
1
ρ

[w(l1−γ − γυ)]
1−2ρ
ρ w(1− γ)l−γ − lγ−1

(1.28)



CHAPTER 1. THE OPTIMAL LABOR INCOME TAX SCHEDULE FOR BRAZIL 54

Now we substitute the equation (1.24) into the equation (1.28). Finally we have
the system of two differential equations in l(w) and υ(w) that are describe below:

dl

dw
=

lγ

w
− 1

ρ
[w(l1−γ − γυ)]

1−2ρ
ρ

[
l1−γ + γ

(
υwf

′(w)
f(w)

+
[
l1−γ − 1

w
G′(u(w))

λ

])]
1
ρ

[w(l1−γ − γυ)]
1−2ρ
ρ w(1− γ)l−γ − lγ−1

(1.29)

dυ

dw
= − υ

w

[
2 +

wf ′(w)

f(w)

]
− 1

w2

[
wl1−γ − γwυ − G′(u(w))

λ

]
(1.30)

To solve this system according to Utilitarian and Rawlsian criterions, we have to
change the derivate of social welfare condition,G′(u(w)). In the Rawlsian criterion,
the Lagrange multiplier (λ) is not defined.

Derivation of the equation (1.7):
We can write the equation (1.17) as(

w +
ul
uc

)
f(w) =

ϕl
w

ˆ ∞
w

[
1

uc(w̃)
− G′(u(w̃))

λ

]
f(w̃)dw̃ (1.31)

The first order condition of the individuals is n (1− T ′)uc+ul = 0 which implies
that w + ul/uc = wT ′. The first order condition can be write as w = −ul

(1−T ′)uc . If we
substitute this relation into the last relation we have

w +
ul
uc

=

(
−ul
uc

)
T ′

(1− T ′)
(1.32)

Now we multiply and divide the the equation (1.31) by the term (1 − F (w)).
The manipulation of the equation (1.31) we can write

T ′

1− T ′
=
−ϕl
ul

(1− F (w))

wf(w)

ˆ ∞
w

[
1− G′(u(w̃))uc(w̃)

λ

]
uc(w)

uc(w̃)

(
f(w̃)

1− F (w)

)
dw̃ (1.33)

As described by Saez (2001), the term−ϕl/ul = (1+ ζu)/ζc. Then, finally we derive
the equation (1.7)

T ′

1− T ′
=

(1 + ζuw)

ζcw

(
1− F (w)

wf(w)

)
uc(w)

ˆ ∞
w

[
1

uc(w̃)
− G′(u(w̃))

λ

](
f(w̃)

1− F (w)

)
dm

(1.34)
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The equation (1.34) shows that the optimal income taxation is function of den-
sity function, accumulative function, compensated and uncompensated elastici-
ties, the social welfare function, the marginal utility of consumption and the pa-
rameter of marginal cost of funds, λ.
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1.7 Appendix B

In this appendix we include some graphics to help us illustrate ours results and
conclusions along the this paper.

Figure 1.10: Earnings Density Function - Brazil: 2006
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Figure 1.11: Empirical and Approximated Skill Distribution - Model 1
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Figure 1.12: Elasticity - 99.9% of Individuals
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Figure 1.13: Hazard Ratio - 99.9% of Individuals
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Figure 1.14: Optimal Marginal Rate in Brazil - 99.9% of Individuals
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Figure 1.15: Earnings Density Function - United State: 2006
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Figure 1.16: Hazard Ratio Function - (1-F(y))/(yf(y)) - United State: 2006
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Figure 1.17: Optimal Marginal Rate in US - 99.9% of Individuals
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Chapter 2

Sacrifice and Efficiency of the Income

Tax Schedule

1 2We investigate the efficiency of labor income tax schedules derived under the
equal sacrifice principle. The primitives of our economy are exactly those in Mir-
rlees (1971): a continuum of individuals with preferences defined over consump-
tion and leisure differ along a single dimension, their labor market productivity.
We derive the minimum equal sacrifice allocation, under a separable specification
for preferences and recover the tax schedule that implements it. We then use the
methodology developed by Werning (2007) to check whether there is an alternative
tax schedule that raises more revenue while delivering less utility to noone. For
our preferred parametrization of preferences, we find that the equal sacrifice prin-
ciple induces inefficient allocations when revenue compatible with the US current
level of government consumption must be raised. In all interesting cases, ineffi-
ciencies arise only at the top of the income distribution.

JEL Classification: H2, D63.

Keywords: Equal Sacrifice, Efficiency.

1This is joint work with Carlos Eugênio da Costa.
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2.1 Introduction

Ask any public finance economist who has graduated in the last forty years how
to think about income tax schedules and you will get the Mirrlees’ approach for
an answer. By Mirrlees’ approach we mean the optimization of a social welfare
function under implementability constraints. Such consensus is, however, new.
For a long time it was the ability to pay doctrine and the idea of ’equal sacrifice’
that was dominant.3

Although formal discussions of tax schedules based on the equal sacrifice prin-
ciple may be found as early as Samuelson (1947), the concept has experienced re-
newed academic interest in the 1980’s thanks to the work of Peyton Young —Young
(1987, 1988, 1990); Richter (1983) — who has shown that many actual tax systems
can be approximated by an equal sacrifice schedule.

For a given observed distribution of before and after tax incomes, Young (1990)
asks whether one may find a common (and empirically sound) utility function that
equalizes the utility loss of all individuals, and such that this loss is minimal to fi-
nance the government revenue requirements. He tests and is not able to reject the
hypothesis that almost all tax schedules that prevailed in the United States during
the period 1957-1987 are based on the equal sacrifice principle. Similar results hold
true for Germany, Italy, Japan, and, to a lesser degree, the United Kingdom. Young
(1990) work, thus, provides some indirect evidence suggesting that the equal prin-
ciple may have influenced actual policy making in different moments in time and
different places.

A shortcoming of Youngs’ works and, for that matter, of all the early literature
on equal sacrifice is that it (implicitly) takes taxable income to be independent of
the tax schedule. Because incentive effects are not included, efficiency could not
be examined. This is unfortunate since Young (1990) himself suggests but cannot
explore the possibility that efficiency concerns may underlie the poor fit of equal
sacrifice at the high end of the distribution of income. In his words (Young (1990)

3John Stewart Mill’s words “whatever sacrifices the government requires should be made to bear as nearly

as possible with the same pressure upon all” are an early statement of the equal sacrifice principle—see Mill

(1844). A competing view of fairness took the form of the benefit doctrine for which one’s contribution should

be based on one’s benefit from the existence of a state.
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p.264) “For high incomes, therefore, the departure from equal sacrifice may be due
to efficiency considerations while for low income it is probably due to revenue
requirements.”

In this paper, we use the informational structure in Mirrlees (1971) to inves-
tigate efficiency of an equal sacrifice tax system. To be precise, we consider an
economy inhabited by a continuum of individuals with identical preferences de-
fined over consumption and work. As in Mirrlees (1971), individuals differ with
respect to their labor market productivity, w, which is private information. This in-
formational asymmetry precludes the use of lump sum taxes thus imposing wel-
fare losses. The question we ask is whether under equal sacrifice these costs are
minimal.

To a given tax system let v1(.) be the associated equilibrium utility profile. Here,
v1(w) is the utility attained by an individual with productivity w under this tax
system. Assume that the tax system is designed under the equal sacrifice principle.
The question we aim at answering is whether there is a Bergson-Samuelson social
welfare function W (v), increasing in v, such that this tax system is the one which
maximizes W (v). If there is such a function we that the tax schedule is efficient
and W (v) rationalizes it. If not, there is no such a function we shall say that the tax
system is inefficient.

Our procedure is, of course, equivalent to asking whether there is an alternative
tax schedule that generates at least as much revenue and which induces a utility
profile v∗(.) such that v∗(w) ≥ v1(w), ∀w, with strict inequality for a subset of posi-
tive measure of individuals.4

The first step toward answering this question is to derive the equal sacrifice
schedule for the economy we want to study. We do so by finding incentive com-
patible allocations which generate a surplus not inferior than the revenue the gov-
ernment needs to raise while imposing the same utility loss on all individuals and
such that this loss is minimal. This, which is a natural way of incorporating in-
centive effects when very general budget sets are allowed, is the same approach
used in Berliant and Gouveia (1993)—to the best of our knowledge, the first work
to explicitly take into account labor supply incentives in an equal sacrifice based

4The first presentation of the problem is the one in Bourguignon and Spadaro (2005) and the second, that

of Werning (2007).
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tax problem.5

Throughout the paper we adopt a separable specification for preferences. This
assumption is particularly convenient for the discussion of equal sacrifice tax sched-
ules for it induces a tax schedule with the property that taxable income is invariant
to the level of sacrifice. Using this invariance property of labor income we are able
to derive the associated tax schedules as a function of the curvature of the term in
the utility function associated with consumption only. We then follow the charac-
terization of Pareto efficient tax schedules derived by Werning (2007) to assess the
efficiency of the schedule we derived.

Because the shape of efficient tax schedules depends on the underlying distri-
bution os skills while the shape of equal sacrifice schedules does not, it is not hard
to construct examples of equal sacrifice schedules that induce constrained ineffi-
cient allocations.6 Although interesting from a theoretical perspective, this latter
result is of limited practical value: the actual distribution of types is not a choice
variable. We then concentrate our analysis on real world economies. We first show
that, if preferences are of the ln type and if productivities follow a Pareto distribu-
tion with a fast enough decay,7 then there is a level of government above which
equal sacrifice leads to Pareto dominated allocations. Using a typical parametriza-
tion for the US economy, the level of expenditures at which the tax schedule be-
comes inefficient is, however, above 50% of GDP.

Next we try different parametrization for preferences, that bring us closer to
the findings by Young (1990) regarding the shape of the tax schedule. That is, to
rationalize the progressivity of the US income tax schedule using the equal sacrifice

5Although Berliant and Gouveia (1993) raise the issue of efficiency, they do not address it formally. Indeed,

while declaring that “One of the aspects of the model we still need to clarify are its welfare properties” and

suggesting that inefficiency should result since “The condition of a zero marginal tax rate at the top ability

level, emphasized in Sadka (1976) and Seade (1977), is not generally satisfied.” Berliant and Gouveia (1993)

never produce a systematic discussion of the issue.
6A trivial example obtains with ln utility and a distribution of productivity with bounded support. Most

recent works in applied optimal taxation, however, depart from the assumption of a bounded support—e.g.,

Saez (2001)—by viewing this as a rather unrealistic description of the data. As it turns, even with unbounded

support, counterexamples of inefficient schedules are always possible if one is allowed to choose the distribu-

tion of productivities.
7To be precise, a coefficient greater than 2.



CHAPTER 2. SACRIFICE AND EFFICIENCY OF THE INCOME TAX SCHEDULE 67

principle a coefficient of relative risk aversion greater than one is needed.8 We
derive regions of inefficiency for marginal tax rates for different parametrizations
of preferences and levels of Government expenditures and ask whether they may
justify the poor fit for high incomes suggested by Young (1990) in the quotation
above. For the best specifications for preferences associated with levels of risk
aversion aligned with those estimated by Young (1990) we find that inefficiency
arises at the high end of the distribution of income.

The rest of the paper is organized as follows. Section 2.2 describes the economy.
Implementable allocations are described in Section 2.3. In Section 2.3.1 we derive
the shape of equal sacrifice schedules for different parameters of risk aversion. The
main results of this paper are found in Sections 2.4 and 2.5. Section 2.6 concludes.
The appendix gathers the derivation of some of the main results.

2.2 The Environment

The economy is inhabited by a continuum of measure one of individuals with
identical preferences defined over consumption, c, and effort, l. Preferences are
represented by

U(c, l) = u(c)− h(l), (2.1)

where u and h are smooth functions such that u′,−u′′, h′, h′′ > 0. We also impose
limc→0 u

′(c) =∞ and liml→∞ h(l) =∞.
Individuals differ from one another along a single dimension: labor market pro-

ductivity, w ∈ W ⊂ R+, where W is a closed convex set. w captures, in this sense,
all heterogeneity across individuals. We assume that w is distributed according to
F (w) with associated density f(w) > 0 for all w ∈ W .

An individual with productivity w that makes effort l produces an output y =

lw, with y measured in units of the consumption good. Technology is very simple:
one efficient unit of effort lw is converted one for one into one unit of consumption.
We assume that the economy is competitive so that each individual is paid his or

8Young (1990) finds that a coefficient between 1.5 and 1.7 provides the best fit. Our focus on a coefficient

of relative risk aversion greater than one is, then, due to its empirical content. Still, for sake of completeness

we explore regressive tax schedules induced by equal sacrifice when the coefficient of relative risk aversion is

less than one.
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her output. We shall, then, refer to y as output and taxable income, interchange-
ably.

Following Mirrlees (1971), we assume that w is private information. That is,
neither w nor l are observed separately, only the product lw = y is observed by all.
Our environment is, therefore, exactly that of Mirrlees (1971) with the specializa-
tion for the case of separable preferences.

In what follows we focus on choices over (c, y) bundles instead of (c, l) bundles,
noting that identical preferences over (c, l) bundles, U(c, l) = u(c) − h(l), induce
type dependent preferences, Ũ(c, y;w) = u(c)− h(y/w), over (c, y) bundles.

An allocation is a mapping (c, y) : W 7−→ R2
+ that associates to each type, w,

a consumption/output pair (c(w), y(w)). Let Γ(w) denote the set of choices (bud-
get sets) available for an agent of productivity w. Each Γ(.) induces an allocation
through

(c(w), y(w)) ∈ arg max
(c,y)∈Γ(w)

{u(c)− h(y/w)}

for all w.
An example is the allocation that results from Γ(w) = Γ0 ≡ {(c, y); c ≤ y}∀w,

(c0(w), y0(w)) ≡ arg max
(c,y)∈Γ0

{u(c)− h(y/w)},

the no-sacrifice allocation. We write v0(w) = u(c0(w))−h(y0(w)/w) to denote the util-
ity attained by type w in this no-sacrifice setting. Under the assumptions adopted,
it is not hard to see that v0(w) is differentiable and v′0(w) = h′(y0(w))y0(w)/w2.

In the economy there is also a government that must extract from the economy
an exogenously given level of resources, B,

B ≤
ˆ

[y(w)− c(w)]f(w)dw. (2.2)

To try to and induce an allocation that satisfies (2.2) it is assumed that the gov-
ernment has the power to choose individuals’ budget sets, Γ(w). In its choice, how-
ever, the Government is restricted by the informational structure of the problem.
Indeed, asymmetric information regarding w precludes the imposition of type-
dependent budget sets. Therefore, Γ(w) = Γ for all w.

To this unique budget set we associate a tax schedule, i.e., a function, T (.),

that maps an individual’s output y into his tax obligations T (y), through T (y) =

minc {y − c; (c, y) ∈ Γ}.
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We next introduce the notion of sacrifice induced by a tax schedule, T (y). Let T :

R+ → R be a tax schedule, as defined above. Note that we do not impose T (y) > 0.
If we let vT (w) ≡ maxy {u(y − T (y))− h(y/w)}, it is possible to define the sacrifice,
imposed by the tax schedule T (.) on an individual of productivity w, s(w), by

s(w) ≡ v(w)− vT (w),

where v(w) is the utility attained by type w individual when the budget set is the
one associated with a chosen reference point. The focus of this paper is on tax
schedules that induce s(w) constant inw, we call a tax schedule with such property,
an equal sacrifice tax schedule.

The first step in deriving the equal sacrifice schedule is, then, to find a reference
point in the sense of an initial utility level from which sacrifice will be defined. In
all that follows we shall take as a reference point the ’no-sacrifice world’ for which
Γ(w) = Γ0 = {(c, y); c ≤ y}∀w.9

2.3 Incentive-compatible equal-sacrifice systems.

The environment we consider is, therefore, exactly that of Mirrlees (1971). Con-
trary to Mirrlees (1971), we do not consider a social welfare functional that will be
maximized by the planner to obtain the tax schedule. Instead, we try to find a tax
schedule, T (.), that induces an allocation satisfying (2.2) while imposing an equal
utility loss on all agents, and such that this loss is as small as possible.

At this point it is worth noting that U , as defined in (2.1), ought to be viewed as
a ’social norm’ that will ultimately reflects how society perceives what sacrifice is
being made by each individual.

Since our goal is to investigate efficiency of the tax schedule it is crucial that we
take into account the behavioral responses to changes in budget sets. It is apparent

9Note that in the no-sacrifice world, T (y) = 0 for all y. We do not want to interpret this as a no-Government

world, for it may be the very presence of a Government that allows individuals to make the best use of their

productivity, thus introducing the possibility of differentiated ’benefits’ from taxation. We might, in this case,

be lead to the contractarian view that underlies the benefit doctrine instead of the ability to pay doctrine to

which the equal sacrifice principle is associated. Instead, we think of the no-sacrifice world as a counterfactual

one in which all activities necessary to sustain the economic activity are carried on without costs. SeeMusgrave

(1985) for an exposition.
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from the presentation above that focusing directly on T (.) is bound to create an
intractable problem. How do we characterize all tax schedules that induce equal
sacrifice across agents?

As it turns, it is very straightforward to attack the problem if we focus directly
on implementable allocations, using a truthful direct mechanism. In thus proceed-
ing we follow Berliant and Gouveia (1993), which, in turn, relies on Mirrlees (1971).

Let us, then, describe the direct mechanism associated with the minimum equal
sacrifice problem.

The Direct Mechanism By the revelation principle we can focus on a truthful mech-
anism in which the planner asks each individual his or her type, w, and uses the
(possibly false) report ŵ to assign a bundle (c(ŵ), y(ŵ)). To guarantee truthful rev-
elation an allocation (c, y) = (c(w), y(w))w∈W must be such that

w ∈ arg max
ŵ∈W
{u(c(ŵ))− h(y(ŵ)/w)} . (2.3)

Define v1(w) ≡ u(c1(w))−h(y1(w)/w) as the value of the solution to the problem
above where we restrict (c1(.), y1(.)) to be such that v0(w)− v1(w) = s ∀w, and s, to
be the minimum sacrifice for which

´
[y(w)− c(w)] f(w)dw ≥ B.

Our procedure will be to characterize (c1(w), y1(w)) and use it to find T (y). To-
ward this end note that the global condition of incentive compatibility (2.3) is sat-
isfied if and only if the envelope condition,

v′(w) = h′
(
y(w)

w

)
y(w)

w2
, (2.4)

and the monotonicity condition,

y′(w) ≥ 0, (2.5)

are satisfied.
Under the assumption that h(.) is strictly increasing and strictly, we have that

y(w)

w
= ϕ(v′(w)w), (2.6)

where ϕ is a strictly increasing function. Nowhere in this discussion have we used
the level of utility, only its variation. This is a very interesting consequence of
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separability: under incentive compatibility, the cross-sectional variation in utility
pins down the cross-sectional level of output produced by all individuals.

Next, note that equal sacrifice, and differentiability of v0, imply that v1 is also
differentiable and v′0(w) = v′1(w).

Using (2.6) and v′0(w) = v′1(w), it is apparent that y1(w) = y0(w) for all w. Indi-
viduals must produce the exact same output they produce at the reference state!10

Because everyone makes the same effort and produces the same output as in
the reference state, it must be the case that all the sacrifice is due to reduced con-
sumption:

s = u(c0(w))− u(c1(w))

= u(y0(w))− u(y0(w)− T (y0(w))) (2.7)

Let ξ(.) = u−1, then

T (y0(w)) = y0(w)− ξ(u(y0(w))− s). (2.8)

2.3.1 The Shape of Equal Sacrifice Tax Schedules

In what is probably the first attempt to relate equal sacrifice and progressivity,
Samuelson (1947) has shown that an equal sacrifice schedule is progressive if and
only if the coefficient of relative risk aversion of the chosen utility function is
greater than one. To arrive at this conclusion Samuelson (1947) disregarded in-
centives and used a utility function that only depends on income. If preferences
depend not only on consumption but also on leisure and incentives are considered
this need not hold, in general. Yet, for the special case of separable preferences the
result still obtains.

Risk Aversion and Progressivity Equation (2.8) provides an explicit solution for
the income tax at income level y0(w). Differentiating (2.7) with respect to y and

10This result was first derived by Berliant and Gouveia (1993) — see their Proposition 4. Figure 2.2 displays

an equal sacrifice schedule for iso-elastic preferences along with the optimal choices at the reference point and

under the equal sacrifice schedule for individuals of two different productivities: w = 120 and w = 150. Note

how y0(w) = y1(w) for both individuals.
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rearranging terms we get

u′(y)y

u′(y − T (y))[y − T (y)]
=

1− T ′(y)

1− ς(y)
,

where ς(y) = T (y)/y is the average tax rate faced by someone who earns y.
Using the fact that T (y) ≥ 0, we have that u′(y)y ≥ u′(y − T (y))[y − T (y)] if

the coefficient of relative risk aversion is greater than one.11 Since T ′(y) ≥ ς(y) is
necessary and sufficient for a smooth tax schedule to be progressive in the sense of
increasing average taxes, one immediately connects risk aversion and progressiv-
ity.

Although we have used progressivity to describe a tax schedule for which av-
erage taxes weakly increase with income, one often takes the term progressivity to
refer to increasing marginal tax rates. Progressivity in the former sense is a very ap-
pealing notion for it has been shown to imply that after tax income is more equally
distributed than before tax income,12 but marginal tax rate progressivity is also of
much interest since it is to marginal rather than average tax rates that dead weight
burden is associated.

The question is what does equal sacrifice imply for marginal tax rates? What
we show next is that the two concepts of progressivity are intertwined in the case
of equal sacrifice schedules and constant relative risk aversion preferences for con-
sumption.

Marginal and Average Tax Rates Let u0(w) = u(c0(w)) and use the fact that utility
differences are the same for all w to see that

1− ξ′(u0(w)− s)
ξ′(u0(w))

= τ(w),

where ξ′(u) is the marginal cost in consumption terms of delivering utility u and
τ(w) = T ′(y(w)). Note that ξ is an increasing convex function of u which means
that 0 < τ < 1 for all s > 0.

From now on, we focus on the iso-elastic specification for preferences,

u(c) =
c1−ρ

1− ρ
,

11u′(y)y ≥ u′(y − T (y))[y − T (y)] if and only if the coefficient of relative risk aversion is greater than one if

preferences exhibit constant relative risk aversion.
12To compare two distribution of incomes the Lorenz criterion is used.
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Figure 2.1: Marginal Tax Rate and Marginal Tax Rate
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for ρ > 0, ρ 6= 1, u(c) = ln c for ρ = 1 and

h(l) = lγ/γ

for γ > 1.13

Equal sacrifice in the case of iso-elastic separable preferences implies

1− ς(y0(w)) = [1− τ(w)]1/ρ. (2.9)

Equation (2.9) connects in a very stark way average and marginal tax rates. It
also shows how any possible ambiguity disappears: equal sacrifice schedules are
progressivity in one sense if and only if they are progressivity in the other.

Figure 2.1 displays marginal and average tax rates derived from the use of the
equal sacrifice principle for different values of risk aversion. The level of sacrifice

13For the iso-elastic case, a clearer characterization obtains if we define θ ≡ w−γ and note that (2.4) may also

be written v′(θ) = h(y(θ)). Hence, given a path for v(θ) we uniquely define y(θ). Because there is a one to one

relationship between θ and w, from the path for v(w) we recover a unique path for y(w).
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is chosen in such a way as to generate total tax revenues of 20 percent of GDP. This
first figure makes explicit the fact that progressivity in both senses characterizes
tax schedules when ρ ≥ 1 and regressivity characterize them otherwise. Figure 2.1
also superimposes average and marginal taxes for the two cases. The case ρ = 1,
i.e., u(c) = ln(c) yields linear tax rates.

Remarks The fact that taxable income is invariant to the level of sacrifice is some-
what surprising for all but the ln case.

Take ρ > 1, for example. A decrease in net wage induced by an increase in the
marginal tax rate would cause an increase in effort if taxes were linear. However,
due to the non-linearity of the tax system the linear approximation of an individ-
ual’s budget constraint, is c(w) ≤ y(w)(1− τ(w)) + I(w), where I(w), is the virtual
income defined as I(w) = T (y(w)) − T ′(y(w))y(w).14 Using (2.9) we may rewrite
the expression for virtual income as

I(w) = y(w)
{

[1− τ(w)]1/ρ − [1− τ(w)]
}
.

The term in curly brackets is a positive increasing function of τ(w). The virtual
income introduces an additional income effect that combined with the one that
arises from the traditional one generated by the decrease in the ’price of leisure’
exactly offsets the substitution effect. As a results the optimal effort level is held
constant — see Figure 2.2.

A consequence of this invariance property is that the Laffer curve associated
with increased sacrifice has no decreasing regions when preferences are separable.

2.4 Sacrifice and Efficiency

The next question we address, the focus of our work, is whether for a tax sched-
ule derived from the use of the equal sacrifice principle is it always the case that
we may find a Paretian social welfare function that rationalizes it as the optimal
choice?

To formalize our question, let us define an environment, E , as a tuple (U, F,B)

where U(c, l) = u(c) − h(l) is the utility function representing the (identical across
14See Hausman (1985).
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Figure 2.2: Invariance Property
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agents) preferences of all individuals, F (w) is the distribution of skills and B is the
resource requirement by the Government.

Let Ψ(.) be an arbitrary Berson-Samuelson social welfare function, and define
the Mirrlees problem at environment E for the social welfare function Ψ as

max

ˆ
Ψ(u(c(w))− h(y(w)/w))f(w)dw

subject to ˆ
{y(w)− c(w)} f(w)dw ≥ B

and
w ∈ arg max

ŵ
{u(c(ŵ))− h(y(ŵ)/w)}

We say that a tax schedule, T (.), is rationalizable at environment E if there is a
social welfare function Ψ such that the allocation that solves the Mirrlees problem
at environment E for the social welfare function Ψ is induced by T (.). We then say
that the pair (E ,Ψ) rationalizes T (.).

The question we ask is: given an environment E and a tax schedule T (.) derived
under the equal sacrifice principle, is it always the case that we may find a social
welfare function Ψ such that the pair (E ,Ψ) that rationalizes T (.)?

Before we tackle this question let us consider a related question. Given a tax
schedule T (.) derived under the equal sacrifice principle is it possible to find a pair
(E ,Ψ) that rationalizes T (.)? Note that for this second question we are given the
degree of freedom to choose the enviroment as well as the social welfare function.
To answer it, let us consider Proposition 2 in Werning (2007), which states that
"For any tax schedule T (y) and its resulting allocation, there is a set of skill distri-
butions F (w) and net endowments −B for which the outcome is Pareto Efficient
and another set of skill distributions F (w) and net endowments, −B for which it
is Pareto inefficient." This holds for any tax schedule T (.), which means that the
answer to our question is: yes, we may always build an environment for which
the tax schedule derived under the equal sacrifice principle is rationalizable.

Note, however, that the same proposition yields an answer to a counterpart for
our question. Namely, that for any tax schedule it is possible to find an environ-
ment for which the tax schedule is not rationalizable. That inefficiency could arise
for some environment was to be expected. Consider for example a tax schedule
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derived under the equal sacrifice principle for iso-elastic preferences and ρ ≥ 1.
We have seen that this implies a progressive marginal tax rate. Now, if F has a
compact support, W = [w,w], then efficiency requires a non-positive marginal tax
rate for w which is not compatible with B > 0.

The result above is useful for highlighting the fact that, because equal sacrifice
schedules are independent of the distribution of types, there will always be a dis-
tribution of types that makes the induced schedule inefficient for a positive level
of sacrifice. This is not, however, the question we are interested in from a policy
perspective. What we really want to know is whether an equal sacrifice schedule is
inefficient given the actual distribution of productivities for the society we study.

Let us then get back to our original question. More precisely let us consider
’real world’ environments. We build these real world environments using the
following procedure. We first pick empirically sound preferences and a repre-
sentation U(c, l) = u(c) − h(l) that captures the social norm we believe to repre-
sent those of the societies we study. This choice of preferences suffice to derive
y0(w) ≡ arg maxy {u(y)− h(y/w)} as well as v0(w) = u(y0(w))− h(y0(w)/w).

Let T (.) be the actual tax schedule of the economy we are studying. Use y(w) ≡
maxy {u(y − T (y))− h(y/w)} to recover F through F (w) = G(y(w)), where G(y) is
the empirical distribution of taxable income.

Next, for each level of sacrifice, s, define the consumption of a typew individual
by c(w) = u−1(s+ u(y0(w))) and use F (w) to associate to each level of sacrifice the
revenue raised by the Government, R =

´
{u−1(s+ u(y0(w)))− y0(w)} f(w)dw.

Finally, define the minimum equal sacrifice allocation, along with the associate
tax schedule, the by choosing s such that B = R. We are now in a position to ask
whether, for a tax schedule, T (.), thus derived it is possible to find Ψ such that
(E ,Ψ) rationalizes T (.).

The Efficiency Test Two recent works establish methodologies that allow us to
answer the question we posed: Werning (2007) and Bourguignon and Spadaro
(2005).

The approach developed by Bourguignon and Spadaro (2005) consists in in-
verting optimal tax formulae that arise from the solution of a Mirrlees’ program
and to check whether Ψ′(v) ≥ 0 for all v, i.e., to check whether the social welfare
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function is Paretian.

Werning (2007) instead takes the allocation (c(w), y(w)) induced by the tax sched-
ule T (.) and the associated function v(w) and solves the problem of minimizing the
resource uses subject to delivering no less utility for all (or a positive measure of)
individuals. The minimization problem is, naturally, being subject to incentive
compatibility constraints as well. If there is an alternative allocation (c̃(w), ỹ(w))

that delivers no less utility for all agents and uses fewer resources, then, the asso-
ciated tax schedule is inefficient.

As it turns, Werning (2007) procedure is more convenient for our purposes.
Hence, we start by replicating—see appendix—his findings to our setting: a smooth
tax schedule is efficient if and only if τ(w) is such that

τ(w) ≤ γ

Φ(w)− 1
, ∀w, (2.10)

for Φ(w) ≥ 1, with the opposite being needed when Φ(w) ≤ 1, where

Φ(w) = (γ − 1)
d ln y

d lnw
− d ln τ

d lnw
− d ln f

d lnw
. (2.11)

Because taxes are always positive with a positive level of sacrifice, we need only
to worry with the inequality in (2.10). It is important to remark that d ln y/d lnw

is not the elasticity of taxable income with respect to w. Instead, it is the cross-
sectional derivative of taxable taxable income with respect to w, i.e. the percent-
age change in taxable income when we compare individuals whose productivities
differ by one percent for a given tax structure. The two values will differ under a
non-linear schedule since on the cross-section since the virtual income will also dif-
fer across individuals. This makes the application of (2.10) quite simple under the
separable iso-elastic specification for preferences, since y(w) = y0(w) = wγ/(γ+ρ−1)

which then implies d ln y/d lnw = γ/(γ+ρ− 1). Note, by contrast, that the optimal
tax formulae found in Diamond (1998) or Saez (2001) and used by Bourguignon
and Spadaro (2005) use elasticities which are not ’structural’ parameters of the
problem.

As for d ln τ/d lnw, it too refers to cross sectional changes in marginal tax rates.
It depends on the difference between average and marginal tax rates, as expres-
sion (2.19) in the appendix shows. Using (2.9) it is then possible to show that the
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polynomial equation

(1− τ)

[
γ − d ln f

d lnw
− 1

]
− (1− τ)2−1/ρ ργ

γ + ρ− 1
≥ − d ln f

d lnw
+
ρ(γ + 1) + γ − 1

γ + ρ− 1
.

establishes bounds for τ as a function of exogenous parameters only.
This polynomial equation admits a closed form solution for a few cases of in-

terest, e.g., ρ = 1/2, ρ = 2 and ρ = 1. 15We turn to this latter case, ρ = 1, next.
When u(.) = ln(.), the equal sacrifice principle yields a very simple tax sched-

ule: a linear one.
Before we start the investigation, it is worth making explicit v(w):

v(w) = ln y0(w) [1− τ ]− h(y(w)/w)

= ln

(
A(v(w))

A(v0(w))

)
+ ln y0(w)− h(y0(w)/w)︸ ︷︷ ︸

v0(w)

.

Next, assume that the tax system induces a distribution of income that has a
Pareto distribution with support

[
y,∞

)
, y > 0, and associated density g(y) = κy−α,

α > 1, where κ = (α − 1)yα−1 16. This is a commonly used specification for the
distribution of income, at least for descending part of the distribution—e.g., Saez
(2001); Diamond (1998).

To apply the result above, note that

d ln f

d lnw
=
d ln g(y)

d ln y
= −α,

since with u(.) = ln, h(l) = lγ/γ and linear taxes y = w.17 The Pareto distribution is

F (w) = 1−
(w
w

)(α−1)

,

for w ∈ [w,∞).
It is not hard to see that there is a level of government per capita expenditure,

B <
´
yf(y)dy, such that the use of the equal sacrifice principle leads to an ineffi-

cient tax schedule for allB ≥ B. Indeed, under these assumptions d ln y/d lnw = 1,
15See appendix.
16The distribution is G(y) = 1−

(
y

y

)α−1

17For ρ 6= 1 we use, instead, F (w) = 1−(w/w)ϕ−1 for ϕ = [α(γ+ρ−1)−(ρ−1)]/γ. This simple calculation

is possible for an equal sacrifice schedule when preferences are separable, since y1(w) = y0(w).
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and d ln τ/d lnw = 0, for an equal sacrifice schedule. Therefore, Φ(w) = −2 −
d ln f/d lnw. Using, our choice for f(w), (2.10) becomes

τ ≤ γ

α + γ − 2
, (2.12)

as in Werning (2007).

Inequality (2.12) imposes an upper bound on the marginal tax rate when α > 2.

Equation (2.12) allows for simple back of the envelope calculations that illus-
trates actual applications of our procedure. Let us then try to find some num-
bers to use in equation (2.12). If a government must raise a given value B where
B <

´
ydF (y),18 then B =

´
T (y)dF (y) = τ

´
ydF (y), which gives the value of τ

that we will put to test in (2.12).

With regards to α, Saez (2001) considers the following values: 1.5, 2 and 2.5 for
the US economy, whereas Werning (2007) considers α = 3. As we have seen, for
the first two values, the condition does not have a bite, so we focus on α = 2.5.19

Next, note that ε = γ/(γ − 1) is the Frisch elasticity of labor supply. In the case
α = 2.5, taking ε → ∞, the maximum value for τ is close to 70%, and it is 75% for
ε = 2, for example. If, instead, we use α = 3, then, depending on the value of the
Frisch elasticity of demand, ε the right hand side will vary from 1, when ε = 0 to
0.5 when ε → ∞. Most studies consider values for ε not greater than 4, in which
case, the highest fraction of GDP that can be efficiently financed using an equal
sacrifice principle is 55%.

Because transfers must be excluded from this calculation, for inefficiency to
result, expenditures as a share of GDP need to be too high, when compared to
what one observes in the US. The message seems to be that, if one is to accept
that u(.) = ln(.) reasonably captures how the American society perceives ability to
pay, then a tax schedule based on the equal sacrifice principle should be linear and
would finance efficiently the current levels of expenditures of the US economy.

18We restrictB <
´
ydF (y) to guarantee that the result is non-trivial. An issue regarding this type of restric-

tion is that F (y) is the distribution of income induced by the tax system. Still, for the separable specification

of preferences we use, y1(w) = y0(w) ∀w, meaning that we may define B before knowing the resulting tax

schedule.
19Recall that for values of α < 2, the Pareto distribution does not have a finite variance.
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2.5 Sacrifice and Efficiency in Practice

The discussions in the previous sections were based on a specification for the utility
of consumption of the form u(.) = ln(.). This is an important benchmark since pref-
erences representable by this functional form induce inelastic labor supply, which
does seem to adhere reasonably well to the data for prime age males, at least.

Taking taxable income as independent of the tax schedule. In trying to rational-
ize with the equal sacrifice principle the US tax schedule for most of the period that
ranges from 1957 to 1987 Young (1990) has shown that a value for ρ in the range
[1.5, 1.7] was needed.20 Under this parametrization for preferences the equal sacri-
fice principle induces a progressive tax schedule that provides a better description
of the US tax system for that period.

More importantly for our investigation is to realize that ρ defines not only the
elasticity of labor supply, but also the social norm of the society we aim at describ-
ing. That is, by choosing ρ = 1, for example, we commit ourselves not only to a
world in which the elasticity of labor supply is zero, but also to a specific view of
how society perceives the sacrifice born by different individuals.

If we choose, instead, ρ 6= 1, we retain some degree of freedom to explore differ-
ent social perceptions of equity while still holding the labor supply elasticity fixed
at an empirically relevant level. Indeed, because our model is static the parameter
γ can be used to provide us with some flexibility to vary the social norm while
holding the elasticity of labor supply constant at an empirically relevant range.21

When ρ 6= 1 a closed form solution for allowable marginal tax rates is only pos-
sible in a few cases: e.g., ρ = 1/2 and ρ = 2, with the latter involving a third degree
polynomial. Instead of exploring these two cases we shall use (2.10) directly.

The first step for implementing the test is to back the distribution F up some-
how from the data. In Section 2.4 we borrowed the relevant parameters of F from
other papers in the literature. In this section we apply the procedure we described
in Section 2.4 to the distribution of w, F (w), using the actual distribution of in-

20One should however bear in mind that a linear specification is often used as an approximation of the

actual system for many purposes–e.g., Saez (2001).
21Unfortunately, we do not have full flexibility for disentangling the two since ρ pins down the sign of the

elasticity independently of the value of γ. Moreover, if we want to match other specific empirical data, e.g.,

income (and compensated) elasticities of labor supply, then our degree of freedom is lost.
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come G(y) and income tax schedule T (.) under our preferred parametrization of
preferences.

The second step, which is to solve for y0(w), is trivial whereas the first step
requires us to take into account the effect of a potentially complex tax system on
labor supply.

An assumption that greatly simplifies the procedure is that the tax system may
be reasonably approximated by a linear one, T (y) = τy—e.g., Saez (2001).22 Under
T (y) = τy, ∀y, we recover F (w) from G(y), using wτ (y) = y

ρ+γ−1
γ (1 − τ)

1−ρ
γ . This

function associates to each output, y, the productivity, w, of an individual who
is supplying it, given the approximated tax system. We can recover F (w), hence
G(y0).23

Note that, by choosing the linear we are either departing from the assumption
that the current system is an equal sacrifice one, or we must restrict ourselves to the
ln specification. Either view is in contrast with what Young (1990) has argued to be
the best description of the data for the 1957-1987 period. We shall do so under the
implicit assumption that, in contrast with those in the period analyzed by Young
(1990), current tax systems, the ones that induce the distribution of income from
which our distribution of types is recovered, are not based on the equal sacrifice
principle.24

Main results for the US economy To check whether equal sacrifice tax schedules
are efficient for the US economy at the current levels of Government expenditures,
we first choose a level of expenditures as a percentage of GDP that reasonably
describes the pattern we see in the data. Note however that the logic of an equal
sacrifice schedule means that we should exclude from our calculations all transfers.
We have chosen to set expenditures at 30% of GDP.

22da Costa and Pereira (2010) incorporate the non-linearities of the Brazilian tax system in recovering the

distribution of types.
23For our purposes, of course, one needs not recoverF (w) to derive the equal sacrifice distribution of income

under our specification for preferences and a linear tax system. Indeed, it is clear that y0 = yτ (1 − τ)
ρ−1
ρ+γ−1 ,

where yτ is the level of income induced by the tax system T (y) = τy. In possession of y(w) we need only use

(2.8) to derive T (y).
24If the empirical schedule is itself an equal sacrifice one, the resulting schedule from our procedure will

coincide with the empirical one. This does not eliminate our need to recover F that enters Φ through

d ln f/d lnw.
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Figure 2.3: Marginal Taxes Rate and τ̄ - ρ < 1
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To make our results comparable to the ones found in then optimal taxation
literature we follow Saez (2001) and Werning (2007) in considering that earnings,
y, has a Pareto distribution, and use α = 3. According to Saez (2001), a Pareto
distribution fits the US empirical earnings very well from the mode value to the
top of distribution. Although the Pareto distribution misses the ascending part of
the density, given s, this is unimportant for us. In this region, Φ(w) < 1, and the
efficiency condition does not have a bite for an equal sacrifice schedule. In our
economy, the poorest individual earns at least $34, 000 dollars per year.25

Figure 2.3 displays our results for the case ρ < 1 and γ = 1.5. The dashed line is
the upper bound and it is given by equation (2.10). The solid line is the marginal
tax rate according to equal sacrifice to finance expenditures at 30% of GDP.

Given the level of expenditures as a fraction of GDP, the tax schedule obtained
by applying the equal sacrifice principle is Pareto efficient. The condition to be a
Pareto efficient tax schedule is that the τ̄ does not cross the tax schedule to anybody.

25We collect the data of labor income from Panel Study of Income Dynamic (PSID) in 2007.
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Figure 2.4: Marginal Taxes Rate and τ̄ - ρ > 1

0 $500,000 $1,000,000 $1,500,000 $2,000,000
0.2

0.4

0.6

0.8

1

1.2

Earnings

M
ar

gi
na

l T
ax

 R
at

e

ρ = 1.7 and γ = 1.5

0 $500,000 $1,000,000 $1,500,000 $2,000,000
0.2

0.4

0.6

0.8

1

1.2

Earnings

M
ar

gi
na

l T
ax

 R
at

e

ρ = 1.6 and γ = 1.5

0 $500,000 $1,000,000 $1,500,000 $2,000,000
0.2

0.4

0.6

0.8

1

Earnings

M
ar

gi
na

l T
ax

 R
at

e

ρ = 1.5 and γ = 1.5

 

 

MTR
τbar

Student Version of MATLAB



CHAPTER 2. SACRIFICE AND EFFICIENCY OF THE INCOME TAX SCHEDULE 85

According to Figure 2.3, the tax schedule would be inefficient if any individual
paid a marginal tax rate equal or above 33%. This does not happen for the equal
sacrifice schedule at the level of government consumption we study.

Although useful for illustrating the method, the case ρ < 1 is uninteresting from
the empirical point of view due to the regressivity of the tax schedule. Thus, in all
that follows we consider ρ > 1.

Figure 2.4 shows the earnings versus marginal tax rate and upper bound tax
rate. We vary the risk aversion and keep γ uncharged. We consider the same range
to risk aversion parameter than Young (1990) to US economy. Again, the dashed
line is upper bound tax rate and and solid line is the marginal tax rate.

In all situations, the tax schedules derived from the use of the equal sacrifice
principle is Pareto inefficient. As the tax schedule is progressive, the inefficiency
occurs on the top of distribution. It is easy to observe that when we increase ρ
the inefficient earning value is dislocated gradually from the top to the center of
distribution.

An increase in risk aversion, affects the possibility of finding regions of in-
efficiencies through both changes in the marginal tax rate and through changes
in τ̄ . In fact, beyond the dependency of Φ(w) on the marginal tax rates through
d ln τ/d lnw, two other terms are affected by ρ, d ln y/d lnw and d ln f/d lnw. The
reason for the former is apparent. As for the latter, note that F (w) is backed up
from the data under a specific assumption about U . If we change our assumption
about U we must redefine the whole environment to make it internally consistent.

In the case ρ = 1.5, τ̄ is around 95% at the bottom and 84% at the top of dis-
tribution. For ρ = 1.6 these numbers are 103% and 86%, respectively, while for
ρ = 1.7, τ̄ is around 113% at the bottom and 91% at the top. We can see the impact
of increasing risk aversion into marginal tax rate and τ̄ throughout equations (2.17)
and (2.10).

To summarize, using parameters that approximate those for the US economy,
we find that, to finance the expenditures at 30% of GDP, the tax schedules derived
from the equal sacrifice principle is Pareto inefficient for ρ defined in the range
studied by Young (1990). Moreover, inefficiency arises at the high end of the dis-
tribution of skills.
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2.6 Conclusion

In a series of papers in the late 1980’s Young (1987, 1988, 1990) has forcefully ar-
gued that the income tax schedule for the US for the period from 1957 to 1987 could
be rationalized by direct applications of the equal sacrifice principle. The body of
work that followed allows one to pin down the restrictions imposed on observed
tax schedules by the equal sacrifice system—Mitra and Ok (1996); Ok (1995)—
and to understand the consequences of taking incentives into account explicitly—
Berliant and Gouveia (1993).

We use a separable iso-elastic specification for preferences to derive a tax sys-
tem built using the principle of equal-sacrifice. The use of a separable specification
for preferences greatly facilitates the characterization of the shape of equal sacrifice
schedules. It, thus, allows for an explicit evaluation of efficiency of such schedules
for it lends itself to efficiency tests based on the methodology developed by Wern-
ing (2007).26

We find that if utility of consumption is logarithmic and the cross-sectional dis-
tribution of productivities is Pareto with a decay parameter above 3, there is al-
ways a level of per capita government spending above which an equal sacrifice tax
schedule is inefficient. Back of the envelope calculations indicate that these thresh-
old values are much higher than the average expenditures for the United States for
normal times.

When the parameter of risk aversion is greater than one a progressive income
tax schedule results from the equal sacrifice principle. For most parametrizations
we have used equal sacrifice schedules only become inefficient for very high levels
of income. Whether this explains the poor fitting of equal sacrifice schedules at
the very top of the income distribution suggested by Young (1990) is debatable. It
is however suggestive that if the idea of equal sacrifice has really influenced the
design of the US schedule, efficiency concerns may have imposed limits on top
marginal tax rates.

26Werning (2007) offers an interesting interpretation of these efficiency tests—see, p. 9. He shows that

bounds of efficiency may be found by comparing the income distribution induced by the equal sacrifice system

to that induced by an optimal Rawlsian tax schedule. That is, one calculates the optimal Rawlsian tax schedule

for the relevant level of government expenditures, and check whether the equal sacrifice income distribution

is first order stochastically dominated by the one induced by the Rawlsian tax schedule or its multiples.
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2.7 Appendix

Deriving Expression (2.10)
In this appendix we provide, for sake of completeness, a sketch of the proof of

necessity for efficiency condition (2.10). A complete proof of both necessity and
sufficiency is found in Werning (2007).

An allocation (c̄(w), ȳ(w)) that generates a utility profile v̄(w) is Pareto efficient
if and only if (ȳ(w), v̄(w)) solves:

max
y(.),v(.)

ˆ
[y(w)− e(v(w), y(w), w)] f(w)dw

s.t.,

v′(w) = h′
(
y(w)

w

)
y(w)

w2
,

y(w) increasing,

and

v(w) ≥ v̄(w)∀w.

Disregarding the monotonicity constraint, we may write the Lagrangian
ˆ {

[y(w)− e(v(w), y(w), w)] f(w) + µ(w)

[
v′(w)− y(w)γ

wγ+1

]
+ λ(w) [v(w)− v̄(w)]

}
dw,

where

v(w) = u (e(v(w), y(w), w))− y(w)γ

γwγ

Integrating by parts and usign the transversality conditions, we re-write the La-
grangian as

ˆ {
[y(w)− e(v(w), y(w), w)] f(w)− µ′(w)v(w)− µ(w)

y(w)γ

wγ+1

+λ(w) [v(w)− v̄(w)] dw

}
First order conditions are

(1− ey(v(w), y(w), w)) f(w) = µ(w)γ
y(w)γ−1

wγ+1
(2.13)
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and

−ev(v(w), y(w), w)f(w) = µ′(w)− λ(w) (2.14)

which implies,

−ev(v(w), y(w), w)f(w) ≤ µ′(w) (2.15)

Focusing on the case 1 − ey = τ > 0, we have that µ > 0 as well and (2.13) can
be written in logs

ln τ + ln f = lnµ+ ln γ + (γ − 1) ln y − (γ + 1) lnw

which implies

d ln τ

d lnw
+
d ln f

d lnw
=
d lnµ

d lnw
+ (γ − 1)

d ln y

d lnw
− (γ + 1)

Next note that

d lnµ

d lnw
=
µ′

µ
w ≥ −evf

µ
w = − γyγ−1evfw

(1− ey) fwγ+1
= −γ

τ
ev
yγ−1

wγ
= −γ

τ
(1− τ)

Hence,
d ln τ

d lnw
+
d ln f

d lnw
≥ −γ

τ
(1− τ) + (γ − 1)

d ln y

d lnw
− (γ + 1). (2.16)

That is, let

Φ(w) = (γ − 1)
d ln y

d lnw
− d ln τ

d lnw
− d ln f

d lnw
,

then we require

τ(w) ≤ γ

Φ(w)− 1
,

if Φ(w) > 1, and

τ(w) ≥ γ

Φ(w)− 1
,

if Φ(w) < 1.
Condition (2.10) for the equal sacrifice schedule.
We now derive a polynomial equation that defines ranges of efficiency for the

marginal tax rate. Assume that the tax function, T (.), is twice continuously differ-
entiable. Differentiating (2.7) and rearranging terms yields

1− u′(y0(w))

u′(y0(w)− T (y0(w)))
= T ′(y0(w)). (2.17)
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That is, the marginal tax rate faced by any individual is (one minus) the ratio
of his or her marginal utility of income before and after the introduction of taxes.
Next, differentiate (2.17) to obtain

T ′′(y0(w))

1− T ′(y0(w))
=

{
u′′(y0(w)− T (y0(w)))

u′(y0(w)− T (y0(w)))
[1− T ′(y0(w))]− u′′(y0(w))

u′(y0(w))

}
=

1

y0(w)

{
r(c0(w))− r(c1(w))

1− T ′(y0(w))

1− ς(y0(w))

}
, (2.18)

where ς(y) = T (y)/y is the average tax rate and r(c) is the coefficient of relative
risk aversion at consumption level c.

For the case of CRRA preferences, r(c) = ρ for all c, and expression (2.18) re-
duces to

− d ln (1− T ′(y))

d ln y

∣∣∣∣
y=y0(w)

= ρ

{
1− 1− T ′(y0(w))

1− ς(y0(w))

}
.

Next, re-write the expression above as

ρ

{
τ(w)− ς(y0(w))

1− ς(y0(w))

}
d ln y0(w)

d lnw
=
d ln τ(w)

d lnw

τ(w)

1− τ(w)
. (2.19)

Noting that ς(y0(w)) = 1 − [1 − τ(w)]1/ρ and d ln y0(w)/d lnw = γ/(γ + ρ − 1), we
get

ρ
{

1− (1− τ(w))1−1/ρ
} γ

γ + ρ− 1
=
d ln τ(w)

d lnw

τ(w)

1− τ(w)
. (2.20)

Next, to simplify the algebra let a = d ln y
d lnw

and b = d ln f
d lnw

. Then note that

{
1− τ(w)− (1− τ(w))2−1/ρ

} ρa

τ(w)
=
d ln τ(w)

d lnw

Using the expression above in (2.16) we get{
1− τ − (1− τ)2−1/ρ

} ρa
τ

+ b ≥ −γ
τ

(1− τ) + (γ − 1) a− (γ + 1) (2.21)

Assuming that τ > 0,{
1− τ − (1− τ)2−1/ρ

}
ρa ≥ −γ(1− τ)− [b− (γ − 1) a+ (γ + 1)] τ,

which we may rewrite as

(1− τ) [(ρ+ γ − 1) a− b− 1]− (1− τ)2−1/ρρa ≥ − [b− (γ − 1) a+ (γ + 1)] .
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Recalling that a = γ/(γ + ρ− 1),

(1− τ)

[
γ − d ln f

d lnw
− 1

]
− (1− τ)2−1/ρ ργ

γ + ρ− 1
≥ − d ln f

d lnw
+

(ρ− 1)(γ + 1)

γ + ρ− 1
. (2.22)

The expression above defines a condition which is very easy to check. More in-
terestingly, for some choices of ρ, analytical solutions for the roots of (2.22) are
available.

Indeed, let ρ = 1/2, then

1− τ ≥
{
− d ln f

d lnw
+

(ρ− 1)(γ + 1) + γρ

γ + ρ− 1

}{
γ − d ln f

d lnw
− 1

}−1

.

When ρ = 2, define z = (1− τ)1/2, and we may write (2.22) as

z2

[
γ − d ln f

d lnw
− 1

]
− z3 ργ

γ + ρ− 1
≥ − d ln f

d lnw
+

(ρ− 1)(γ + 1)

γ + ρ− 1
,

a cubic equation, which has also closed form solutions for its roots.
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Chapter 3

Moving to a Consumption-Tax Based

System:

A Quantitative Assessment for Brazil

1For many years, it has been a primary issue in tax policy whether the tax system
ought to be built around income tax or consumption tax. Much of the interest in
tax policy arises from the widespread belief that taxes on income and savings tend
to lower long-run income by retarding the creation and expansion of firms and by
discouraging workers and investments. Following this belief, Brazilian govern-
ment has proposed a tax reform which, basically, replaces tax on investment and
labor with tax on consumption. In this paper, we develop a dynamic general equi-
librium model with heterogeneous agents to guide our quantitative assessment
of the economic and distributional implications of such tax reform. The model is
calibrated in such a way that it matches some selected features of the Brazilian
economy. We also use the calibrated model to calculate the deadweight loss of
each type of taxation and thus provide some rationality for that rearrangement in
the tax system. The main result of the paper is that, even though the tax reform
increases the asset accumulation, labor and output of economy, it also raises the
welfare inequality as borrowing constrained individuals cannot take advantage of

1This is joint work with Marcelo dos Santos. It was published in Revista Brasileira de Economia, v.64 n.2 /

p. 209 - 228 Abr-Jun 2010.
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the drop in tax on savings.
JEL classification: E2, H2, H3
Key words: Tax Reform, Welfare Distribution, Deadweight Loss, Brazil

3.1 Introduction

Brazilian economy has improved significantly in many dimensions over the last
decade. Inflation continues to be under control and inflation expectations remain
low. Brazil’s external position is solid, with a strong current account surplus—
about 2 percent of GDP in 2007—and international reserves around $201 billion,
equivalent to more than 200 percent of its short-term debt. The fiscal adjustment
since the floating of the Real in 1999 has been impressive, allowing the consolida-
tion of macroeconomic stability in the period and ensuring that the dynamics of
public indebtedness is sustainable.

Nevertheless, the fiscal adjustment has taken place on the back of revenue hikes
and, to a lesser extent, a compression of public investment, rather than the re-
trenchment of current outlays. As a result, Brazil’s tax-to-GDP ratio has increased
almost ten percentage points over the last two decades and now it is much higher
than that of countries with comparable income levels, being close to the OECD av-
erage and nearly twice as high as that of the rest of Latin America, see de Mello
(2008).

This increase in the tax burden in Brazil has been pointed out as an important
explanation for the unsatisfactory performance of the economy in terms of growth.
Much of the interest in tax policy arises from the widespread belief that taxes on
income and savings tend to lower long-run income by retarding the creation and
expansion of firms and by discouraging workers and investment. The empirical
evidence that come from, for example, Helms (1985), Mofidi and Stone (1990) and
Slemrod (1999) suggests a significant effect of taxation on the economic perfor-
mance, particularly over the long term.

Following this belief, Brazilian’s government has submitted a constitutional
amendment to the examination of the congress, which, among others changes, pro-
poses a significant reduction of tax on investment and on labor income. However,
the proposal will not change the tax burden in terms of GDP since it contains a
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provision which ensures the neutrality of the tax reform. Thus, the government’s
proposal ultimately entails a rearrangement of the current tax system in such way
that it cuts taxes on investment and labor and offsets it by increasing tax on con-
sumption.

The goal of the present analysis is to quantitatively assess the economic and
distributional implications of this rearrangement in the tax system. To guide our
assessment, we develop a dynamic general equilibrium model with overlapping
generations in line with Auerbach and Kotlikoff (1987) and Rios-Rull (1996). The
model economy considered in this paper is populated by a large number of agents
who have preferences over consumption and leisure and face idiosyncratic pro-
ductivity shocks. Individuals cannot insure directly against these shocks, but they
can trade an asset subject to an exogenous lower bound on asset holdings. Fol-
lowing Aiyagari (1994), this asset takes the form of capital. Thus, savings may
be precautionary and allow partial insurance against the idiosyncratic shocks. Be-
cause of the lack of full insurance, this model generates an endogenous distribu-
tion of wealth across consumers. Indeed, at any point in time, households differ
in their current shock, in their asset holdings (that somehow summarizes all their
past luck) as well as in terms of their age. We calibrate the model in such a way
it matches selected statistics of the Brazilian economy and then use the calibrated
model to study many issues related with the tax reform proposed by the govern-
ment.

First, we calculate the welfare cost due to each type of taxation. This is done by
calculating the deadweight loss of taxes of raising extra revenues from an already
existing distorting tax. An extensive literature has estimated the deadweight loss
and it now is understood as being an important guide to design the fiscal policy.2

Overall, however, this literature has focused on portions of the tax system such
as tax on capital and labor income or its estimates are based on data from the
U.S. economy. The model used in this paper, in contrast, is calibrated using data
from Brazilian economy and, besides tax on capital and labor income, it takes into
account tax on consumption and investment. As a consequence, the framework in
this paper can be used to assess, for example, how much distortionary the tax on

2See, for example, Browning (1987), Hansson (1984), Ballard et al. (1985), Judd (1998), McGrattan (1994)

and Feldstein (1997).
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investment is and whether or not government should move towards consumption
taxation in order to reduce the inefficiency associated with the tax system.

Second, given that individuals in our model face uninsured idiosyncratic shocks
of productivity, wealth accumulation in this class of models is higher than when
there is no uncertainty,3 as individuals react to the uncertainty regarding to their
future labor income by reducing current consumption and increase savings.4 As it
will turn out, this over accumulation may play an important role in determining
the welfare cost of taxes.

Furthermore, we measure the long-run impact of the tax reform on the aggre-
gate variables of the model economy such as output, capital accumulation, hours
worked in order to document the potential economic gains that can be obtained
with the reduction of the distortions caused by the taxation of capital and labor.
This assessment is important because proponents of the reform argue that its pos-
itive effects on those variables are expected to be of considerable magnitude and,
as a consequence, the shift towards a consumption-based tax system is viewed as
highly desirable.

Finally, by calibrating the income distribution in the model in such a way that it
matches the income inequality as measured by Gini index, our framework is also
useful to address the distributional implications of the tax reform, an issue that has
not been fully analyzed yet. The assessment of the distributional effects of the type
of reform proposed by the government is especially important in Brazil because tax
on consumption is strongly regressive. This is so because individuals at low levels
of the income distribution spend the most part of their income on consumption
and many of them do not save at all, whereas those at high levels of the income
distribution save the most part of their income. A tax reform which, for example,
replaces tax on investment by tax on consumption improves the situation of the
richer individuals and may worsen the situation of the poorer ones. This latter
effect is due to the fact that, even though that reform may increase the per capita
income of economy, the increase in tax on consumption may be even higher, and
thereby it can negatively impact on the welfare of the poorer individuals. There-
fore, the tax reform can adversely affect the cross-sectional welfare distribution.

3See, for example, Kimball (1990), Deaton (1991) and Carroll (1997).
4As long as utility function is increasing, concave and has a positive third derivative.



CHAPTER 3. MOVING TO A CONSUMPTION-TAX BASED SYSTEM:
A QUANTITATIVE ASSESSMENT FOR BRAZIL 95

Feenberg et al. (1997), using data from the U.S. tax system, carry out an analysis
of distributional tables to investigate the effects of replacing tax on income with tax
on consumption on the welfare distribution. Even though they conclude it could
increase the welfare inequality, their approach faces with many shortcomings as-
sociated with the absence of general equilibrium feedback effects, which may play
an important role in the assessment of the distributional impacts of the tax reform.
This paper, in contrast, uses a dynamic general equilibrium model, and thereby
we are able to take into account, for example, the response of individuals to the
changes in the tax system.

Pereira and Ferreira (2010) have also investigated the economic impacts of changes
in the tax system in Brazil. They rely on the representative-agent abstraction to
evaluate how the tax reform affect the output, capital, labor and individuals wel-
fare. However, given that their model economy behaves as if it is inhabited by a
single type of consumer, the framework used in that paper is not suitable for ad-
dressing the distributional implications of the reform, which is a major point in the
present analysis. Moreover, they implicitly assume that there are complete insur-
ance markets for consumers’ idiosyncratic risks, which is an assumption hard to
defend (Aiyagari (1994).

Besides this introduction, this paper is organized as following. In section 2,
we present the model which will be used to guide our quantitative assessment.
In section 3, the data and calibration procedures are described. In section 4, we
discuss the main results. Section 5 concludes.

3.2 The model

3.2.1 Demography

The economy is populated by a continuous of mass one agents that can live to a
maximum of T periods. There is uncertainty regarding the time of death, each
individual faces a probability ψt of dying in the age t. The age profile of the pop-
ulation {µt}Tt=1 is modeled assuming that the fraction of agents at the age t in the

population is given by µt = ψt
(1+gn)

µt−1 and
T∑
t=1

µt = 1, where gn denotes the popula-

tion growth rate.
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3.2.2 Preferences

Each individual maximizes the discounted expected utility throughout life:

E

[
T∑
t=1

βt−1

(
t∏

k=1

ψk

)
u(ct + σGt, 1− ht)

]
(3.1)

where β is the discount factor and E is the expectation operator. The utility func-
tion of each period is assumed to take the form:

u(ct, 1− ht) =
[(ct + σGt)

1−ν(1− ht)ν ]1−ρ

1− ρ
(3.2)

where ρ denotes the risk aversion parameter and ν denotes share of leisure in the
utility.

The specification in equation (3.2) assumes that, besides consumption ct and
leisure (1 − ht), the household’s utility is also influenced by the government ex-
penditures if σ 6= 0. If σ < 0, the marginal utility of consumption increases with
an increase in G and if σ > 0, the opposite meaning is true. Thus, our framework
allow for substitutability or complementarity between public and private goods.

3.2.3 Technology

The technology of production of the economy is given by a Cobb-Douglas function
with constant returns to scale, Yt = BKα

t (AtHt)
1−α where α is the capital share and

Y , K, H and B > 0 denote aggregate output, capital, labor and a scale parameter,
respectively. The variable At denotes a labor augmenting productivity index that
grows at a constant rate gA. The problem of the firms is standard, that is, they pick
capital and labor optimally in order to solve:

max
Kt,Ht

BKα
t (AtHt)

1−α − wHt − rKt (3.3)

Capital and labor services are paid by their marginal products, i.e.,

r = αB

(
K

AH

)α−1

(3.4)

w = (1− α)BA

(
K

AH

)α
(3.5)
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where r denotes the net rate of return on capital and w the wage.

3.2.4 The Government Budget

Government expenditures (Gt) are assumed to be a certain constant fraction θ of
output of economy Yt. To finance its stream of expenditures, we also assume that
government has access to a set of fiscal instruments. This set of instruments avail-
able consists of proportional taxes on consumption τc, labor τw, capital τk and in-
vestments τi. Moreover, it is assumed that the government does not have debt, so
that its budget constraint can be written as following:

τcCt + τiIt + τwrKt + τkwHt = Gt = θYt (3.6)

whereCt, It, Kt andHt denote the aggregate consumption, investment, capital and
labor, respectively.

Note that the government does not directly control the set of taxes {τc, τw, τk, τi},
since it is assumed to be endogenously determined. What the government con-
trols, indeed, is how the total amount of revenue needed to finance its expenditures
is split into those sources. Let θm with m ∈ {c, w, k, i} be the share of government’s
revenue due to tax on the source m, so that θ =

∑
m

θm which denotes the tax burden

of economy. Thus, the set of taxes is given by:

τc = θc
Yt
Ct
, τw = θw

Yt
wHt

, τk = θk
Yt
rKt

, τi = θi
Yt
It

(3.7)

Inasmuch as the distribution is determined by the production function, the
taxes τw and τk are given exogenously by the technology of economy and by the
fiscal policy. Moreover, if the government reduces θi and for example, increases θc
in order to keep the tax burden unchanged, the equations in (3.7) can be used to
estimate the taxes τc and τi in the new equilibrium.

We use the formulation in (3.7), instead of assuming taxes to be exogenous,
because C/Y and I/Y are endogenous and thereby they are expected to change as
the tax reform takes place. As a consequence, we do not know in advance what tax
should be levied in order to keep the tax burden in terms of GDP unchanged. By
using the formulation in (3.7), the taxes are endogenously determined, along with
C/Y and I/Y and other endogenous variables of the model.
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3.2.5 Individuals’ budget constraints

In this economy, individuals make decisions about their labor supply ht and capital
kt+1. At the beginning of each period, they face idiosyncratic shocks z on their
labor productivity. We assume that z is a random variable which follows a first
order auto-regressive process ln zt = π ln zt−1 +εt, where εt ∼ N(0, σ2

ε). In addition,
the labor productivity of individuals also depends on an age-efficiency component
_
yt. Let et(z,

_
yt) denote the labor productivity of an individual at age t so that the

labor income after tax is given by yw(z, t) = (1− τw)whtet(z,
_
yt).

Each period, individuals purchase consumption ct and investment goods it
with their after-tax income, which is obtained by renting the factors of produc-
tion that they own to the firms. The capital income after-tax is (1 − τk)rkt, where
kt denotes the asset holdings. Individuals are price-takers and the price of con-
sumption and investment goods are normalized to 1. The final source of income is
the accidental bequest transfers ξ. Thus, an individual’s budget constraint can be
written as following:

(1 + τc)ct + (1 + τi)it = r(1− τk)kt + yw(z, t) + ξ (3.8)

The investment it is determined by the law of motion for asset accumulation,
that is:

it = (1 + gA)kt+1 − (1− δ)kt (3.9)

where (1+gA)kt+1 denotes the asset holdings in the next period, taking into account
the technological progress gA, and (1− δ)kt is the current asset stock after applying
the depreciation rate δ.

Given that we are going to focus on the state steady of the economy under
study, we have divided consumption, asset holdings, lump sum transfers and
wage rate by At in order to eliminate the effect of economic growth. This trans-
formation accounts for the term (1 + gA)kt+1 in (3.9).

In this economy, there is no private market for insurance against the risk from
the shocks on labor productivity or from living longer than expected. Addition-
ally, we assume that individuals are liquidity constrained and set the restriction of
assets carried over from age t to t+1 to be kt+1 ≥ 0 ∀t . As it will turn out, liquidity
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constraints tend to play an important role in determining the results of some sim-
ulations that will be carried out in this paper. This is so because individuals who
are liquidity constrained tend to be more affected by a tax reform which increases
the tax on consumption.

Given that there is no altruistic bequest motive and death is certain after age T ,
an agent who reached age T will consume all his assets at that age, so that we have
kT+1 = 0.

3.2.6 Equilibrium

Let s denote the individual states. It depends on the asset holdings k at the be-
ginning of the period and on the idiosyncratic shock z so that s = (k, z). Let Vt(s)
denote the value function of an agent age t. The value functions Vt(s) are defined
by the following dynamic programs:

Vt(s) = max
h,a′
{u(c, 1− h) + βψt+1Ez′Vt+1(s′)} (3.10)

subject to (1 + τc)ct + (1 + τi)it = r(1− τk)kt + yw(z, t) + ξ

where s′ = (k′, z′) and ψt+1 =
t+1∏
k=1

ψk.

Suppose K ⊂ R+ and Z ⊂ R, are the sets of possible values that k and z can
take, so that we can define the state space as S = K × Z. Let gt : S → R+ and
nt : S → [0, 1] be the policy functions associated with k′ and h in the dynamic
programs above.

At each point of time, agents are heterogeneous in regard to age t and to state
s ∈ S and, as a consequence, we need some way of describing this heterogeneity.
The agents’ distribution at age t among the states s is represented by a measure of
probability λt defined on subsets of the state space S. Let (S,Ω(S), λt) be a space of
probability, where Ω(S) is the Borel σ−algebra on S. Thus, for each ω ⊂ Ω(S), we
have that λt(ω) denotes the agents’ fraction at age t that are in ω.

The transition from age t to age t + 1 is governed by the transition function
Qt(s, ω),which depends on the decision rule gt(s) of assets and on the realization of
the idiosyncratic productivity shock z. The function Qt(s, ω) gives the probability
of an agent at age t and state s to transit to the set ω at age t+ 1.
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Thus, a recursive competitive equilibrium for this economy can be defined as
following:

Definition 1 Given the policy parameters, a recursive competitive equilibrium for this
economy is a collection of value functions {Vt(s)}, decision rules for individual asset hold-
ings gt(s), for labor supply nt(s), prices {w, r}, age dependent, time-invariant measures
of agents λt(s), transfers ξ such that:

1) gt(s), nt(s) solve the dynamic problem (3.11)
2) The individual and aggregate behaviors are consistent, that is:

˜

K =
T∑
t=1

µt

ˆ

S

gt(s)dλt

N =
T∑
t=1

µt

ˆ

S

nt(s)e(z, t)dλ
w
t

3) {w, r} are such that they satisfy the optimum conditions, (eq.3.4) and (eq.3.5);
4) The final good market clears:

T∑
t=1

µt

ˆ

S

{ct(s) + [(1 + gA)gt(s)− (1− δ)gt−1(s)]} = B
˜

KαN1−α

5) Given the decision rule gt(s), λt(ω) satisfies the following law of motion:

λt+1(ω) =

ˆ

S

Qt(s, ω)dλt ∀ω ⊂ Ω(S)

6) The distribution of accidental bequests is given by:

ξ =
T∑
t=1

µt

ˆ

S

(1− ψt+1)gt(s)dλt

7) The set of taxes {τc, τw, τk, τi} is given by (3.7).

3.3 Data and calibration

In this section, we describe the data used to calculate the model and the calibration
procedures5. Initially, the model is calibrated using data from the Brazilian econ-

5The standard calibration procedure of overlapping generations models can be found in Auerbach and

Kotlikoff (1987) and in Rios-Rull (1996), which we follow here.
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omy for 2006. Afterwards, we use the calibrated model to measure the welfare cost
of each type of taxation in Brazil and to carry out simulations to have the macroe-
conomic and distributional implications of the tax reform that has been proposed
by the government.

3.3.1 Demography

The population age profile {µt}Tt=1 depends on the population growth rate gn, on
the survival probabilities ψt and on the maximum age T that an agent can live. In
this economy, a period corresponds to 1 year and an agent can live at the most 51
years, so that T = 51. Additionally, we assumed that an individual is born with 15
years old, so that the real maximum age is 65 years old.

Figure 3.1: Survival probability
Figure 2: Survival probability
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Data on survival probability for each cohort were extracted from IBGE and are
shown in Figure 3.1. The population growth rate is chosen based on the average
population growth from 1997 to 2007. This yields a gn equal to 0.0145.
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3.3.2 Preferences and Technology

The values of the parameters related with the individual preferences (β, ρ, ν) are
summarized in Table 3.1. The value of the relative risk aversion parameter ρ along
with the share of leisure in the utility ν determines the elasticity of intertemporal
substitution of consumption, which is given by 1/[1− (1−ρ)(1−ν)]. Using the val-
ues for (ρ, ν) reported in Table 3.1, we obtain a value of 0.46 for the intertemporal
substitution of consumption, which is in the rage of the estimates of the microeco-
nomic studies revised by Auerbach and Kotlikoff (1987).

In representative agent models, given the capital income share and the depre-
ciation rate, there is a one to one relationship between the parameter ν and the
fraction of time that individuals spend working in the stationary state. In overlap-
ping generation models, however, such relation is more complicated because of the
heterogeneity among agents. In this case, the procedure that is used to choose ν is
such that the average fraction of time that individuals in our model spend working
is consistent with the empirical evidence, which suggests a value near 33%.6

The calibration of the parameter σ, which governs the effect of government on
the individuals’ utility, is more difficult because the empirical literature either do
not provide a plausible range of values for it or even a robust evidence of substi-
tutability or complementarity between public and private consumption.7 Thus, we
decide to carry out simulations in which σ = 0, σ < 0 and σ > 0.

Table 3.1: Technological and Preferences Parameters

β ρ ν B α δ gA gn

0.997 4.00 0.62 0.90 0.42 0.041 0.0135 0.0145

Source: Elaborated by Authors

In our model, since there is technological progress, the discount factor is given
by β = β̃(1 + gA)(1−ν)(1−ρ). Given gA, ρ and ρ the parameter β̃ is calibrated so that
the capital-output ratio in the benchmark economy is equal to 2.75.

6See, for instance, Juster and Stafford (1991).
7See, for example, Aschauer (1985), Bean (1986), Ahmed (1986), Campbell and Mankiw (1990) and Ni

(1995).
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The values of technological parameters (B,α, δ) are also summarized in Table
3.1. We chose a value for α based on the Brazil time series data from the Brazilian
Institute for Geography and Statistics (IBGE).

The depreciation rate is given by:

δ =
I/Y

K/Y
− gA − n− ngA

We set the investment-product ratio I/Y equal to 0.1916 and the capital-product
ratioK/Y equal to 2.75. The productivity growth rate gA is constant and consistent
with the average growth rate of GDP per capita over the second half of the last
century. Based on the data from IBGE, we set gA equal to 1.35%. Thus, the above
equation yields a δ consistent with the value shown in Table 3.1.

Rios-Rull (1996) normalizes the value of parameter B, which measures the total
factor productivity, to 1. In this paper, we follow Huggett (1996) so that we chose
B to normalize the wage rate w in the benchmark economy. Thus, given a capital-
product ratio of 2.75 and α = 0.42, the value of B is such that w = 1, that is, 0.9.

3.3.3 Individual productivity

Each agent in this economy is endowed with an individual productivity level
e(zt, t) = exp(zt+

_
yt),where

_
yt denotes a permanent component without risk and zt

denotes a temporary component, which follows an auto-regressive process of first
order with parameters (π, σ2

ε). Several authors have estimated similar stochastic
processes for the labor productivity.8 Controlling for the presence of measurement
errors and/or effects of such observable characteristics as education and age, the
literature provides a range of values for π that goes from 0.88 to 0.96 and for σε
from 0.12 to 0.25. The procedure used in this paper to calibrate these parameters
was to set π = 0.90 and adjust σε in such a way that the income distribution in
the model matches the observed income distribution. As a measure of the income
distribution on data, we use the Gini index which was 0.52 for Brazil in 2006. Thus,
choosing a value of 0.07 for σ2

ε , the model yields a Gini index of 0.46 in the bench-
mark case.

8A revision of this literature can be found on Atkinson (1971) and Floden and Lindé (2001).
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Figure 3.2: Age-efficiency profile

Figure 2: Age-efficiency profile

age

10 15 20 25 30 35 40 45 50 55 60 65 70
0,2

0,4

0,6

0,8

1,0

1,2

1,4

!"# $"%&'()(*"+), #-)."+./ 0- 1)2- )&&#"3*%)(-4 (1- !"!"# &#"$-.. 01*$1 4-.$#*5-.

(1- *4*".6+$#)(*$ &#"4'$(*2*(6 .1"$7 # 56 ) 8+*(- 9)#7"2 $1)*+: !*#.(/ 0- 4*.$#-(*;-4 (1-

.()(- .&)$- $ '.*+< ) <#*4 "= "$ &"*+(. ->'),,6 .&)$-4 *+ (1- *+(-#2), %!&%!& &%!'& 01-#- %!

4-+"(-. (1- '+$"+4*(*"+), .()+4)#4 4-2*)(*"+ "= #/ (1)( *./ %"'
!
!"! (!#) ?1- (#)+.*(*"+

&#"5)5*,*(*-. )#- $"%&'(-4 '.*+< (1- ),<"#*(1% 4-.$#*5-4 *+ ?)'$1-+ @ABCDE: F=(-# $),$'G

,)(*+< (1- %)(#*3 "= .("$1).(*$ (#)+.*(*"+ )%"+< (1- .()(-. *+ $/ 0- $),$',)(-4 (1- *+2)#*)+(

4*.(#*5'(*"+ ).."$*)(-4 0*(1 (1*. %)(#*3 )+4/ (1-+/ (""7 (1*. #-.',( (" 4-.$#*5- (1- )<-+(.H

*+*(*), 4*.(#*5'(*"+ *+ (1- -$"+"%6:

!"# $%&'() *+)%',

?1- 8.$), &",*$6 *+ "'# %"4-, $)+ 5- .'%%)#*;-4 56 (1- .-( "= &)#)%-(-#. "*#& *$& *%& *&#)

?" $),*5#)(- (1-.- &)#)%-(-#. 0- '.- 4)() =#"% (1- I#);*,*)+ 9*+*.(#6 "= !*+)+$- ="# JKKD/

"'# 5-+$1%)#7 6-)#:
C

9)+6 ()3-. *+ I#);*, )#- $'%',)(*2- *+ .'$1 ) 0)6 (1)( (1-6 -+4 '&

C

!"# %"#- 4-()*,. )5"'( (1- 8.$), &)#)%-(-#. .-- L-#-*#) @JKKCE:

AD

The values for
_
yt are constructed following Huggett (1996). We used data from

Brazil’s National Household Sample Survey (PNAD) on median earnings of full-
time workers for each cohort. We divided these values by the total median earn-
ings and, then, interpolated to get the individual productivity component by age
_
yt. In Figure 3.2, we show the age-efficiency profiles that are used in our calcula-
tions.

For computational reasons, we have approximated the AR(1) process which
describes the idiosyncratic productivity shock z by a finite Markov chain. First, we
discretized the state space Z using a grid of 19 points equally spaced in the inter-
val [−3σz, 3σz], where σz denotes the unconditional standard deviation of z, that
is, σε/

√
(1− π2). The transition probabilities are computed using the algorithm

described in Tauchen (1986). After calculating the matrix of stochastic transition
among the states in Z, we calculated the invariant distribution associated with this
matrix and, then, took this result to describe the agents’ initial distribution in the
economy.
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3.3.4 Fiscal Policy

The fiscal policy in our model can be summarized by the set of parameters {θc, θw, θk, θi}.
To calibrate these parameters we use data from the Brazilian Ministry of Finance
for 2006, our benchmark year9. Many taxes in Brazil are cumulative in such a way
that they end up being levied on both consumption and investment. When this
is the case, we multiply the amount collected by the share of consumption and
investment on GDP in order to account for the share collected due to taxation on
consumption and investment, respectively.10 In the second column of Table 3.2, we
show the calibrated values for {θc, θw, θk, θi} in the benchmark case.

In the third column of Table 3.2, we show the values for {θc, θw, θk, θi} that must
prevail after the reform. One can see that, the main goal of the tax reform is to
reduce the amount collected from taxes on labor income and savings and increase
the amount collected from taxes on consumption. In fact, under the current tax
system, about 41% of the total government revenue is due to consumption taxes
and 10.15% is due to tax on investment. After the tax reform and given that the
government wants to keep the tax burden in terms of GDP unchanged, the former
share will increase to 53%, while the latter will decrease to 3.70%.

Table 3.2: Fiscal Policy Parameters

Current Tax System After Reform

θc 0.1365 0.1765

θi 0.0337 0.0123

θw 0.1008 0.0822

θk 0.0611 0.0611

Total Tax Burden 0.3321 0.3321

Source: Elaborated by Authors

9For more details about the fiscal parameters see Pereira (2008) and appendix.
10For example, only 26.51% of the amount collected from tax on imported goods is due to consumption.

Thus, we multiply the amount collected from tax on imported goods by 0.2651 in order to calculate the share

of θc due to this type of taxation.
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3.4 Results

3.4.1 The welfare cost of taxes

In order to assess the welfare cost of taxes, we calculate the deadweight loss due to
an increase of one percentage point in each type of taxation. The deadweight loss
of taxation (also called the excess burden) is based on a conceptual experiment
where the government imposes (or increases) taxes, thereby distorting prices, and
returns the revenue to the taxpayer in a lump-sum base. Thus, in order to assess
the welfare cost of taxation, we measure how much money individuals require to
be indifferent between an increase in taxation and no change in the tax system. Our
calculations are carried out taking into account different values of the parameter σ,
which governs the effect of government on household’s utility. As a consequence,
we can also investigate how the calculation of the welfare cost of taxes may depend
on the way that government expenditures affect individuals’ marginal utility.

Table 3.3: Deadweight Loss with Uncertainty

σ = −0.05 σ = 0.00 σ = 0.05

∆τc 0.4514 0.3880 0.3306

∆τi 2.1150 1.8827 1.7364

∆τw 0.8432 0.7755 0.7171

∆τk 0.7752 0.7141 0.6587

Source: Elaborated by Authors

In the first column of Table 3.3, we show what type of taxation has been changed
and in the other three columns we show the deadweight loss calculated for differ-
ent values of σ. As one can see in the Table 3.3, tax on consumption is the least
distortionary taxation no matter what value σ takes, whereas tax on investment
is the largest one. In fact, our simulations suggest that the welfare cost due to an
increase in tax on investment can be more than twice as larger as that due to labor
income and 4.5 times higher than that due to tax on consumption. Thus, this result
supports a tax reform which replaces taxation on saving with taxation on con-
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sumption. However, this argument is based on efficiency issues and the findings
presented in Table 3.3 cannot tell us anything about the distributional implications
of such reform. In the next subsection, we provide an assessment of this subject.

Moreover, note that the welfare cost of each taxation is higher when we set σ <
0 and lower for σ > 0 than its benchmark value σ = 0. To understand this result,
remember that for σ = −0.05, private and public goods are substituted. Hence, as
an increase in taxation lowers the output and thereby the government expenditure,
the private consumption tends to increase. As a consequence, individuals require
a higher compensation in order to agree with the change in the tax system.11

Table 3.4: Deadweight Loss without Uncertainty (σ = 0.00)

∆τc 0.3306

∆τi 1.7364

∆τw 0.7171

∆τk 0.6587

Source: Elaborated by Authors

In Table 3.4, we show the results for the experiment carried out in Table 3.3, but
leaving aside the uncertainty regarding to labor income. In this case, as one can
see in the table, the deadweight loss is lower for all taxations, although the differ-
ence is more significant for taxes on savings. This is so because in the uncertain
environment, individuals build up precautionary savings to protect themselves
against low incomes and thereby low consumption levels in future periods. Thus,
asset holdings are used to smooth out idiosyncratic shocks and, as a result, asset
accumulation is less responsive to changes in the rate of return. This prudent be-
havior entails that the elasticity of savings is lower under uncertainty, so that the
distortion caused by taxation tends to be higher. We omit the results for others
values of σ because they have the same way as in Table 3.3.

11A similar argument can be used to explain the result for σ > 0.
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3.4.2 Macroeconomic and distributional impacts

The analysis carried out in the last subsection suggests that, by replacing tax on
investment and labor with tax on consumption, the tax reform will reduce the
distortion caused by the tax system and thereby put forward capital accumulation
and the increase of income. In order to asses this, we show in Table 3.5 the results
of simulation of the tax reform using the calibrated model.

As one can see in Table 3.5, the macroeconomic impacts of such reform are quite
positive. In fact, when σ = 0 the capital stock and labor increase by 23.43% and
2.10%, respectively, whereas the output increases by 11.05%. These values entail
an increase in investment-output ratio and government revenue by 12.38% and
10.98%, respectively.

As shown in the last three columns of Table 3.5, when σ = −0.05 the impacts
of the tax reform is even higher, with the capital stock, hours worked and income
growing to 24.17%, 2, 40% and 11.68%, respectively. This is so because, when σ =

−0.05, the distortion caused by the tax system tends to be higher as argued in the
last subsection. Thus, the gains due to the tax reform tend to be higher too.

This increase in the long-run income is higher than that found by other papers.
For example, Kotlikoff (1992), using a life-cycle model without uncertainty, esti-
mates an increase in output by 8%, while the econometric study carried out by
Slemrod (1999) provides values that range from 4% to 6%. This significant impact
on the capital accumulation, income and government revenue is the main reason
for which this tax reform has been proposed.

In Table 3.5 we also show the taxes before and after the reform. Note that for the
benchmark case, σ = 0, the model estimates a decrease in the tax on investment
and labor income by 67.75% and 18.30%, respectively. As government increases
the share of its revenue due to consumption taxation in order to keep the tax bur-
den in terms of GDP unchanged, the tax on consumption is expected to increase
by 33.21%. Along with the increase of average income of economy, the large fall in
tax on investment and labor income more than offset this increase in tax on con-
sumption, so that the tax reform tends to increase the consumption and thereby
the individuals’ welfare.

Nevertheless, this is not the case for a significant number of agents in the econ-
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Table 3.5: Simulation Results of the Tax Reform

σ = 0.0 σ = −0.05

Benchmark After Reform Benchmark After Reform

Capital Stock 2.0538 2.5350 2.0705 2.5710

Hours Worked 0.3087 0.3152 0.3202 0.3279

Output 0.7454 0.8273 0.7601 0.8489

Investment/Output 0.1916 0.2154 0.1901 0.2140

Consumption/Output 0.8084 0.7846 0.8099 0.7960

Government Revenue 0.2475 0.2747 0.2524 0.2819

τc 0.1668 0.2222 0.1663 0.2205

τi 0.1749 0.0564 0.1772 0.0579

τw 0.1748 0.1428 0.1748 0.1418

τk 0.1442 0.1442 0.1442 0.1442

Source: Elaborated by Authors

omy. This is so because in our model individuals face idiosyncratic shocks and,
as borrowing constraints prevent them from insuring themselves against those
shocks, some agents who faced a bad sequence of shocks will save a small amount
of their disposable income or will not save at all. Therefore, these agents will not
take advantage of the fall in tax on investment directly and thereby the high in-
crease in tax on consumption may prevent their consumption from increasing or,
at least, from growing at the same pace as the consumption of the average individ-
ual. As a matter of fact, the consumption of the poorest 20% of individuals rises by
1.9%, while the average consumption goes up by 7.5%. The situation is even worse
when we compare with the increase observed for the richest 20% of the population,
18.23%. As a consequence, the standard deviation of consumption increases from
0.2473 to 0.2834.

Needless to say, the welfare of the poorer individuals falls significantly in re-
gard to the welfare of the richer ones, increasing the welfare inequality. In fact,
before reform, the welfare of the richest 20% of individuals in regard to the poorest



CHAPTER 3. MOVING TO A CONSUMPTION-TAX BASED SYSTEM:
A QUANTITATIVE ASSESSMENT FOR BRAZIL 110

20% ones is 22% and after the reform that ratio increases to 28.8%.

In Table 3.6, we show the share of individuals who worsen after the tax reform,
controlling for their income. This assessment is done by comparing the individual
value function Vt(s) in each state s before the reform with that observed after the
change in the tax system. As one can see in the Table 3.6, nearly 90% of the indi-
viduals whose income is lower than 20% of the average income would not vote for
the tax reform. This proportion decreases as we raise the income of the individuals
in the sample. Indeed, 63.55 % of agents whose income is lower than 40% of the
average worsen as the tax system change. If we take into account all individuals
in economy, 37.45% would prefer the economy before reform. Needless to say that
the reform does not bring about a Pareto improvement since it is unable to improve
the welfare of all individuals.

Table 3.6: Share of Individuals who worsen with the Reform(%)

< 0.20ym < 0.40ym < 0.60ym < 0.80ym All economy

89.59 63.55 51.67 40.84 37.45

Source: Elaborated by Authors

The problem with the change in the tax system carried out in this paper lies in
the fact that it has a twofold effect on individuals’ budget constraint: one positive
due to the reduction of taxes on investment and labor, and another negative due to
the increase in tax on consumption. Thus, for those who save the most part of their
disposable income, the former effect tends to more than offset the latter, while the
opposite tends to be true for those who spend almost all their disposable income
on consumption.

These findings entail that the market incompleteness is crucial to determine
the distributional impacts of a tax reform that replaces taxes on savings and labor
income with consumption taxation. As a matter of fact, the results above dimin-
ish the attractiveness of a consumption-based tax system, at the same time that it
strengthens the arguments in favor of saving and labor income taxation. This is
so because taxation on income and savings levies a higher tax on savers and, as a
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consequence, could redistribute welfare from the better off (not credit constrained)
to the worse off (credit constrained).

Furthermore, it should be stressed that the trade-off between economic growth
and inequality associated with the tax reform analyzed in this paper tends to be
more important in poor countries or emerging economies in which the share of low
income individuals, those who are likely to worsen with the reform, is high. Our
results suggest that a tax reform toward a consumption-based tax system should
be carried out after the country had reached a certain stage of economic develop-
ment in which there is more equality, and not the opposite. As a matter of fact,
governments from developed countries usually have a higher share of their rev-
enue based on consumption taxation than poor countries and emerging economies
have.

However, the negative impacts on welfare inequality presented above can be
diminished by adopting some mechanisms which avoid the increase of taxation
on consumption for low income individuals. As an example, we carried out sim-
ulations in which taxation on consumption is kept at its benchmark level for the
poorest 20% of individuals. In this case, although the capital accumulation and
output grow by 10.01% and 21.05% (less than the previous cases), the share of in-
dividuals who worsen after the change in the tax system drops to 28.8%. Thus,
even though it is possible to avoid some increase in welfare inequality, it cannot be
done without undermining the growth of output since it usually entails some kind
of compensation to low income individuals to the detriment of richer ones.

3.4.3 The social welfare criterion

When one has to compare inequality or welfare of distributions across agents, there
is still some disagreement about the method to be used. In this subsection, we
take a stand on two specific social welfare functions in order to assess the welfare
implications of the tax reform further. We start with a welfare criterion based on
an utilitarian social welfare function among all generations currently alive in the
steady state. Under this criterion, well-being of the heterogeneous population is
aggregated by the weighted sum of individual utilities. In particular, given the
decision rules gt(s) and nt(s) and the invariant cross-sectional distribution λt(s) of
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the generation t across the states s, the average steady-state utility for a taxation
policy arrangement Ω = {θc, θw, θi, θk} can be written as:

SWF1(Ω) =
T∑

t=1

µtβ
t−1ψt

ˆ

S

u(ct(gt(s), nt(s)), 1− nt(s))dλt(s) (3.11)

Here, the average utility for each generation t,
ˆ

S

u(ct(gt(s), nt(s)), 1−nt(s))dλt(s),

is weighted by the unconditional probability of being alive at age t, ψt =
t∏

k=1

ψk, by

the intertemporal discount factor, β, and by the share of individuals aged t in the
population, µt.

Alternatively, one could argue that a better way to evaluate the distributional
implications of the tax reform would be to consider a person who had to choose a
particular distribution in a complete ignorance of what his own relative position
would be within the system over her lifetime. In this case, the social welfare should
be measured by the ex-ante expected (with respect to labor income shocks) lifetime
utility of a newborn in a stationary equilibrium. Thus, given that all newborns start
with zero assets, the social welfare function implied by the policy arrangement
Ω = {θc, θw, θi, θk} is the expected value of the value function in regard to shock
level at birth, that is:

SWF2(Ω) = EzV1(0, z) (3.12)

where V1(0, z) is the solution of the dynamic program in (10).12

Table 3.7 shows the values of SWF1(Ω) and SWF2(Ω) for the benchmark and
after-reform cases. It can be seen that the social welfare falls nearly 4.76% with the
reform when we use SWF1(Ω), whereas it increases by 5.20% based on SWF2(Ω).
Intuitively, the first result is associated with the curvature of the social welfare
function, which in our context is determined by the curvature of the individuals
utility function. The concavity of the social welfare function reflects the marginal
social value of equality - the extent to which a dollar is deemed to be worth more
to a poorer individual than to a richer one.13 A high curvature of SWF1(Ω) means

12We used a quadrature numerical integration method to compute the expectancy in (12).
13See, for example, Atkinson (1970, 1973) and Atkinson (1980).
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a high aversion to inequality and, thereby changes in consumption for low income
agents have a larger impact on social welfare than for high income individuals.
Thus, a tax reform that makes poor agents worse off is more likely to decrease
SWF1(Ω) since it is given by the weighted sum of individuals’ utility.

Table 3.7: Social Welfare implications of the Tax Reform

SWF1(Ω) SWF2(Ω)

Benchmark −94.77 −114.37

Reform −99.28 −108.42

Source: Elaborated by Authors

On the other hand, if we ask a newborn under what tax arrangement she would
like to live, Table 3.7 shows that she would prefer the steady state after reform. In
order to understand this result, one should initially consider that at the beginning
of the first period, individuals draw a realization of z from a normal probability
distribution with mean zero and variance σ2

z and, as a consequence, they face a
relatively large probability to start with a labor productivity not far away from the
average labor productivity. Considering that individuals in this situation or better
improve with the tax reform, we have that the social welfare measured by SWF2

increases. In other words, since labor income trajectories in which a newborn will
be better off after the reform are more likely to be realized, she prefers the steady
state implied by the new tax system.14

3.4.4 The relevance of accidental bequest transfers

So far we have assumed that accidental bequests are transferred in a lump-sum
fashion to all agents in the economy. These transfers are small, amounting about
1.5% of the average income under the baseline calibration and, as a consequence,

14Nevertheless, it should be stressed that our model abstracts from any kind of link across the generations.

In particular, if the productivity shocks of the newly born agent was correlated with her parent’s productivity,

we would have to use the appropriate conditional distribution in the calculation of (12). In this case, it is not

clear beforehand if SWF2 would increase.
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Table 3.8: Descriptive statistics with and without accidental inheritances

with transfers without transfers

Benchmark Reform Benchmark Reform

Capital Stock 2.0538 2.5350 2.0599 2.5448

Hours Worked 0.3087 0.3152 0.3116 0.3182

Output 0.7454 0.8273 0.7542 0.8351

τc 0.1668 0.2222 0.1699 0.2268

τi 0.1749 0.0564 0.1762 0.0561

τw 0.1748 0.1428 0.1748 0.1424

τk 0.1442 0.1442 0.1442 0.1442

Source: Elaborated by Authors

it should not largely affect the reported results. The relatively small size of the ac-
cidental inheritances is due to the fact that individuals in our model live up to age
65. Given that the conditional survival probability falls faster for the elderly, those
transfers would play a more important role in a model with a longer lifespan. The
potential importance of the lump-sum transfers in an economy with market incom-
pleteness and borrowing constraints relies on the fact that it provides individuals a
partial insurance against labor income shocks. In this subsection, we briefly assess
an alternative approach to the uniform distribution of bequests.

The literature has attacked this problem of accidental bequests in a variety of
ways. For example, Rios-Rull (1996) eliminates accidental inheritances by impos-
ing the existence of a market for one-period annuities, where agents can perfectly
insure themselves against lifetime uncertainty. In Imrohoroglu et al. (1998), agents
receive accidental bequests only once, at a pre-determined age.15 In particular,
their experiments consist in first giving all bequests to the agents at age 45, which
they consider a plausible age to receive inheritances and, second, giving all be-
quests to the newborns. They find that the aggregate capital decreases in the first

15In their model, agents may live up to age 85 and the accidental bequest transfers amounts to nearly 4.5%

of the average income.
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case due to the fall in savings on the young agents, while it increases under the
second scenario because of the monotonicity of the policy function for assets. A
similar experiment is carried out in Hubbard and Judd (1987), who find that the
results are slightly sensitive to changes in the timing of the receipt of the accidental
inheritances.

Here we propose an alternative approach, which consists in simply eliminat-
ing the accidental bequest of the system altogether. In particular, we assume that
the government neither transfers the collected amount of bequests to individuals
nor uses it to finance its current expenditures. In Table 3.8, we show the results
for selected statistics when the transfers are left aside. In order to make the com-
parison easier, we also show in Table 3.8 the results that include the accidental
inheritances.16 As one can see in the Table, the absence of the lump-sum transfers
increases hours worked and asset holdings, thereby enhancing the output of econ-
omy in both benchmark and after-reform steady states. This is so because agents
vary their labor supply and savings in order to (partially) keep the previous life
cycle levels of consumption and utility. Overall, however, it has limited impact on
the results reported previously, which should be expected given the small magni-
tude of those transfers.

3.5 Conclusions

This paper develops and calibrates a dynamic general equilibrium model with un-
certainty to assess the macroeconomic and distributional implications of a tax re-
form, which replaces tax on investment and labor income with tax on consump-
tion. We use data from the Brazilian economy to carry out our analysis of the
effects of such reform since it has been proposed in Brazil as a way of accelerat-
ing the economic growth thereby increasing the long-run income. We also use our
model to calculate the deadweight loss of each type of taxation and compare the
results with the case in which the uncertainty is left aside.

Our results suggest that tax on savings is the most inefficiency taxation, while
the tax on consumption is the least one. Thus, the reduction of the former and the
increase of the latter, in order to keep the tax burden in terms of GDP unchanged,

16All results in Table 3.8 are calculated with a σ = 0.
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reduce the inefficiency of the tax system and thereby increase capital accumulation
and the output of economy. The expansion of the output estimated in this paper
is higher than that estimated in some econometric studies such as Slemrod (1999)
among others.

Nevertheless, the results that come from the analysis carried out in this paper
about the impacts of the tax reform on the welfare distribution cast doubt on the
capability of such reforms in improving the economic environment. This is because
that reform raises welfare inequality in the cross-section. As a matter of fact, the
consumption of the richest 20% of individuals increases in relation to that of the
poorest 20% and the ratio of welfare between the former and the latter goes up
by nearly 23%. As a consequence, nearly 37% of individuals would not prefer the
economy before reform with we look in the cross-section.

Therefore, even though the tax reform proposed by the brazilian‘s government
reduces the distortions associated with the high income and capital tax rates that
are paid by households mainly in the top income brackets, it also reduces the re-
distributive properties of the current tax system and, as a consequence, this policy
switch implies a trade-off between efficiency and equality.

Another interesting result that comes from our assessment is that the uncer-
tainty in the economic environment may be important to the calculation of the
welfare cost of taxes, mainly for taxation on savings. In fact, as individuals in-
crease their savings in an uncertain environment in order to build up precaution-
ary savings to protect themselves against future negative income shocks, asset ac-
cumulation is less responsive to changes in the rate of return. As a consequence,
the elasticity of savings is lower under uncertainty and the distortion caused by
taxation tends to be higher as well.

There are some dimensions in which the theory of wealth differences used in
this paper can be enriched, which is a goal of ongoing research. First, we want to
investigate the consequences of allowing the households in our model economy to
engage in activities such as human capital accumulation that change the character-
istics of stochastic process that underlay the income paths of individuals. Second,
in line with Castaneda et al. (1999), we also aim to study the implications of al-
truism, which provides a reason for households to accumulate significantly larger
amounts of wealth than those that are needed to maintain a high standard of living
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during the life-cycle. This feature, along with the existence of lifespan uncertainty,
introduces another dimension of heterogeneity that can be helpful to better assess
the impacts of the tax reform on wealth distribution.
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3.6 Appendix

The table 3.9 summarizes description of the Brazilian tax system. The first column
shows the name of each tax or contribution, column 2 presents the amount col-
lected in terms of GDP. Finally, column 3 shows the tax jurisdiction and column 4
contains the incidence of each type of taxation.

The government tax reform proposes to eliminate the COFINS, PIS and CIDE
and creation of federal value-added tax, IVA-F. The COFINS, PIS and CIDE are
cumulative taxes, with incidence on both consumption and investment. By defini-
tion, the IVA-F has incidence only on consumption.

Additionally, the proposal intends to create a new ICMS. As one can see in
Table 7, the ICMS is responsible for 7.10% of the total tax burden. The tax rate of
the ICMS is 7% in some states and 12% in others. The government wants to replace
these rates with a single 2% new one. We find the value of new ICMS multiplying
the old value by 2/9.5, where 9.5 is the mean between 7% and 12%.

The tax reform also intends to eliminate the education wage - a contribution
made by employers. The amount collected with this contribution will be added
to IVA-F. Moreover, the employer contribution to the Social Security system will
decrease from 20% to 14%. To capture this change, we multiply the total amount
collected with the Social Security by 14/20.
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Table 3.9: Description of Brazilian Tax System in 2006

Taxes and Contributions Tax Burden Jurisdiction Incidence

Labor’s Income - IRPF 0.0037 Federal Labour

Firms’ Profits - IRPJ 0.0240 Federal Capital

Gains with Labor - IRRF-T 0.0168 Federal Labour

Gains with Capital - IRRF-C 0.0091 Federal Capital

Gains to Foreign - IRRF-E 0.0032 Federal Capital

Others Gains - IRRF-O 0.0020 Federal Capital

Financial Operations- IOF 0.0029 Federal Cons/Invest

VAT on Manufac. Products - IPI 0.0115 Federal Cons/Invest

Import and export taxes - (II and IE) 0.0042 Federal Cons/Invest

Bank Account Deposits - CPMF 0.0138 Federal Cons/Invest

Social Contribution - COFINS/PIS/PASEP 0.0499 Federal Cons/Invest

Fuels - CIDE 0.0034 Federal Cons/Invest

Firms‘ Net Profits - CSLL 0.0120 Federal Capital

Others - Others Revenue 0.0019 Federal Capital

Contri. to Agriculture- FUNDAF 0.0001 Federal Consumption

VAT on Goods & Services - ICMS 0.0710 State Cons/Invest

Vehicle License Registration - IPVA 0.0052 State Capital

Property transmissions - ITCD and ITBI 0.0013 State/Local Capital

Sales Tax on Service - ISS 0.0062 Local Cons/Invest

Urban (IPTU) and Rural Property 0.0042 Loc/Fed Capital

Payroll - Contrib. Employer/Employee* 0.0784 Fed/Sta/Loc Labour

Fees 0.0053 Fed/Sta/Loc Consumption

Total tax burden 0.3321

Source: Ministry of Finance, * FGTS, INSS, Transfer to Others, S-System, Social Contribution
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Chapter 4

Tax Reform: Theory and Analysis

of Proposals to Brazil

I analyze two tax reform proposals to Brazil, Government’s proposal and the Brazil-
ian National Confederation of Industry’s (CNI) proposal. My focus is on the macroe-
conomics effects of each tax reform. To assess these effects, I consider the neoclas-
sical capital accumulation model with a representative agent. I also assess the
Marginal Cost of Public Funds (MCF) of the current Brazilian tax system. The
MCF shows the better direction to a tax reform that want to reduce the distortion
of current tax schedules.
JEL Classification: C15, C68, H20, H30;
Key words: Tax Reform, Marginal Cost of Funds, Macroeconomics Effects, Brazil
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4.1 Introduction

In the last two decades, the tax revenue as percentage of Gross Domestic Product
(GDP) has increased more than ten percentage points in Brazil. Figure 4.1 shows
the evolution of this ratio between 1990 and 2007. There is a consensus that current
tax system is too complex1 and causes many distortions. These complexities and
distortions cause a great deal of inefficiency in economy and create some barriers
to firms and households.

Figure 4.1: Evolution of Tax Revenue (In percentage of GDP)
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In the nineties, Brazil adopted a stabilization plan to control inflation. Brazil
had success in bringing inflation down with low costs to the economy. The sta-
bilization plan was based on increasing total tax revenue to support the govern-
ment’s plan. Nowadays, inflation is controlled and Brazil has a good macroeco-
nomic stability. However, the current tax system is considered one obstacle to a

1See Ministry of Finance (2008) and Brazilian National Confederation of Industry (2008).
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sustainable growth of the country.

The distortions in current system are so many that they can be easily enumerate.
One example is the enormous numbers of federal levies and social contributions,
which creates large administrative costs. Another example is the cumulatively
levies, when a tax paid at one stage of productive chain, does not generate a credit
in the following stages. This non-efficient tax credit system is responsible to ineffi-
cient organization of productive structure, additionally, it increases the investment
and export costs. However, the deeper problem is caused by the ICMS. The ICMS
is value-added tax on goods and services. Nowadays, the ICMS has 27 different
legislations, each state has its own law. Due to the uncertainty caused by the leg-
islation, the current system creates a environment that induce a fiscal war among
states, with negative impact on growth for every one.

Although I recognize the role of these inefficiencies in the discussion, I focus on
a choice of distribution of burden among the classic tax base. Hence, the main goal
of this paper is to assess the costs of current Brazilian tax system and examine in
details some proposals of tax reform to Brazil. I also measure the macroeconomics
gains of the reforms. I do a normative and positive analysis of two tax reform
proposals.

After defining the relevant equilibrium concept I calibrate the model to repro-
duce the Brazilian economy. Hence, I can measure the marginal costs of public
funds (MCF) from the different tax base. When the MCF differs among the tax
base, I can say that there is money in the table, it is possible to increase welfare and
keep tax revenues constant by switching from taxes with a high to one with a low
MCF.

In the first part of this paper, I assess the MCF in Brazil. I show that value
of MCF for the tax base with the lowest MCF in Brazil is within the same range
as the one found for others countries; e.g., Browning (1987), Hansson (1984) and
Feldstein (1997). It suggests that a well designed reform may bring down the inef-
ficiency of the Brazilian system to the levels found elsewhere.

The MCF is crucial in that regard for it allows me to determinate the distortions
that are caused by each kind of taxation. Using the MCF I get a hint as of what
directions of reform are bound to work better. I can also right away pass judgement
about the proposals of tax reform that are bound to make things worse.
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In the second part, I examine two concrete tax reform proposals. The first pro-
posal is the Government’s proposal2 and the second is the Brazilian National Con-
federation of Industry’s (CNI) proposal3 .

I consider a standard neoclassical capital accumulation model with representa-
tive agent. I consider two cases. In the first case, there is no government spending
to be financed and all tax revenue return to households in a lump-sum transfer in
the same period. In the second case, there is the government spending to be fi-
nanced by the taxes. I calibrate the government spending in such a way that there
is no transfers to households. In this context, households and government are rival
in the use of resources. I can think the second case as if there was total waste of
resources, because the government spending does not provide any benefit to the
society. I consider that both situations are extreme, the real world is a situation
between in these two cases.

The references to this paper are Hall (1971), Atkinson and Stiglitz (1972), Araújo
and Ferreira (1999), Ljungqvist and Sargent (2004) and Lledo (2005). The present
paper is organized as follows. In section 2, I present the model. In section 3 the
proposals of the government and CNI are presented. In section 4, I demonstrate
the calibration of my parameters. In the section 5, I estimate the MCF and present
the results to my simulations of the macroeconomics effects of each proposal of
tax reform. The section 6 has the main conclusions. Additionally, there are two
appendix to provide a support to my analysis.

4.2 The Model

I use non-stochastic version of the standard growth model with a deterministic
fiscal shocks on equilibrium outcomes. This model allows me to simulate the al-
locative effects of a tax reform in the Brazilian economy. In my model, the time is
discrete, the economy is closed and there are no technological progress and popu-
lation growth. Additionally, there is no debt in my economy.

As my focus is on the macroeconomics gains (or loses) of a tax reform, I prefer a

2see the proposal of Ministry of Finance in the references.
3Mine mains references are the Brazilian National Confederation of Industry (CNI) working papers avail-

able at www.cni.org.br, details on the references.
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simple model to assess the effects of a tax reform. For this reason, I do not consider
productivity shocks, debt and an open economy.

Besides the government, the economy is inhabited by representatives house-
holds and firms. The households optimally choose their consumption, stock of
capital and leisure. The firms operate in a competitive market. The government
levies the households in four ways. The households are levied on their consump-
tion, investment, labor income and capital income.

The allocation of collect tax is an important variable in the determination of the
equilibrium. As I said above, I suppose two cases to the taxes collected. In the first
case, there is no the government spending to be financed by taxes. All resources
return to the households by a lump-sum transfer in the same period. In the second
case, there is the government spending to be financed by taxes. The government
spending consists in purchases of goods and services. The government does not
invest in this economy and the government spending does not provide any pro-
ductivity benefit to society. In this situation, households and government are rivals
in the resources allocations.

4.2.1 Household

In this model there is no uncertainty and households have perfect foresight. The
representative household maximizes his/her lifetime utility, equation (4.1), subject
to his/her budget constraint. He/She chooses the sequence of consumption, cap-
ital and leisure, {ct, kt, lt}∞t=0, that maximize his/her utility. In the initial period,
t0, household has k0 > 0 units of capital. In each period t, the household has one
time endowment and he/she chooses the time allocated to leisure (lt) and or work
(ht = 1− lt).

The household discounts the future with rate β ∈ (0, 1) and χ is the weight of
leisure in the instantaneous utility function. As we said above, there is no pop-
ulation growth in this economy. The utility function, U(ct, lt), is assumed to be
increased, concave and twice differentiable. The lifetime utility is given by:

U [c0, c1, ..., l0, l1, ...] = max
∞∑
t=0

βt[ln ct+χ ln lt] (4.1)

The household’s income consists in selling labor, renting capital to the firm and
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the transfer from government, when there is it. As I said above, I consider two
situations to the taxes collected. In the first case, there is a lump-sum transfer
and there is no government spending, i.e. gt = 04. The government levies and
redistributes the taxes in the same period to the households. In the second case,
there is government spending to be financed by taxes, i.e. gt 6= 0. In this situation
I want to investigate the behavior of the households when there is perfect rivalry
among households and government.

The representative household’s budget constraint has the form:

(1 + τct)ct + (1 + τit)it = (1− τht)wtht + (1− τkt)rtkt + ξt (4.2)

where the variables ct, it, kt and ξt represent respectively per capita consumption,
investment, capital and government’s transfer5, where ξt 6= 0 or ξt = 0. The terms
τct, τit, τht and τkt are respectively the time varying taxes rates on consumption, in-
vestment, labor income and capital income. The investment follows the condition
it = kt+1 − (1− δ)kt, where δ is the depreciation rate.

The household’s problem is given by:

U [c0, c1, ..., 1− h0, 1− h1, ...] = max
{ct,ht,kt}

∞∑
t=0

βt[ln ct + χ ln(1− ht)] (4.3)

subject to(1 + τct)ct + (1 + τit)it = (1− τht)wtht + (1− τkt)rtkt + ξt

and k0 > 0

The first order conditions of the problem described by equation (4.3) are given
by:

ct+1 = βct
(1 + τct)

(1 + τct+1)

{[
(1− τkt+1)

(1 + τit)

]
rt+1 +

[
(1 + τit+1)

(1 + τit)

]
(1− δ)

}
(4.4)

ctχ(1 + τct) = (1− ht)(1− τht)wt (4.5)

The complete description of the solution of household’s problem is in appendix
A.

4gt is the per capita government spending, the aggregate government spending isGt = Lgt, where L is the

population.
5ξt = τctct + τitit + τhtwtht + τktrtkt − gt. If gt 6= 0, then ξt = 0.
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4.2.2 Equivalence between Taxes

In this subsection I show that some combinations of taxes do not change the con-
sumption possibility set. For each period t, I can rewrite the budget constraint,
equation (4.2), according to the example below.

Let’s define the others taxes in terms of consumption tax. I can write the new
taxes as:

1 + τ pit =
1 + τit
1 + τct

, 1− τ pht =
1− τht
1 + τct

, 1− τ pkt =
1− τkt
1 + τct

, τ pξt =
1

1 + τct

The budget constraints above could be rewritten as following:

ct + (1 + τ pit)it = (1− τ pht)wtht + (1− τ pkt)rtkt + τ pξtξt (4.6)

After the transformation of taxes, I can observe that consumption possibility
set is the same before the transformation. In other words, the budget constraints
has the same slope as before the transformation. Furthermore, in each period, I
can normalize the taxes in terms of one tax. As described by Salanié (2003), when
the consumption possibility set keeps uncharged, I can claim that there is a equiv-
alence between taxes in the model. Therefore, although I can write the budget
constraint in different ways, the results of my model are the same.

4.2.3 Government

I suppose two situations to tax revenue. In the first situation, there is no govern-
ment spending to be financed, Gt = 0, in equation (4.7). The government levies
the households and returns the taxes collected in the same period by a lump-sum
transfer. In this case, I investigate a situation where there is no second order dis-
tortions caused by the government spending. In others words, the distortions are
caused only by taxation.

In the second case, there is the government spending, Gt 6= 0, which is cali-
brated to represent in steady state the same amount of taxes collected. When I
do that, it means that there is no transfer to the households, Ξt = 0. Then, in
this situation there is a competition among households and the government for
the resources. I can think this case as the government spending does not provide
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any benefit to households. The government wastes the resources of economy. The
government’s budget constraint in the period t in the general case is given by:

τctCt + τitIt + τhtwtLht + τktrtKt −Gt = Ξt (4.7)

where Ct, It, Kt, Gt,Ξt and L are respectively, aggregate consumption, investment,
capital, lump-sum transfer and population (normalized to be 1). The terms wt, rt
and ht are the wage, the interest rate and the labor supply respectively.

Following Hall (1971), I take the government behaviors as exogenous, it means
that the government only lists the sequences of spending, Gt, to t ≥ 0 and the taxes
{τct, τit, τht, τkt}∞t=0 as the sets of fiscals instruments.

Note that the government does not control directly the value of fiscals parame-
ters, τ . It controls the tax revenue among four tax base. Let θm with m = {c, i, h, k}
the share of each tax base m in the government’s tax revenue. The total tax rev-
enue in the economy in period t is represented by θt =

∑
m={c,i,h,k}

θmt. Thus, the

determination of the set of fiscals instruments is given by:

τct = θct
Yt
Ct
, τit = θit

Yt
It
, τht = θht

Yt
wtLht

, τkt = θkt
Yt
rtKt

(4.8)

I use the equation (4.8) to calculate the marginal tax rate by each tax base. The
equation (4.8) comes from a manipulation of equation (4.7). A tax reform implies in
a change in the parameters θm. After a tax reform, I have new parameters thetas,
θ∗m. These new parameters θ∗m imply in a new marginal tax rate τ ∗m to each tax
base. Besides the thetas (θ′s), the relations Yt/Ct, Yt/It, Yt/Kt, wt and rt define
the marginal tax rate by each tax base. The relations Yt/Ct, Yt/It and Yt/Kt are
exogenous in my model and the parameters wt and rt represent the technology.

4.2.4 Firms

The output, Yt, is produced by competitive firms using the Cobb-Douglas technol-
ogy. The firms work in a competitive market. The share of capital and labor in the
output are respectively α and 1 − α. This technology holds Inada condition. The
output is represented by:
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Yt = Kα
t (Lht)

1−α (4.9)

In this economy, all firms have the same problem, they hide workers and rent
households’ capital. The aggregate problem of the firms is described by equation
(4.10). They choose {Kt, Lht}∞t=0 to maximize their profits,

max
{Kt,ht}

Kα
t (Lht)

1−α − wtLht − rtKt. (4.10)

I normalize the price of good to be 1. The first order conditions are described
by:

wt = fh(Kt, Lht) = (1− α)kαt h
−α
t (4.11)

rt = fK(Kt, Lht) = αkα−1
t h1−α

t (4.12)

4.2.5 Equilibrium

The assumptions by the form of utility function and the technology assure that
the first order conditions are necessary and sufficient for my problem and that
allocations are interior. Now I can define a competitive equilibrium:

Definition 2 A Competitive Equilibrium with taxes consists of, given a policy rule
π = {Gt,Ξt, (τjt)j={c,i,h,k}}∞t=0, an allocation {ct, ht, kt}∞t=0 for the household and
a price system {wt, rt}∞t=0 such that:

i) given the price system and the policy, the allocations{ct, ht, kt}∞t=0 solve the house-
hold’s problem (4.3);

ii) competitive pricing i.e., (4.11) and (4.12), holds for firms’ problem;
iii) the government budget balances, i.e., equation (4.7) holds;
iv) the fiscal parameters are defined by (4.8);
v) market clearing conditions hold.

4.3 Tax Reform Proposal

In this section I explain in details the government’s and CNI’s proposals that I
examine in this paper. There are some common points in both proposal, one of that
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is the hypothesis of revenue guarantee. The implication of this hypothesis is that
the both taxes reforms are neutral, i.e., the tax revenue in percentage of GDP would
be kept unchanged after reform. Table 4.1 shows the Brazilian tax system structure
in 2006, organized according to the allocation of the taxes and contributions in my
model.

The structure below is my benchmark. In the appendix B, I summarize all taxes,
with complete name, tax base, value and percentage of GDP of each levy (see Table
4.14).

Table 4.1: Tax Revenue (% GDP) According to Tax Base - Benchmark

Consumption Investment Labor Capital Total

IE,Others Revenues II*, IOF** IRPF, IRPJ,

Fees,IPI-Cigar, IPI - Import*, IRRF-T IRRF-C

IPI-Beverages, IPI-Vehicle** IRRF-O IRRF-F

FUNDAF, II* IPI-Others**, Employer/ IPTU

IPI - Import*, ISS**, PIS/PASEP** Employee IPVA,

IPI-Vehicle** CPMF** ITCD,

IPI-Others**, CSLL**, ICMS**, Transfer ITR

CIDE**,COFINS** CSLL**,ISS**, to

PIS/PASEP**,IOF** COFINS** Others

CPMF**, ICMS** CIDE**

θc =0.1448 θi =0.0375 θh =0.1004 θk =0.0491 θ =0.3317

Source: Elaborated by authors

The parameters θc, θi, θh and θk are respectively the share of each tax base in the
tax revenue in percentage of GDP and θ =

∑
m={c,i,h,k}

θm.

The cumulative taxes are marked with (∗∗). They have incidence on consump-
tion and on investment, this fact is responsible to increase the distortion of the
current tax system. One way to split the values that have incidence in each tax
base, I multiply the total value of taxes marked with (∗) and (∗∗) by some ratio.
For example, in the case of II, marked with (∗), only 26.51%6 of its total value has

6The II has an incidence on consumption and on investment. The consumption share is compounded by
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incidence on consumption. In the case of taxes marked with (∗∗), they have an
incidence on consumption and on investment, thus their total value are multiplied
by ratio C/Y in the case of consumption and by I/Y = 1 − C/Y in the case of
investment.

I have to comment some details about both proposals. First, the both proposals
consider that there is a necessity to change the financing of the current regional
development policy structure. The second point is about the changes in the fed-
erative relations and government’s transfer to states. In the present paper, I do
not analyze these points, I leave these topics to others forward works. I keep my
focus in the simplification of federal and state taxes and in the reduction of levies,
specifically on investment and on payroll taxes.

4.3.1 Government’s Proposal

In February 28, 2008 Brazilian’s government sent to the National Congress a tax
reform proposal7. In present paper I will analyze some details of this proposal.
My focus will be on the simplification and elimination of federal taxes, reduction
on payroll contribution and simplification of a value-added state tax, ICMS.

About simplification and elimination of federal taxes, government’s tax re-
form proposal suggests the elimination of the following taxes, COFINS, PIS and
CIDE. To substitute these taxes, a federal value-added (IVA-F) tax would be cre-
ated. COFINS, PIS and CIDE are cumulative levies, they have an incidence on
consumption and on investment. By definition, the IVA-F has incidence only on
consumption. Besides this changed, this proposal also suggests the extinction of
the CSLL, which it would be merged into the corporate income tax (IRPJ). This
change would create a new IRPJ. According to this proposal, all changes in the tax
system would happen one year after the tax reform has been approved.

Additionally, the proposal intends to create a new ICMS. The ICMS is a state
value-added tax. As we can see in Table 4.14 in appendix B, the ICMS is 7.10% of
GDP or 21.40% of total tax burden. The marginal tax rate of the ICMS is 7%8 in

consumption goods and 80.45% of oil and fuel imported. The investment share is compounded by capital

goods, raw goods and 19.55% of oil and fuel, the investment share is equal to 73.49%.
7Details on the working paper of Ministry of Finance (2008).
8The states, MG, PR, RJ, RS, SC, SP, have this tax. They are responsible for about 69% of ICMS.
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some states and 12% in others. The government wants to replace these marginal
rates for only one single rate equal to 2% for every states.

Table 4.2: ICMS Rate and Payroll Reduction

Period ICMS Rate Payroll

t = 0 7% 12% 20%

t = 1 6.5% 11% 19%

t = 2 6% 10% 18%

t = 3 5% 8% 17%

t = 4 4% 6% 16%

t = 5 3% 4% 15%

t = 6 2% 2% 14%

Source: Elaborated by authors

The changes in the ICMS would be gradual to the new value. The gradual
process of reduction is described in Table 4.2. I find the final value of new ICMS
multiplying the old value by (2/8.55), where 8.55 is the weighted9 average between
7% and 12%. The values of transition periods are found in the similar way. Due to
transition period, the reform in the ICMS would begin in t = 1 and would finish
in t = 6. The t = 0 is the benchmark value.

Although ICMS is a value-added tax, I consider that it has an incidence on
consumption and on investment in current tax system. The reason is the system of
charging of tax in interstate operations. In interstate transactions, part of ICMS is
collected in the state where the merchandise originated and the other part in the
state of destination. As there are different marginal rate among states, based on
the argument that states would have to refund a tax debt in a different state, many
states avoid refunding cumulative ICMS credits. In this situation, the firms have to
wait a long period to receive the refund of ICMS credit. In government’s proposal,
ICMS would be paid only in the state of the destination of the product. Hence,
after the tax reform, government expects to eliminate this problem among states.
In new ICMS, it would be an incidence only on consumption.

9The weighted is given by share of states in the total value of ICMS.
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Table 4.3: Tax Revenue (% GDP) According to Tax Base - Government‘s Reform

Consumption Investment Labor Capital Total

IE,Others Revenues II*, IRPF, new IRPJ,

Fees,IPI-Cigar, ISS** IRRF-T IRRF-C

IPI-Beverages, IOF** IRRF-O IRRF-F

FUNDAF, II* CPMF** Employer/ IPTU

ISS**,IPI-Vehicle** ICMS** Employee IPVA,

IPI - Import**, IPI-Vehicle** Transfer ITCD

IPI-Others** IPI - Import** to ITR

CPMF**, ICMS** IPI-Others** Others

IOF**, IVA-F

θc =0.1696 θi =0.0141 θh =0.0869 θk =0.0611 θ =0.3317

Source: Elaborated by authors

The other important topic that I analyze is the reduction on payroll taxes. Gov-
ernment’s proposal would eliminate "Education Wage" - a contribution that it is
paid by employer. The amount collected with this contribution will be incorpo-
rated into IVA-F. Besides the elimination of the "Education Wage", government’s
proposal suggests a reduction in the employer contribution to the Social Security
system, that it would decrease from 20% to 14%.

Likes ICMS changes, the reduction of Social Security contribution would be
gradual, one percentage point per year. This reduction would begin in the second
year following approval of the reform. The Table 4.2 describes the transition period
into the contribution achieves the value of 14%. To capture this change, I multiply
the total contribution collected from the Social Security by (14/20) in the end of
the reform. Looking at the data, I observe that 70% of Social Security contribution
correspond to the employer/employee contribution and that the 2/3 of this total
value is due to the employer contribution.

The new tax system structure after government’s reform is described in Table
4.3. The values in Table 4.3 refer to the new equilibrium, after the transitory period.
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4.3.2 National Confederation of Industry’s (CNI) Proposal

Brazilian National Confederation of Industry’s (CNI) proposal10 has some com-
mon points to government’s proposal. The reason is because CNI and government
have had some discussions about how to define a good tax reform to Brazil. There
is a consensus that any tax reform has to keep the tax revenue in terms of GDP
uncharged.

In government’s proposal, it prefers to avoid some controversies topics because
these topics could delay the approval of reform. Therefore, some important points
are postponed to another opportunity. Then, in this subsection I present some of
these topics. They are considered very important to growth and competitiveness
of the country.

Table 4.4: Tax Revenue (% GDP) According to Tax Base - CNI’s Reform

Consumption Investment Labor Capital Total

IE, II* IRPF, new IRPJ,

Others Revenues IOF** IRRF-T IRRF-C

Fees, II* CPMF** IRRF-O IRRF-F

FUNDAF, Employer/ CSLL,

CPMF**, Employee IPVA,

IOF** Transfer ITCD,

IVA-F, IVA-E to Other ITR, IPTU

θc = 0.1744 θi = 0.0063 θh = 0.0869 θk = 0.0611 θ = 0.3317

Source: Elaborated by authors

In CNI’s proposal, my focus will be on the simplification and elimination of
some federal levies. Moreover, I also examine how a reduction on payroll and a
new state value-added tax, IVA-E, affect the economy. Although CNI’s proposal
has similar suggestions than government’s proposal, CNI wants a deeper change
in the current tax structure. As I show below, CNI wants to reduce the period to
implement all changes in tax system. According to CNI, the sort period to imple-

10My references are working papers of Brazilian National Confederation of Industry (CNI) in February and

Brazilian National Confederation of Industry (CNI) in May.



CHAPTER 4. TAX REFORM: THEORY AND ANALYSIS
OF PROPOSALS TO BRAZIL 134

ment the changes in the tax system would cause already effects in the short run.

One common topic in both proposals is the reduction of payroll tax. CNI also
suggests a reduction on the employer’s contribution to Social Security from 20% to
14%. However, it suggests an immediate reduction while government suggests a
transition period. Other common point is the incorporation of CSLL into IRPJ.

Besides COFINS, PIS, CIDE, CNI’s proposal also wants to eliminate IPI. COFINS,
PIS, CIDE and IPI would be substituted by IVA-F. CNI wants a reform with a
deeper reduction on investment tax. Table 4.4 summarizes the new tax structure
according to CNI’s proposal.

The most important difference between CNI’s and government’s reforms is due
to ICMS and ISS, two cumulative levies. CNI suggests the extinction of ICMS and
ISS and the creation of state value-added, IVA-E. IVA-E would have an incidence
only on the consumption, furthermore it would provide a higher reduction of the
taxation on the investment.

Table 4.5: Share of each Tax Base in Tax Revenue (% GDP)

Period Government CNI

θct θit θht θkt θct θit θht θkt

t = 0* 0.1448 0.0375 0.1004 0.0491 0.1448 0.0375 0.1004 0.0491

t = 1 0.1513 0.0236 0.0957 0.0611 0.1774 0.0063 0.0869 0.0611

t = 2 0.1541 0.0226 0.0939 0.0611 0.1774 0.0063 0.0869 0.0611

t = 3 0.1580 0.0204 0.0922 0.0611 0.1774 0.0063 0.0869 0.0611

t = 4 0.1619 0.0183 0.0904 0.0611 0.1774 0.0063 0.0869 0.0611

t = 5 0.1658 0.0162 0.0887 0.0611 0.1774 0.0063 0.0869 0.0611

t = 6 0.1696 0.0141 0.0869 0.0611 0.1774 0.0063 0.0869 0.0611

Source: Elaborated by authors

∗: t = 0 is the benchmark

Table 4.5 summarizes the share of each tax base in the tax revenue in percentage
of GDP. The table shows the transition path for both reforms into achieve the new
equilibrium. As I said above, CNI’s proposal suggests a faster implementation of
reform. Thus, the transition period is only one year while government’s proposal
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has five years to be implemented. I consider the values of θ’s in Table 4.5 to find
marginal tax rate to each tax base in the next section.

4.4 Calibration

In this section I find the technological and preference parameters. I use the equa-
tion (4.8), the values in Table 4.5 and the first orders conditions of households and
firms to calibrate the parameters. The complete description of taxes and contribu-
tions is in the appendix B.

4.4.1 Technology and Preference Parameters

Table 4.6 summarizes the values of technology and preference parameters that I
consider in the present paper.

Table 4.6: Technology and Preference Parameters

β χ α δ r K/Y C/Y I/Y

0.9848 1.9298 0.3456 0.0738 0.1227 2.8166 0.7922 0.2078

Source: Elaborated by authors

I consider Morandi and Reis (2004) to find the share of capital (α). The share
of capital (α) in the output is calculated using the capital-output ratio following
Morandi and Reis (2004). I consider the average between 1970-2000,K/Y = 2.8166.
The interest rate (r) is the average between 2006 and 2010. It values is equal to
r = 12.27% per year. The share of capital is given by marginal productivity of
capital that could be write as:

fk(k, h) = αY/K = r

α = 0.3456 (4.13)
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The depreciation rate (δ) is defined by steady state relations between (I/Y )

and (K/Y ). As we said above, the relation (I/Y ) is defined by the expression
I/Y = 1− C/Y . Thus, the depreciation rate is given by:

I = δK

δ = 0.0738 (4.14)

The intertemporal discount rate (β) is given by the equilibrium condition in the
steady state (t = 0):

β =
(1 + τi)

(1− τk)r + (1 + τi)(1− δ)
β = 0.9848 (4.15)

I choose the weight of leisure in utility (χ), such that the household works 1/3

of his time endowment in the steady state. According to this assumption, the value
of χ is:

χ =
(1− α)(1− τh)

[
1
h
− 1
]

(1− α)(1− τh) + (1− τk)α− (1−τk)αβ
1−(1−δ)β

χ = 1.9298 (4.16)

4.4.2 Fiscal Policy Parameters

In this subsection I find the marginal tax rate to each tax base. I use the values in
Table 4.5, the conditions describe above and the relations that are given by equa-
tions (4.8) to determine the marginal tax rate to each tax base. According to these
conditions, I find the new marginal tax rate to each tax reform. The values that I
find are summarized in Table 4.7.

According to Table 4.7, I observe an increase in the taxation on consumption
and on capital income and a reduction of the marginal taxes rates on investment
and on labor income in both proposals. As CNI is the productive sector, its pro-
posal intends to eliminate more cumulative levies. For this reason, I observe a
more significant reduction in the taxation on investment and an increase in the
taxation on consumption.
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Table 4.7: Marginal Tax Rate

Period Government’s Proposal CNI’s Proposal

τct τit τht τkt τct τit τht τkt

t = 0 0.1828 0.1803 0.1534 0.1420 0.1828 0.1803 0.1534 0.1420

t = 1 0.1910 0.1137 0.1462 0.1768 0.2239 0.0306 0.1328 0.1768

t = 2 0.1946 0.1086 0.1435 0.1768 0.2239 0.0306 0.1328 0.1768

t = 3 0.1995 0.0934 0.1409 0.1768 0.2239 0.0306 0.1328 0.1768

t = 4 0.2044 0.0881 0.1382 0.1768 0.2239 0.0306 0.1328 0.1768

t = 5 0.2092 0.0779 0.1355 0.1768 0.2239 0.0306 0.1328 0.1768

t = 6 0.2141 0.0677 0.1328 0.1768 0.2239 0.0306 0.1328 0.1768

Source: Elaborated by authors

4.5 Results

The mains goals of this paper are to assess the costs of current Brazilian tax system
and examine in details some proposals of tax reform to Brazil. To calculate the
costs of current tax system I consider the Marginal Cost of Public Funds (MCF) to
measure the distortion caused by each tax base.

The MCF allows me to determine the distortions that are caused by each kind
of taxation. In this way, I can use the MCF to define the better direction to a tax
reform. Using the MCF I can do judgement about the proposals of tax reform.

Our second goal is to measure the macroeconomics gains or loss of tax re-
form proposals. To do that I consider a standard neoclassical capital accumulation
model with representative agents.

4.5.1 Marginal Cost of Funds

According to Dahlby (2008), the marginal cost of public funds (MCF) measures
the loss incurred by society in raising additional revenues to finance government
spending. The MCF is the key component in evaluations of tax reform, public
expenditure programs and others public policies.

Before defining the MCF I have to calculate the dead weight loss (DWL). The
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definition of DWL that I consider is

DWL =
|U(t=0) − U(t=T )|

λ(t=0)

(4.17)

where the numerator is the absolute value of the difference between the utilities.
The term U(t=0) is the utility in the benchmark and U(t=T ) is the utility in the new
steady state, after increasing the tax revenue in percentage of GDP in 1%, i.e. the
tax revenue would be 34.17%. The term λ(t=0) is the marginal utility of consump-
tion in the benchmark11.

There are many ways to express the marginal cost of public funds. In the
present paper I consider the following definition of Marginal Cost of Funds (MCF):

MCF = 1 +
∆DWL

∆R/Y(t=T )

(4.18)

where ∆R is an increase of 1% in the tax revenue and Y(t=T ) is the output in the
new steady state. I find the MCF to each kind of tax base. For example, to find the
MCF of consumption I increase the consumption tax rate until that the tax revenue
reaches an increase of 1%, kept the others marginal tax rate uncharged. I repeat
this procedure to each tax base.

When I calculate the marginal cost of funds (MCF), I want to assess the marginal
costs of each tax base in the current Brazilian tax system. In others words, MCF
defines the better way to increase or reduce a tax. Therefore, MCF can be used to
determinate the better direction to a tax reform in Brazil.

Table 4.8 presents the values of MCF to each tax base. As I said above, I consider
two situations to the taxes collected. In the first situation, the total taxes return to
households in a lump-sum transfer. In the second situation there is no transfer
to households. When there is transfer, the values of MCF are smaller than in the
otherwise situation. The reason is due to the second order distortion caused by
the government spending. In others words, when there is no transfer, the govern-
ment and households are rivals in the use of resources. Therefore, no productive
spending increases the MCF.

11In the next subsection, the DWL will be assessed in terms of marginal utility of consumption in the Pareto

Optimal situation.
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Table 4.8: Marginal Costs of Funds

With Transfer No Transfer

Consumption 1.3224 2.8508

Investment 2.4326 2.9500

Labor 1.5550 2.8394

Capital 2.1704 3.0683

Source: Elaborated by authors

In the case with transfer, the lowest value is in the consumption and the highest
is in the investment. The higher value means a more inefficient taxation. Accord-
ing to the results, if government wants to finance a project using an increase in
taxes, the least distortionary levy is the taxation on consumption.

Let’s suppose a project with an expected cost of 1 million of dollars, govern-
ment should finance this project by taxation on consumption only if this project
creates benefits to society more than 1.3224 million of dollars. In the same way, a
project that would be financed by investment tax should provide benefits higher
than 2.4326 million of dollars. According to mine results, the taxation on con-
sumption is the least inefficient taxation while the taxation on investment is the
most inefficient taxation.

When there is no transfer, the values of MCF are higher. The taxation on in-
vestment and capital are the more inefficient. In this economy the households
accumulate too many capital, what increase the MCF. The values of taxation on
consumption on labor income are closed and they are the less inefficient taxation.
The reason for these results is because the households have to work and save more.
As I show in the next subsection, the stock of capital is higher in this situation com-
pared to the situation with transfer. In the same way, the labor supply is higher in
the case without transfer.

In the literature, there is no consensus about the value of MCF. Ballard et al.
(1985) estimated a value between $1.17 and $1.56 dollars, Browning (1987) calcu-
lated a value between $1.10 and $4.00 dollars. In a more recent paper, Feldstein
(1997) affirmed that the MCF was $2.65 in the United States. Given these results, I
could claim that MCF is higher than in United States.
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If MCF differs among tax bases, I can say that government is not rational. When
this situation happens, it suggests that there is available resources in economy.
Therefore, it is possible to increase welfare and keep tax revenues constant by
switching from taxes with a high to one with a low MCF.

As I said above, using the MCF I get a hint as of what directions of reform are
bound to work better and can also right away pass judgement about the proposals
of tax reform. Thus, I can take two conclusions of my results. First, if government
and CNI want to increase the efficiency in economy, they have to decrease the most
inefficiency taxation and also have to increase the least distortionary taxation. In
this way, a simple reorganization of taxes may cause a Pareto improvement to the
society.

The second conclusion is, the both proposals want to reduce the taxation on
investment and on labor income and increase the taxation on consumption. As I
show above, it is a good direction to reduce the inefficiency in Brazilian tax sys-
tem. Therefore, the both taxes reforms proposals may increase the efficiency of tax
system and consequently they could increase the output and welfare in society.

4.5.2 Macroeconomics Effects

As I said above, one goal of the present paper is to examine two tax reform propos-
als. Using a standard neoclassical accumulation model with representative agents
I simulate the effects of each proposal. Additionally, I also simulate the effects of
Pareto Optimal reform, i.e. all levies are equal to zero.

To determine the effects of a tax reform, I compare the present value of the
sequence path of each variable in each reform to the value of benchmark situation.
Given the initial steady state, I consider the present value of whole path of this
situation. The values in level of the initial steady state are described in Table 4.9
for the case when there is or no transfer.

The steady state value of the variables are defined by equations (4.11), (4.12),
(4.29), (4.30), (4.31) and (4.32). It is easy to see that the labor supply, the stock of
capital and output are higher in the economy no transfers. However, the consump-
tion is higher in level when there in no transfer.

The results are split in two subsection. One subsection is dedicated to the econ-
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Table 4.9: Variables in the Steady State (in level)

Variables With Transfer No Transfer

Labor 0.2441 0.3333

Consumption 0.3340 0.2946

Capital 1.1870 1.6208

Output 0.4216 0.5757

Wage 1.1304 1.1304

Interest Rate 0.1227 0.1723

DWL∗∗ 105.34 361.20

C/Y 0.7923 0.7922+

I/Y 0.2077 0.2078

K/Y 2.8155 2.8154

Tax Revenue/Y 0.3318 0.2805

Source: Elaborated by authors

+: I aggregate the households and the government.

∗∗: Present value.

omy with transfer and the other to the economy when there is no transfer. In the
subsection with transfer, I also investigate the short run effects of a tax reform. The
effects in the short run are important because they could make not possible to ap-
prove the reform in the Congress. Although a tax reform has good effects in the
long run, in the short run economy could dive in a recession, reducing the welfare.

Economy - Transfer

i) Long run

In this subsection I show the macroeconomics long run effects when there is
transfer to individuals. Figure 4.2 displays the transition path from the initial
steady state to the new steady state in each proposal. As I said above, govern-
ment’s proposal suggests a transitory period to implement all changes in the tax
schedule while CNI’s proposal suggests that all changes would be made in one
period.
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Figure 4.2: Transition Path: Government’s and CNI’s Proposals - With Transfers
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Figure 4.2 shows that the variance of consumption in government’s proposal is
smaller than in CNI’s proposal. However, the new steady state level is lower in
government’s proposal than CNI’s proposal. My model achieves the new steady
state in less than 60 periods, where one period is equivalent to one year.

Table 4.10 compares the difference among each reform. To do that, I compare
the present value of the sequence path of each variables in each reform to present
value of benchmark situation. Table 4.10 shows the percentage deviation from the
initial steady state. I observe that both proposals have relevant impact on variables.
The most important topic in both proposals is the reduction of the taxation on
investment, the most inefficiency tax. Due to the deeper reduction of taxation on
investment in CNI’s proposal, this proposal has a better macroeconomics results
than government’s proposal.

According to my results, the consumption increases 1.87% in government’s pro-
posal and 2.78% in CNI’s proposal. In the Pareto Optimal, the consumption would
increase 36.87% compared to the benchmark situation. The capital and output
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Table 4.10: Effects of Tax Reform Proposals (%) - With Transfer

Variables Government CNI Pareto Optimal

Labor 1.15 1.54 38.27

Consumption 1.87 2.78 39.68

Capital 8.50 14.81 105.97

Output 3.62 5.92 58.04

Wage 2.44 4.32 14.47

Interest Rate -4.43 -7.65 -21.6

DWL -13.10 -19.40 0

C/Y ∗ 0.7789 0.7688 0.7002

I/Y ∗ 0.2211 0.2312 0.2998

K/Y ∗ 2.9482 3.0518 3.6693

Tax Revenue/Y* 0.3298 0.3278 0

Source: Elaborated by authors

∗: Variables in level

would increase 8.50% and 3.62% in government’s proposal and around 14.5% and
6.00% in CNI’s proposal. Therefore, I expect a good macroeconomic effect in the
economy in both reforms.

The wage goes up and the interest rate goes down in both proposals. The others
macroeconomics variables have the expected behavior according to the economic
theory. I explain the better results in CNI’s reform due to the deeper reduction in
the taxation on investment, as describe above, the most inefficient levy.

ii) Short Run

In this section, I analyze the short run effects of a tax reform. I consider that
the short run has less than thirty two periods. Due to the effects in the short run, a
Congress could not choose to implement a tax reform because the loses in terms of
utility, output and consumption. As in the previews section, to assess the effects of
sort run, I get the difference between the steady state and the new sequence path
after the reform. I consider the cumulative sum in present value of each variable.

According to table 4.13, in the first year after Government’s proposal the output
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would be reduce in -0.62% and the consumption and utility would increase 0.72%

and 0.79% respectively. However, the gains of utility and consumption would be
transformed in loses in the six period. In the six period, the individuals would
be 0.36% worse in the new equilibrium than in the initial steady state, in terms of
utility. Moreover, in the eighth period, the individual would be worst than in the
fourth period, the utility falls 0.73% in terms of initial steady state. Only in the
thirty second period the utility registers gains in terms of welfare.

In CNI’s proposal, I find a higher utility cost than government’s proposal in
the beginning of reform. I find a deeper reduction in consumption and utility,
but a faster increase in capital and output. Even though CNI’s proposal has bad
results in terms of utility in the initial period, it registers gains before government’s
proposal. As I know from the previews section, CNI’s proposal provides better
results in the long run.

Although a tax reform has good macroeconomic effects in the long run, the
effects in the short run could make impossible to implement it. I have a simple
problem of intertemporal inconsistency. Hence, to approve a tax reform, it is im-
portant to have collusion among political forces. They need to know that the tax
reform is important to country, even though the short run cost.

Economy - No Transfer

i) Long run

Figure 4.3 displays the transition path in the economy when there is no transfer.
Again, the variance of the variables in government’s proposal is smaller than in
CNI’s proposal.

In general, the variables have a higher change when there is no transfer than
in the case with transfer. The reason is because households are poorer than in the
situation with transfer. As there is no transfer, households have to work and save
more. I can observe in Table 4.9 and in Figure 4.3 that the level of capital is higher
in the case without transfer.

According to the results, the consumption, capital and the output would in-
crease respectively 1.93%, 7.84% and 3.02% in the government’s proposal and 2.81%,
13.75% and 5.08% in CNI’s proposal. The DWL is huge in this case because the gov-
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ernment spending does not provide any benefit to the society. In this subsection,
the DWL is in terms of marginal utility of consumption in the Pareto Optimal case.
Higher DWL implies in a lower welfare.

When there is no transfer and the government spending does not provide any
benefit to the society, the taxation has a second order effect. Households and gov-
ernment are rivals in using resources. Therefore, I can suppose that the govern-
ment wastes the resources in a no productive direction.

Figure 4.3: Transition Path: Government’s and CNI’s Proposals - No Transfer
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Observing Figures 4.2 and 4.3 and Tables 4.10 and 4.12, I can conclude that the
both proposals of tax reform may cause a positive macroeconomics effects in the
economy. There is an increase in consumption, capital, output and welfare. The
two reforms are able to reduce the inefficiency in the economy.

CNI’s proposal has the better results because it suggests a deeper reduction of
the taxation on investment, the most inefficient levy. The reduction of the taxation
on investment is following by an increase of the taxation on consumption. In the
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Table 4.12: Effects of Tax Reform Proposals (%) - No Transfer

Variables Government CNI Pareto Optimal

Labor 0.59 0.80 1.12

Consumption 1.93 2.81 60.17

Capital 7.84 13.75 54.58

Output 3.02 5.08 16.87

Wage 2.42 4.25 15.67

Interest Rate -4.39 -8.53 -24.62

DWL -4.71 -6.81 0

C/Y ∗+ 0.7732 0.7612 0.6945

I/Y ∗ 0.2268 0.2388 0.3155

K/Y ∗ 2.9027 2.9940 3.5658

Tax Revenue/Y* 0.2804 0.2615 0

Source: Elaborated by authors

∗: Variables in level

+: I aggregate the households and the government.

model, the taxation on consumption is the least distortionary tax. Moreover, CNI’s
proposal also suggests a short period to implement all changes in the tax system.

Due to the short period to implement the changes, CNI’s proposal provides the
better benefit to the society in the short run. The stock of capital, the supply of
labor and the output increase faster than in government’s proposal. The consump-
tion also has a higher and faster falls in the begin of transition period in CNI’s
proposal. Nevertheless, in few periods after reform, the consumption in CNI’s
proposal catches up and passes the consumption in government’s proposal.

Although government’s proposal does not have as good results as CNI’s pro-
posal, the increase in the efficiency is quite impressive. I guess that the two situ-
ations are extremes, the real world belongs to a situation between these two ex-
tremes cases. For example, an increase in the GDP about 5% means more than
100 billion of reais in the economy. Therefore, even though government’s pro-
posal does not provide as good results as CNI’s proposal, it already has a positive
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macroeconomic effects in the economy.

There is no question that Brazil needs a tax reform. The current tax system is
very complex and creates many distortions. I show above that there are goods
proposals to change the current system. In my opinion, in the first stage, it is
important to define and approve one proposal of tax reform. In the second stage,
some adjusts would be made according to the society intentions.

CNI’s proposal predicts a better results to the economy due to the deeper reduc-
tion of the taxation on investment. Furthermore, there is a short transition period
to implement all changes in current tax schedule, which it implies in a short run
effects of the tax reform.

The most important point is to approve one proposal of tax reform and grad-
ually make the right adjustments. The advantage of my model is that I consider
a very simple model to analyze a tax reform proposal. Government takes as ref-
erence the paper of Fernandes et al. (2004). However, my paper is simpler and
predict the same effects of a tax reform than Fernandes et al. (2004).

ii) Sort run

The short run effects in the economy no transfer have the same direction than
in the economy with transfer. The magnitude of effects is smaller than in the case
with transfer and take a longer period to produce positive effects in the utility. Due
to the transition period, government’s proposal produces positive effects among
periods 1 and 4. However, among periods 6 and 32 the utility would be lower than
the benchmark situation. In CNI’s proposal, there is a deeper reduction on utility
in the beginning of reform, but gradually the utility would increase, with good
results in the long run.

As in the economy with transfer, the effects in the short run could suggest that
a Congress could not decide to approve the reform, even though, it produces good
long run effects in the long run.
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4.6 Conclusions

In the present paper, my mains goals are to assess the costs of current Brazilian tax
system and examine in details some proposals of tax reform in Brazil. I examine
the government’s proposal and the Brazilian National Confederation of Industry’s
(CNI) proposal. I also measure the macroeconomics gains of a tax reform. I do a
normative and positive analysis of the tax reform proposals.

I consider a standard neoclassical capital accumulation model with represen-
tative households. I consider two cases. In the first case there is no government
spending to be financed and all tax revenue returns to households in a lump-sum
transfer in the same period. In the second case there is the government spending
to be financed by taxes. I calibrate the government spending such that there is no
transfer to households. In this context, households and the government are rival
in the use of resources. As the government spending does not provide any benefit
to the society, I can think this case as if there is total waste of resources. I consider
that both situations are extreme, the real world is a situation between these two
cases.

In the first part of present paper I measure the marginal cost of funds (MCF) to
the different tax bases. MCF is crucial in that regard for it allows me to determine
the distortions that are caused by each kind of taxation. Using the MCF I get a hint
as of what directions of reform are bound to work better. Therefore I can also right
away pass judgement about the proposals of tax reform that are bound to make
things worse.

I show that the value of MCF to all tax base is higher than one found to other
countries. I also show that the value of MCF differs for different tax bases. A
rational government should not allow this difference in the MCF. Because when
this is happened, I can say that there is available resources in the economy. Thus it
is possible to increase welfare and keep tax revenues constant by switching from
taxes with a high to one with a low MCF.

I find that the taxation on consumption has the lowest MCF while the taxation
on investment has the highest value. It means that a good tax reform should in-
crease the taxation on consumption and reduce the taxation on investment. If I
do that, a good reform may bring down the inefficiency of the Brazilian tax sys-
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tem. The both proposals that I examine in the present paper suggest reforms in
this direction.

In the second part I measure the macroeconomics gains of each tax reform. Ac-
cording to the model, both proposals may provide a positive impact in the econ-
omy. The model predicts an increase in consumption, stock of capital, output and
welfare. CNI’s proposal has the better results because there is a bigger reduction
of the taxation on investment than government’s proposal.

Looking into the results, I could claim that both tax reform proposals are in
correct direction to cause a Pareto improvement. They could reduce the distortions
in the economy, increase the efficiency of allocations and have positive effects in
the welfare.
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4.7 Appendix A

In this appendix I solve household’s problem describes by equation (4.3). Let’s
consider the case where there is the government’s spending to be financed, i.e.
gt 6= 0, in this case there is no transfers to the households, ξt = 0. The household’s
problem can be written as:

U [c0, c1, ..., 1− h0, 1− h1, ...] = max
{ct,ht,kt}

∞∑
t=0

βt[ln ct + χ ln(1− ht)] (4.19)

s.t(1 + τct)ct + (1 + τit)it = (1− τht)wtht + (1− τkt)rtkt + ξt (4.20)

and k0 > 0 (4.21)

The government’s budget constraint to each household is:

τctct + τitit + τhtwtht + τktrtkt − gt = ξt (4.22)

The first orders conditions (FOC) of household’s problem are:

Uct = µt(1 + τct) (4.23)

χUlt = µt(1− τht)wt (4.24)

βµt+1

{[
(1− τkt+1)

(1 + τit)

]
rt+1 +

[
(1 + τit+1)

(1 + τit)

]
(1− δ)

}
= µt (4.25)

lim
t−→∞

µtkt = 0 (4.26)

where µt is the Lagrange multiplier on the budget constraint.

The equation (4.26) is the transversality condition and expresses that the value
of marginal utility of capital is zero in the infinity. I can manipulate the equations
above and I find the equations (4.4) and (4.5) in text. They are written as:

ct+1 = βct
(1 + τct)

(1 + τct+1)

{[
(1− τkt+1)

(1 + τit)

]
rt+1 +

[
(1 + τit+1)

(1 + τit)

]
(1− δ)

}
(4.27)

ctχ(1 + τct) = (1− ht)(1− τht)wt (4.28)

The interest rate (r), labor supply(h), stock of capital (k) and consumption (c)
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in steady state are given by the following equations:

rSS =

(
1 + τi
1− τk

)[
1

β
− (1− δ)

]
(4.29)

hSS =

(
1+τi
1−τk

)
1
χ
(1− α)

(
rSS

α

) α
α−1 − g(

rSS

α

) α
α−1
[
1 + 1−τh

1+τc
1
χ
(1− α)

]
− δ

(
rSS

α

) 1
α−1

(4.30)

kSS =

(
rSS

α

) 1
α−1

hSS (4.31)

cSS = kSS
α
hSS

1−α − δkSS − gSS (4.32)

where g could be g = 0 or g 6= 0.

Remember that when g = 0 there is transfers to the households and when g 6=
0 there is no transfers to the households. In the last situation, the government
spending does not provide any benefit to society. It means that the government
and the households are rival in allocation of resources.

The aggregate consumption, capital, investment, labor and government spend-
ing in steady state can be written respectively as CSS = LcSS , KSS = LkSS ,
ISS = LiSS , HSS = LhSS and GSS = LgSS , where L is the population that it is
normalized to be one.
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4.8 Appendix B

We collect the datas on the website of Ministry of Finance (www.fazenda.gov.br)
and Instituto de Pesquisa Econômica Aplicada (IPEA) (www.ipeadata.gov.br). Ac-
cording to the government’s agency, the Brazilian Gross Domestic Product (GDP)
was R$ 2, 332, 935, 544, 000.00 reais, in currency value of 2006. The other variable
that we use in the present paper is the annual average of nominal interest rate. The
value is r = 12.27% per year.

The table 4.14 summarizes the description of the Brazilian’s tax system. The
first column shows the name of each tax and contribution. The column 2 presents
the amount collected in reais (R$) and in the column 3 we have taxes in terms of
GDP. Finally, the column 4 shows the tax jurisdiction and the column 5 contains
the incidence on each type of taxation.
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Conclusions

In this thesis I analyze some aspects of the economics of taxation. The discussion
about the equity-efficiency trade-off has an important role in this thesis. As the tax-
ation causes distortions in the economy, I want to provide useful essays to reduce
part of these distortions. Thus, these essays could help the government to create a
tax system that induces the allocative efficiency and provides as higher as possible
welfare to the society.

Depending on the chapter, I consider or static or dynamic model. I have model
to heterogenous and homogenous individuals. These models allow me to get
equity-efficiency trade-off conclusions about different taxes schedules. I show that
there are some good alternative directions to the incidence of levies. Some alter-
natives are feasible to implement and could provide faster macroeconomics and
welfare effects.
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