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Resumo
Este trabalho apresenta identificação parcial do efeito médio do tratamento sobre os
tratados (ATT ) em uma modelo de “diferenças em diferenças” (DID) quando há sele-
ção amostral. Adaptando a estratégia de Lee (2009), sob uma resposta monótona de
tratamento na seleção, derivamos sharp bounds do ATT para a sub-população que seria
selecionada independentemente do efeito do tratamento sobre a seleção. Nossos resultados
de identificação parcial são baseados em tendências paralelas modificadas para manter
condicionadas as sub-populações selecionadas invariantes ao tratamento. Nossa abordagem
é de natureza semi-paramétrica, pois identificamos probabilidades de seleção e proporções
de corte impondo um índice linear paramétrico com um efeito de tratamento na seleção
latente constante. Discutimos quando estas suposições são razoáveis e que limitações
o desenho de DID impõe à nossa estratégia. Mostramos que a direção da resposta do
tratamento monótono na seleção tem maiores implicações em nossa estrutura se o efeito
do tratamento latente na seleção não for constante. Utilizamos dados do Bastian (2020)
para fornecer uma aplicação empírica para nossos estimadores do intervalo, avaliando os
efeitos de margem intensiva de na oferta de trabalho da introdução do EITC em 1975 e
destacando um caso real onde nossas suposições são plausíveis.

Palavras-chave: diferenças-em-diferenças, seleção amostral, identificação parcial, efeitos
de tratamento, EITC, oferta de trabalho



Abstract
This work provides partial identification of the average treatment effect on the treated
(ATT ) in a “difference in differences” (DID) setting when there is sample selection. Adapting
the strategy of Lee (2009), under a monotone response of treatment on selection, we derive
sharp bounds on the ATT for the sub-population that would be sampled irrespective of
the treatment effect on selection. Our partial identification results are based on parallel
trends modified to hold conditional on treatment invariant selected sub-populations. Our
approach is of a semi-parametric nature as we identify selection probabilities and trimming
proportions by imposing a parametric linear index with a constant latent treatment effect
on selection. We discuss when these assumptions are reasonable and what limitations
the DID design imposes on our strategy. We show that the direction of the monotone
treatment response on selection has greater implications in our framework if the latent
treatment effect on selection is not constant. We use data from Bastian (2020) to provide
an empirical application for our bounds estimators, assessing labor supply intensive margin
effects of the 1975 EITC introduction and highlighting a real case where our assumptions
are plausible.

Keywords: differences-in-differences, sample selection, partial identification, treatment
effects, EITC, labor supply

JEL Classification: C23; C24; C25
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1 Introduction

The difference-in-differences (DID) design is one of the most popular quasi-experimental
identification strategies for estimating causal effects in economics. As DID’s diffusion in
applied social sciences broadened, it has also received greater attention to its limitations
and an increasing number of extensions.1 However, a feature not yet explored is the
relationship between the DID design and the issue of sample selection, that arises when
outcomes are partially observed, subject to censoring or to some more general non-random
sampling structure. Sample selection frequently arise in economics. Our prime example
is labor supply, which has a large number of DID applications (Blundell et al., 2007).
Data on labor supply outcomes (such as hours worked or wages) can only be observed
for employees and we are generally interested in estimating a response to a policy on
those outcomes. It is well understood that estimates undertaken using only the employed
sample will be biased by the fact that unemployment (and thus the inability to observe an
outcome) is also determined by workers characteristics that are correlated with the policy
effects. Moreover, a theoretical labor supply model will likely predict that the same policy
change that affects these outcomes also affects labor market participation, and therefore
also the composition of the sample.

The sample selection literature provides many possible corrections for this resulting
bias, but they either require further structural assumptions about the relation of the
censored outcome and selection (Heckman, 1976, 1979; Hausman and Wise, 1979) or
exclusion restrictions (Das et al., 2003; Das, 2004), and such requirements are beyond the
scope of DID. An increasingly popular approach is to focus on the partial identification of
causal parameters under milder assumptions whenever the other solutions above are not
possible (Manski, 1989; Horowitz and Manski, 1995). Part of this literature uses principal
stratification (Frangakis and Rubin, 2002) by comparing causal effects within selection
sub-populations unaffected by the treatment. In this work, we propose an extension
of the popular Lee (2009) bounds to a DID design with two groups and two periods,
focusing on the case when repeated cross-sectional data is available. We show how similar
bounds can be derived based on stratification for the post-treatment period, to partially
identify the average treatment effect on the treated, conditional on the sub-population of
1 See Cunningham (2021) for a swift review of the DID design and on number of such recent extensions.
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“always-selected” units (ATTOO).

Core to our strategy, Horowitz and Manski (1995) presented the basis for obtaining
sharp bounds on means for sampled units under non-random sampling. Adding the
assumption of a monotone treatment response in selection, Lee (2009) derived bounds for
the average effect of a randomized treatment for the “always-selected” sub-population:
units sampled irrespective of their treatment status. Under the monotone treatment
response on selection, we show how identification of similar bounds for the ATTOO can
be achieved if the usual parallel trends assumption (PTA) of DID is assumed to hold
conditional on our selection sub-population of interest. We present the conditions under
which these modified PTA’s are plausible.2 As in Lee (2009), our bounds are based on
trimming observed distributions of selected units. A trimming proportion is obtained from
a counterfactual proportion of selected units and such parameter is not appropriately
estimated in a DID design.3 To properly estimate this counterfactual proportion, we follow
Puhani (2012) and specify a latent linear index model for the selection variable with a
known link function (such as a probit or logit), under the assumption that the latent
treatment effect on selection is constant.4 This makes our approach semi-parametric in
nature.

In the absence of this constant latent parameter, our results are dependent on
the sign of the monotone response assumption since they are limited by the distribution
concerns of the DID design. We show how this theoretical limitation leads to opposing
necessary identification assumptions for each sign of the monotone selection assumption.5,6

2 We use parametric examples to show that these PTA’s are unlikely to hold if selection differs meaning-
fully between treated and untreated groups and also over time. In a sense, these limitations cover the
considerations of when the DID strategy is valid for nonlinear models (Kahn-Lang and Lang, 2020),
with the addition that our strategy is still valid if, instead of no difference between groups before
treatment, the selection indicator is time invariant.

3 Linear counterfactual assumptions like the usual PTA’s may not be sufficient since they can conceivably
predict probabilities outside of the unit range (Blundell and Dias, 2009; Lechner and Melly, 2010)

4 The introduction of this additional requirement is not new to our work. Honoré and Hu (2020) derive
narrower bounds under the condition that the treatment effect on selection and on the outcomes of
interest is constant. In our strategy, the constant latent effect on selection plays a more explicit role
than refining the bounds, but rather ensuring the identification of the necessary trimming proportions
in each case of monotonic selection.

5 Other extensions of Lee (2009)’s strategy do not incur in this limitation as they rely on some degree of
conditional independence of treatment allocation, implying that counterfactual distributions, rather
than only expectations, are identified in the absence of non-random sampling. We require a possibly
weaker conditional mean independence assumption to identify a counterfactual for “always-selected”
units, but with greater limitations.

6 Chen and Flores (2015) generalizes this framework for intention to treat and local average treatment
effect parameters when a binary instrument is available. Bartalotti et al. (2019) discuss the extension of
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One of the main points of our work is to discuss a tractable mean of dealing
with sample selection when panel data is not available. In that case with longitudinal
data, a large literature explores the structure of selection and outcomes to provide point-
identification results through refinements on parametric selection corrections.7 However,
researchers do not always have access to all relevant information of units over time. This is
particularly true when dealing with repeated cross-sections (RCS) data. Many methods of
causal inference that explore time variation — especially DID — can be employed without
a panel data structure and, more importantly, many empirical problems where sample
selection arises are of RCS nature.

For an empirical illustration of our proposed bounds for the ATTOO, we use the
original data from Bastian (2020) to evaluate labor-supply intensive margin effects of
the 1975 introduction of the EITC in the United States. This example highlights a real
case of when our assumptions are plausible. There is ample theoretical and empirical
evidence of the program effect on the extensive margin (employment) (Eissa and Liebman,
1996; Kleven, 2019), but few results exploring effects on labor supply choices among
mothers who were already participating in the labor market. In general, the DID design
is not well suited to study these intensive margin effects, and most empirical results on
that topic explore structural models or estimation methods based on parametric and
distribution assumptions (Nichols and Rothstein, 2015; Adireksombat, 2010). Using our
partial identification strategy, we estimate an interval for this effect under less restrictive
assumptions.

This work is organized as follows. In Chapter 2, we first describe our econometric
model set-up and discuss how the selection problem arises in usual DID limited to
the selected sample. In section 2.2 we present the assumptions and results for partial
identification of the ATTOO under a known sign for the monotone selection assumption.
In Chapter 3 we discuss the implications, alternatives and limitations of our assumptions.

these bounds for marginal treatment effects. Semenova (2020) presents improvements in the inclusion
of covariates under conditional independence assumptions and for possibly multidimensional data and
outcomes.

7 Honoré et al. (2008) and Semykina and Wooldridge (2010) provide a literature review on those
corrections, as they are mainly based on distributional assumptions or on the availability of an
exclusion restriction between the outcome and selection equations. Kyriazidou (1997) presents a
non-parametric correction for fixed effects models with sample selection that are applicable to a DID
design and require no exclusion restrictions. Other common branch of solutions when panel data
is available stems from the panel attrition literature. See Hoonhout and Ridder (2019) for recent
extensions and a review on such methods.
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Especially, in section 3.3 we discuss the limitations of our proposed work with respect to
an unknown sign for the monotone selection assumption. In Chapter 4 we provide the
estimation steps for our proposed bounds characterize its asymptotic results. In Chapter
5 we provide an empirical illustration for our bounds using the data set made available
by Bastian (2020). We conclude on Chapter 6. We provide additional tables and figures
in Appendix A and our proofs in Appendix B. We present a discussion on alternative
assumptions and extensions in Appendix C and provide illustrative simulation results
based on our empirical application in Appendix D.
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2 Theoretical Framework

2.1 Notation and the Selection Problem

In this section we first introduce the notation we use throughout the article and
describe the selection problem in our chosen framework.

We consider the simplest two-groups two-periods DID model, with the two available
periods denoted by t = 0 and t = 1. The indicator variable Di ∈ {0, 1} denotes the
untreated (control) and the treated groups, which are time invariant. The group Di = 0
never receives the treatment while units the the group Di = 1 are treated between t = 0
and t = 1. Our potential outcomes and selection framework is defined as:

Y ∗i,t = (1− Ii,t) · Y ∗Ni,t + Ii,t · Y ∗Ii,t
Si,t = (1− Ii,t) · SNi,t + Ii,t · SIi,t
Yi,t = Y ∗i,t · Si,t

(2.1)

where Ii,t = Di · 1[t = 1] is an indicator for the treatment, defining
(
Y ∗Ii,t , Y

∗N
i,t

)
as our

latent potential outcomes and
(
SIi,t, S

N
i,t

)
as potential selection indicators for units at time

t when treated and untreated.

The system of equations in (2.1) formalizes the idea that the treatment affects both
the outcome variable and the selection indicator, but also that the observable potential
outcome distribution is censored in some unspecified way, generating non-randomly selected
samples.1 We can only observe a random sample of (Yi,t, Si,t, Di) for each period t. This
represents a Repeated Cross Sections (RCS) data setting, further details on sampling will
be presented in Chapter 4. To ease some notation on distribution, for a generic continuous
random variable Ai,t with Supp(A) = A, we denote its cumulative distribution conditional
to (D = d, t) as FA

D=d,t(a) = P(Ai,t ≤ a | Di = d), for each a ∈ A. To reduce the excess of
notation, we omit the unit subscript i.

We consider a causal treatment effect τi = Y ∗Ii,1 − Y ∗Ni,1 . The usual parameter
of interest in DID settings is the average treatment effect on the treated, defined as
1 We assume that are no anticipatory effects on both potential variables by setting Y ∗i,0 = Y ∗Ni,0 and

Si,0 = SNi,0.
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ATT = E[τ | D = 1]. In the absence of the selection problem, ATT is identified by the
usual parallel trend assumption below, imposing that the evolution of the mean outcome
is the same between treated and untreated groups.

E[Y ∗N1 | D = 1]− E[Y ∗N0 | D = 1] = E[Y ∗N1 | D = 0]− E[Y ∗N0 | D = 0] (2.2)

To make a clear discussion on how the selection problem might lead to bias in
DID estimation, let τDIDS denote the usual DID estimand conditional on selected units of
each period (i.e. St = 1). Using the design of potential outcomes and selection, it can be
decomposed into three terms of interest:

τDIDS =
(
E[Y1 | D = 1, S1 = 1]− E[Y1 | D = 0, S1 = 1]

)
−
(
E[Y0 | D = 1, S0 = 1]− E[Y0 | D = 0, S0 = 1]

)
=E[Y ∗I1 | D = 1, SN1 = 1]︸ ︷︷ ︸

Term I

−
{
E[Y ∗N0 | D = 1, SN0 = 1] + E[Y ∗N1 | D = 0, SN1 = 1]− E[Y ∗N0 | D = 0, SN0 = 1]

}︸ ︷︷ ︸
Term II

+
{
E[Y ∗I1 | D = 1, SI1 = 1]− E[Y ∗I1 | D = 1, SN1 = 1]

}︸ ︷︷ ︸
Term III

.

(2.3)

The term I in Equation (2.3) consists of the outcome expectation for treated units that
would be sampled in the untreated condition. For both groups at t = 0 and for untreated
units at t = 1, units are sampled based on their untreated potential selection indicator.
The term II consists then of a counterfactual trend composed only of selected units given
their untreated selection status.2

If we assume that the equality presented in Equation (2.4) holds, term II could be
understood as a conditional parallel trend, under the additional imposition that there are
no composition changes over time in the counterfactual term, with respect to SNt = 1.

E[Y ∗N1 | D = 1, SN1 = 1] = E[Y ∗N1 | D = 0, SN1 = 1]

+ E[Y ∗N0 | D = 1, SN0 = 1]− E[Y ∗N0 | D = 0, SN0 = 1]
(2.4)

In that case, terms I and II can be combined, resulting in the conditional parameter
E[Y ∗I1 − Y ∗N1 | D = 1, SN1 = 1], which is the average treatment effect for treated selected
2 The DID estimand conditioning on SNt = 1 can be interpreted as a conditional DID. Ham (2011)

discuss the bias arising in DID methods under composition changes (in covariates distribution) on the
counterfactual term.
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units conditional on their untreated selection status. Therefore, combining Equations (2.3)
and (2.4), we get that:

τDIDS = E[τ | D = 1, SN1 = 1]

+
(
E[Y ∗I1 | D = 1, SI1 = 1]− E[Y ∗I1 | D = 1, SN1 = 1]

)
.

(2.5)

Equation (2.5) highlights the role of the the outlined term III in Equation (2.3) in possibly
biasing τDIDS. The term III is the difference in mean outcomes of units that are selected
only because of the treatment effect on selection. Even if E[τ | D = 1, SN1 = 1] was our
parameter of interest, it would not be identified by τDIDS unless

(
Y ∗It , Y ∗Nt

)
and

(
SIt , S

N
t

)
were independent or SI1 = SN1 for all units. The first condition would imply the term III
to be zero and Yt to be missing at random (MAR). The second condition would imply
that there was no effect of treatment on selection for all units. Since both conditions may
be too restrictive, a plausible alternative is to assume a relationship between SI1 and SN1
that can be weaker than equality. This kind of assumption is labeled by the literature of
partial identification as monotone treatment effect or response on selection and we can
explore it to derive bounds on conditional on selection treatment effect.

This discussion exemplifies how the selection problem complicates learning about
ATT , but also about other conditional on selection parameters, such as E[τ | D = 1, SN1 =
1]. In fact, in this setting any unconditional (to selection) treatment effect can not be
point identified without structural assumptions. However, some conditional treatment
effects, resembling the average treatment effect proposed in Lee (2009), with respect to a
specific latent selection sub-population of units that would be selected irrespective of their
treatment status can be partially identified.

2.2 Partial Identification Results

In this section, we provide the assumptions to extend the basic idea of Lee (2009)
bounds to a DID setting. The first challenge in combining the partial identification with
stratification approach with DID design is to define the latent selection sub-populations in
a multiple period context, since the potential selection indicators also depend on time. In
similarity to the compliance groups presented by Angrist and Imbens (1994) and Frangakis
and Rubin (2002), we define four latent selection sub-populations based on the potential
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Table 1 – Latent selection sub-populations at each period t.

Classification SNt SIt Designation
OO 1 1 “Always-selected”
RO 1 0 “Selected-only-when-untreated”
OR 0 1 “Selected-only-when-treated”
RR 0 0 “Never-selected”

selection indicators at each period t. Table 1 summarizes each stratum of sub-populations.3

In principle, there are sixteen selection strata we should consider.4 But as our
effect of interest is defined with respect to t = 1, it is sufficient for our argument to focus
on causal parameters conditional only on “post-treatment” selected sub-populations.5 A
conditional parameter that is a natural extension of the usual ATT could, nonetheless, be
specified the for the “always-selected” or selected irrespective of their treatment status
(OO) stratum in period t = 1. This parameter is defined as:

ATTOO = E[τ | D = 1, SI1 = 1, SN1 = 1] (2.6)

which can be separated into two other parameters, with:

ATTOO = E[Y ∗I1 | D = 1, SI1 = 1, SN1 = 1]︸ ︷︷ ︸
Always-Selected Treated Factual

−E[Y ∗N0 | D = 1, SI1 = 1, SN1 = 1]︸ ︷︷ ︸
Always-Selected Treated Counterfactual

(2.7)

Under our next set of assumptions, we show that either the counterfactual term can be
point identified and the factual term is only partially identified, or the other way around,
depending on the sign of the treatment effect on selection, leading to an identified interval
for the parameter of interest.

Assumption 1 (Monotone Treatment Effect on Selection). For each period t ∈ {0, 1},
either

(i) SIt ≥ SNt for all units (or with probability 1) or
3 For an example, for t = 1, the sub-populations are defined as: always-selected (OO : SN1 = 1;SI1 = 1);

Selected-only-when-treated (RO : SN1 = 0;SI1 = 1), or units in principle not selected that switch
into the selected sample if they treated; Selected-only-when-untreated (OR : SN1 = 1;SI1 = 0) units
in principle selected that switch out of the selected sample if they treated; and Never-observed
(RR : SN1 = 0;SI1 = 0).

4 i.e. the combinations of {OO,RO,OR,RR} for each period of t = 1 and t = 0
5 Without a panel data structure, we can not observe selection status in both the pre-treatment and

post-treatment periods for the same unit, such there is no way to specify treatment effects conditional
on strata of both periods.



Chapter 2. Theoretical Framework 19

(ii) SIt ≤ SNt for all units (or with probability 1)

Moreover, it is known whether Case (i) or (ii) holds.

The key element of our approach is given in our Assumption 1, with the imposition
that treatment affects selection in only one direction for all units. This assumption is also
the main element that allows for partial identification in previous works such as in Lee
(2009).6

Assumption 2 (Conditional Parallel Trend for Always-Selected after treatment). The
evolution of the potential outcome in the absence of the treatment is the same for “Always-
Selected” units in both groups at post-treatment period and selected units prior to treatment.

E[Y ∗N1 | D = 1, SI1 = 1, SN1 = 1]− E[Y ∗0 | D = 1, S0 = 1]

= E[Y ∗N1 | D = 0, SI1 = 1, SN1 = 1]− E[Y ∗0 | D = 0, S0 = 1] (2.8)

Assumption 2 is a conditional version of the usual parallel trends assumption. We
require the difference in the mean uncensored outcomes of “always-selected” post-treatment
units (SI1 = 1, SN1 = 1) and selected units at pre-treatment period (i.e. S0 = 1) to be
the same between groups. We first consider a positive sign for the effect of treatment on
selection. In that case, Assumption 2 coincides with the solution proposed on Equation
(2.4), where we require the evolution of outcomes for units that would be selected in the
absence of the treatment to be constant between groups. Under a positive response on
selection, another way to interpret Assumption 2 is that we require the mean difference at
the post-treatment period on uncensored outcomes between treatment groups composed
only of units that would be selected irrespective of the treatment effect on selection to be
equal to the mean difference between groups that are selected at the pre-treatment period,
when there is no treatment effect. 7

If SIt ≥ SNt in Assumption 1, the always-treated counterfactual term E[Y ∗N1 | D =
1, SN1 = 1, SI1 = 1] is point identified under Assumption 2 by E[Y0 | D = 1, S0 = 1] +E[Y1 |
6 Assumption 1 impose that the sign of the effect on selection can be a priori postulated. In next sections

we discuss what are the implications of allowing this sign to be left unspecified.
7 Similarly, if we were to impose a negative sign for the monotone selection rule, Assumption 2 would

mean that we must consider that there are parallel trends conditional on units being selected in case
they are treated, irrespective of their selection status in the absence of treatment, i.e. the parallel
trend holds when we compare units with SI1 = 1 in the post-treatment period and units with S0 = 1 at
pre-treatment period.
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D = 0, S1 = 1] − E[Y0 | D = 0, S0 = 1]. The “Always-selected Treated Factual” part of
ATTOO is not point identified. However, we can use the reasoning from Horowitz and
Manski (1995) to trim the observed outcome distribution for selected treated units at t = 1
to yield sharp bounds for E[Y ∗I1 | D = 1, SI1 = 1, SN1 = 1], and therefore to ATTOO. This
trimming strategy relies on a known mixing proportion.

The observable distribution of the outcome for the treated group at the post-
treatment period is denoted by F Y |S=1

D=1,t=1(y), which, by our DID design, equals P(Y ∗I1 ≤
y | D = 1, SI1 = 1). Since conditioning on SI1 = 1, by Assumption 1, this distribution is a
mixture of only OO and RO (those units induced into the selected sample only because of
the treatment) strata, such that OR and RR are excluded from this mixture. Using Total
Probability, we can write this observed distribution as a mixture of uncensored outcome
distributions of OO and RO sub-populations, such that:

F
Y |S=1
D=1,t=1(y) = p · F Y ∗I |OO

D=1,t=1(y) + (1− p) · F Y ∗I |RO
D=1,t=1(y), for all y ∈ Y , (2.9)

with p := P(SI1 = 1, SN1 = 1 | D = 1, SI1 = 1) denoting the proportion of OO units within
the selected units of the treated group at the post treatment period and acting as a mixing
proportion. From Assumption 1 and Lemma 1 (Appendix B), we get that discarding the
first p units and integrating the directly observable distribution of F Y |S=1

D=1,t=1(y) leads to a
sharp upper bound for E[Y ∗I1 | D = 1, OO]. Conversely, discarding the last p units leads
to a sharp lower bound for that same parameter.8 An expression for p can be obtained
using Bayes’s rule, as shown in Equation (2.10).

p = P(SN1 = 1 | D = 1, SI1 = 1) = P(SN1 = 1 | D = 1)
P(SI1 = 1 | D = 1) = E[SN1 | D = 1]

E[SI1 | D = 1]
(2.10)

Thus, our trimming proportion is the ratio between the unobserved counterfactual
proportion of selected units in the treated group at t = 1 (i.e. the term E[SN1 | D = 1])
and the observed proportion of selected units in the treated group at t = 0.

Assumption 3 (Selection Latent Linear Index and Constant Treatment Effect). We
assume that

E[SNi,t | Di, t] = H
(
γ1 + γ2 ·Di + γ3 · t

)
,

E[SIi,t | Di, t] = H
(
γ1 + γ2 ·Di + γ3 · t+ γ∗

)
,

8 This follows exactly as discussed by Lee (2009) from Corollary 4.1 of Horowitz and Manski (1995).
Further details are given in Appendix B.
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where H(·) is a cumulative distribution function of probability. Such that SNi,t = 1{S∗Ni,t > 0},
with S∗Ni,t = γ1 + γ2 ·Di + γ3 · t+ νi,t and S∗It = γ∗ + S∗Ni,t . Additionally, E[νi,t | Di, t] = 0
and E[ν2

i,t | Di, t] = σ2
ν, a constant. Without loss of generality, σ2

ν = 1.

Identification of E[SN1 | D = 1] relies on Assumption 3, which imposes a latent
linear index model for both potential selection indicators and that the treatment effect on
the latent selection variable, given by the interaction term γ∗, is constant. Our approach
is similar to the one presented by Blundell and Dias (2009) and Puhani (2012), when an
outcome of interest in a DID design is a binary variable.9 The function H(·) is typical link
function of logit or probit models with respect to the distribution of the error term νi,t

and the implied observable selection indicator structure is defined as

Si,t = 1{γ1 + γ2 ·Di + γ3 · t+ γ∗ ·Di · t+ νi,t > 0} , (2.11)

with this latent linear index structure, we can obtain the trimming proportion by parametriz-
ing each conditional expectation of potential selection, such that E[SN1 | D = 1] =
H
(
γ1 + γ2 + γ3

)
and E[SI1 | D = 1] = H

(
γ1 + γ2 + γ3 + γ∗

)
.10

We denote the identified counterfactual selection parameter as s(N) since we
will further present other possible assumptions for obtaining s(N) besides Assumption
3. We also denote s(I) = E[SI1 | D = 1]. Adding these conditions together, under a
positive selection rule, we can trim the observed distribution for treated units in the
post-treatment period to identify a minimum and maximum size for the treatment effect
on the always-selected treated units.

The result with positive selection is similarly valid if one were to assume mono-
tonicity in the opposite direction (such that SNt ≥ SIt with probability 1). The structure
assumed in Assumption 3 is sufficient to identify another trimming proportion of interest
in that case. Under a negative selection rule, the term E[Y ∗I1 | D = 1, SI1 = 1, SN1 = 1]
is point identified by E[Y1 | D = 1, St = 1]. However, the Always-Selected Treated
9 Assumption 3 implicitly imposes a parallel trend for the latent selection indicator — but it is stronger

than that requirement alone — as it implies we can parametrize the conditional expectations functions
(CEF) of each potential selection indicator as: E[SNt | D = d] = H

(
γ1 + γ2 · d+ γ3 · t

)
and E[SIt | D =

d] = H
(
γ1 + γ2 · d+ γ3 · t+ γ∗

)
. See Puhani (2012) for a discussion about the implications of this latent

index structure. Identification based on a parallel trend for the latent selection indicator is discussed in
our Appendix Section C.1.

10 In the non-linear DID with binary outcomes context, Blundell and Dias (2009) and Lechner (2010) both
note that E[SI1 | D = 1] = E[S1 | D = 1] by the design of the potential selection indicators. Therefore,
it is a choice to use, instead of the sample average, the estimated parameters under Assumption 3
restrictions. We choose the second approach.
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Counterfactual is not point identified now. Considering the parallel trend specified in
Assumption 2 and SNt ≥ SIt in Assumption 1, only the term E[Y ∗N1 | D = 0, OO] of
this counterfactual remains not point identified. With selection sub-populations varying
only in this single term, we can employ the same strategy of identifying its upper and
lower bounds, by trimming the observed distribution of F Y |S=1

D=0,t=1(y) to yield bounds for
E[Y ∗N1 | D = 0, SI1 = 1] = E[Y ∗N1 | D = 0, SI1 = 1, SN1 = 1], with the trimming proportion
p̃, defined as:

p̃ =P(SI1 = 1, SN1 = 1 | D = 1, SN1 = 1) = E[SI1 | D = 0]
E[SN1 | D = 0] = s̃(I)

s̃(N)
. (2.12)

Note this trimming proportion in inherently different from p = s(N)/s(I). Moreover,
p̃ is not a function of p. At this point, the constant treatment effect on latent selection posed
in Assumption 3 is necessary, since it implies we can also parametrize the two expectations
that compose p̃ as E[SI1 | D = 0] = H

(
γ1 + γ3 + γ∗

)
and E[SN1 | D = 0] = H

(
γ1 + γ3

)
.

From these implications, we state our main proposition, defining bounds on the
treatment effect based on a priori postulated sign for the selection rule in Assumption 1.
This procedure is defined in Proposition 1. To ease the notation of our bounds, we denote
each untrimmed conditional expectation by µdt = E[Yt | D = t, St = 1]. And, for a given
p, each upper and lower bound trimmed conditional expectation as µdtL = E[Yt | D =
d, St = 1, Yt ≤ Qdt(p)], µdtU = E[Yt | D = d, St = 1, Yt ≥ Qdt(1 − p)], with Qdt(q) being
the quantile of the distribution of Yt | D = d, St = 1 at a percentile q.

Proposition 1. Assume that Y ∗It and Y ∗Nt are continuous for each t ∈ {0, 1} and H(·) is
know. Under Assumptions 1, 2 and 3, ATTOO = E[τ | D = 1, SI1 = 1, SN1 = 1] is partially
identified with τL and τU as sharp lower and upper bounds defined by:

(i) (Positive Response on Selection) If SIt ≥ SNt with probability 1:

τL =
(
µ11L − µ01

)
−
(
µ10 − µ00

)
,

τU =
(
µ11U − µ01

)
−
(
µ10 − µ00

)
,

Q11(q) = F
−1 ,Y |S=1
D=1,t=1 (q) and p = s(N)

s(I) =
H
(
γ1 + γ2 + γ3

)
H
(
γ1 + γ2 + γ3 + γ∗

) .
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(ii) (Negative Response on Selection) If SIt ≤ S1
t with probability 1:

τ̃L =
(
µ11 − µ01U

)
−
(
µ10 − µ00

)
,

τ̃U =
(
µ11 − µ01L

)
−
(
µ10 − µ00

)
,

Q01(q) = F
−1 ,Y |S=1
D=0,t=1 (q) and p̃ = s̃(I)

s̃(N)
=
H
(
γ1 + γ3 + γ∗

)
H
(
γ1 + γ3

) .

The bounds are sharp in the sense that τL or τ̃L (τU or τ̃U) are the largest
(smallest) lower (upper) bound that are consistent with the observed data. Furthermore,
the interval

[
τL, τU

]
(or

[
τ̃L, τ̃U

]
) is contained in any other valid bounds that impose the

same assumptions.

The proof for this result is provided in the Appendix B. In case (i), since by
Assumption 2, the linear observed trend of selected untreated units can be used to point
identify E[Y ∗N1 | D = 1, OO], the proof becomes essentially the same as in Lee (2009), as
it only involves showing the trimmed means for the distribution of the selected units in
(D = 1, t = 1) are upper or lower bounds for E[Y ∗I1 | D = 1, OO]. In case (ii), considering
we only employ an alternative trimmed mean to create each bound, the logic of proof is
the same behind case (i).

Remark 1. Including covariates might not be direct in our DID setting. The main obstacle
is the appropriate aggregation of the estimated intervals for each covariate cell, since the
distribution of covariates for “always-selected” treated units is, in principle, known only in
the case with negative a selection effect. In Appendix C.2 we show how this distribution
can be estimated from parameters identified by assumptions used in Proposition 1 when
they hold conditional on covariates.

2.2.1 Alternative Bounds with Negative Treatment Effect on Selection

Under a negative selection rule, there is more than one parallel trend that could be
of our interest. Assumption 4 states another alternative conditional parallel trend.

Assumption 4 (Conditional Parallel Trend for Always-Selected on both periods). The
evolution of the potential outcome in the absence of the treatment is the same for always-
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selected units in both groups at both periods.

E[Y ∗N1 | D = 1, SI1 = 1, SN1 = 1]− E[Y ∗0 | D = 1, SI0 = 1, SN0 = 1]

= E[Y ∗N1 | D = 0, SI1 = 1, SN1 = 1]− E[Y ∗0 | D = 0, SI0 = 1, SN0 = 1] (2.13)

Which is intrinsically linked to the meaning we attach to our notation of potential
outcomes. Units selected at t = 0 are not necessarily “Always-Selected”, because we do
not impose that SN0 = SI0 . This means that if they were treated, the units from the
pre-treatment period might or might not be selected. The latter assumption requires that
the difference between groups be constant between periods only for units that would not
switch selection status, irrespective of treatment status. In some ways, this assumption is
weaker version of Assumption 2.

In Assumption 4, we consider that the Always-Selected Counterfactual can only be
obtained with Always-Selected units on all other periods that compose it. However, under
a negative selection rule, none of these other expectations are point identified. But the
same rationale we employed to bound E[Y ∗N1 | D = 1, OO] — relying on the fact that the
treatment effect on the latent selection variable is constant — also applies to the other
pre-treatment terms E[Y ∗N0 | D = d,OO] in Assumption 4. We then can provide bounds
for the counterfactual term by bounding each of the conditional expectations that compose
it, trimming each mean with the following proportions, denoted by p̃D=d,t = p̃d,t:

p̃0,1 = P(SI1 = 1, SN1 = 1 | D = 0, SN1 = 1) = E[SI1 | D = 0]
E[SN1 | D = 0] = H(γ1 + γ3 + γ∗)

H(γ1 + γ3) , (2.14)

p̃1,0 = P(SI0 = 1, SN0 = 1 | D = 1, SN0 = 1) = E[SI0 | D = 1]
E[SN0 | D = 1] = H(γ1 + γ2 + γ∗)

H(γ1 + γ2) , (2.15)

p̃0,0 = P(SI0 = 1, SN0 = 1 | D = 0, SN0 = 1) = E[SI0 | D = 0]
E[SN0 | D = 0] = H(γ1 + γ∗)

H(γ1) . (2.16)

Our next proposition states that, under Assumption 4, it is possible to use these
composite bounds to create an interval for the Always-Selected Counterfactual part of our
parameter of interest ATTOO.

Proposition 2. Assume that Y ∗It and Y ∗Nt are continuous for each t ∈ {0, 1} and H(·) is
know. Under Assumptions 1,3 and 4, ATTOO = E[τ | D = 1, SI1 = 1, SN1 = 1] is partially
identified with τ̃L and τ̃U as sharp lower and upper bounds. If SI1 ≤ S1

1 with probability 1,
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these bounds are defined by:

τ̃L =
(
µ11 − µ10U

)
−
(
µ01U − µ00L

)
,

τ̃U =
(
µ11 − µ10L

)
−
(
µ01L − µ00U

)
,

Qdt(p̃d,t) = F
−1 ,Y |S=1
D=d,t (p̃d,t) and p̃d,t =

H
(
γ1 + γ2 · d+ γ3 · t+ γ∗

)
H
(
γ1 + γ2 · d+ γ3 · t

) .

These bounds are sharp in the same sense that in Proposition 1.

The intuition for the proof of this result is discussed in Appendix B, and it follows
by applying the same logic of Proposition 1 sequentially on each trimmed mean.

Remark 2. Under Assumptions 1, 3 and 4, the bounds for positive monotone selection
(Case (i) , SIt ≥ S1

t for all units) would be the same as in Proposition 1. This stems from
the fact that the two possible conditional parallel trends coincide in that case.
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3 Discussion of Assumptions and Limitations

3.1 Credibility of Conditional Parallel Trends

In this section we provide a simple parametric model to discuss the validity of
our conditional parallel trends assumptions. As a theoretical benchmark, we consider the
structure for the untreated potential outcomes outlined in Assumption 5.

Assumption 5 (Linear, separable and single index model for untreated potential out-
comes). The following structure for untretated outcomes can be imposed: Y ∗Ni,t = αd+δt+εi,t.

Assumption 5 gives rise to the usual linear DID model for the uncensored outcome
as:

Y ∗i,t = β1 + β2 ·Di + β3 · t+ τ · t ·Di + εi,t ,

with β1 = αd=0 + δt=0, β2 = αd=1 − αd=0 and β2 = δt=1 − δt=0, τ = ATT . This assumption
is not necessary for our framework. We choose to define it to explicitly compare the
relationship between uncensored outcomes error terms (εt) and selection linear index errors
(νt). Using this linear model, we discuss two illustrative examples of when conditional
parallel trends are more likely to hold.

Example 1 (Joint Normality). In this example, we assume (εt, νt) to be mean independent
of D for each t and jointly normally distributed with Corr(εt, νt) = ρε,ν and E[ε2

t | D =
d] = σ2

ε constant over time and groups. The first requirement is strong beyond the usual
conditions considered in DID estimation and which would not be guaranteed by, for an
example, a parallel trend in the uncensored outcomes.

Under those conditions one can compare our non-parametric setting with the
parametric correction of Heckman (1976) canonical normal based selection model. Under
Assumption 1, with probability 1 a unit is “always-selected” at t = 1 (SI1 = 1, SN1 = 1) if
SN1 = 1, such that the unobserved counterfactual outcome expectation could be modeled
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as:1

E[Y ∗Nt | D = d, SNt = 1] = β1 + β2 · d+ β3 · t+ ρε,νσε · λ(γ1 + γ2 · d+ γ3 · t) , (3.1)

with λ(·) denoting the inverse mills ratio. Using these additional parametric restrictions,
the parallel trend specified in Assumption 2 implies that λ(γ1+γ2 +γ3)−λ(γ1+γ3) = λ(γ1+
γ2)− λ(γ1). Sufficient conditions for this equality to hold are γ2 = 0 or γ3 = 0. If γ2 = 0,
we implicitly require selection to be group invariant as P(St | D = 1) = P(St | D = 0) for
each t ∈ {0, 1}. If γ3 = 0, we implicitly require selection to be time invariant (or stationary)
as P(S1 | D = d) = P(S0 | D = d). With both γ2 6= 0 and γ3 6= 0, the conditional parallel
trend in Assumption 2 may not hold.2

Under a negative selection rule, with probability 1 a unit is “always-selected” at
t = 1 (SI1 = 1, SN1 = 1) if SI1 = 1, thus the conditional parallel trend on Assumption 2
would require even more restrictive conditions on selection index parameters to be credible.
Now our relevant unobserved counterfactual could be modeled as:

E[Y ∗N1 | D = d, SI1 = 1] = β1 + β2 · d+ β3 + ρε,νσε · λ(γ1 + γ2 · d+ γ3 + γ∗) (3.2)

for post-treatment expectations and, for pre-treatment expectations:

E[Y ∗N0 | D = d, SN0 = 1] = β1 + β2 · d+ ρε,νσε · λ(γ1 + γ2 · d) . (3.3)

The conditional parallel trend implies that: λ(γ1 + γ2 + γ3 + γ∗) − λ(γ1 + γ3 + γ∗) =
λ(γ1 + γ2)− λ(γ1) which is now true if γ2 = 0, but not ensured by γ3 = 0. Meaning that,
with negative selection, Assumption 2 might only be credible if there are no meaningful
group differences prior to treatment.

Such limitation motivates the parallel trend specified in Assumption 4. In that
case, we do not require pre-treatment expectations to be conditional on S0 = 1, but rather
on (SI0 = 1, SN0 = 1). Under a negative selection rule, this is equivalent to condition on
SI0 = 1. Which then means that with Assumption 4 we can consider pre-treatment and
post-treatment expectations as:

E[Y ∗Nt | D = d, SIt = 1] = β1 +β2 ·d+β3 · t+ρε,νσε ·λ(γ1 +γ2 ·d+γ3 · t+d · t ·γ∗) . (3.4)
1 The Normal based-MLE (Maximum Likelihood Estimation) version of the Heckman Selection Model

does not require an exclusion restriction as the two-step model developed by Heckman (1979). We do
not discuss the estimation of such parametric models in this work. They are useful only in providing a
theoretical benchmark on the credibility of the identification assumptions described above.

2 This is not a discussion of necessary assumptions since other unlikely combinations of (γ1, γ2, γ3) may
imply our required condition. For instance, for a given γ2, if γ1 = 0, there can be a non-zero γ3 that
satisfies this equality.
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Intuitively, this overturns the previous outlined limitation of Assumption 2, as we now
require that λ(γ1 + γ2 + γ3 + γ∗)− λ(γ1 + γ3 + γ∗) = λ(γ1 + γ2 + γ∗)− λ(γ1 + γ∗), which
again can be true if either γ2 = 0 or γ3 = 0. Therefore, similar to the Assumption 2 under
a positive selection rule, Assumption 4 gains an additional credibility also under stationary
selection when a negative treatment effect on selection is postulated. This assumptions is
still not testable as SI0 is only observed for the treated group at t = 1.

Example 2 (Joint Stationarity or Independence). This is a generalization of our first
example. Considering Assumptions 3 and 5, if (ε, ν) are jointly stationary conditional to
D = d or F (ε,ν)

D=d,t=1(e, v) = F
(ε,ν)
D=d,t=0(e, v) ,∀(e, v) ∈ Supp(ε)× Supp(ν), this implies cross

and second moments conditional to D = d of (εt, νt) to be constant over time. Note this
is the basic assumption for non-linear models considered in Athey and Imbens (2006)’s
Changes-in-Changes framework. Analogous to the considerations of Kyriazidou (1997),
within units that share the same linear index for selection, we need to have that

E[ε1 | ν1 ≤ γ1 + γ2 · d,D = d] = E[ε0 | ν0 ≤ γ1 + γ2 · d,D = d] , (3.5)

a requirement that would be met for units within the same treatment group if γ3 = 0, such
that St would also be stationary. Considering the positive selection rule in Assumption 1,
as in Example 1, conditional parallel trends presented in both Assumptions 2 or 4 can
hold if P(S1 | D = d) = P(S0 | D = d) or γ3 = 0. But while Assumption 2 is violated
under a negative selection rule, Assumption 4 is still valid under a separable model for Y ∗t
and a time invariant selection indicator when (ε, ν) is time invariant conditional to D = d.

Alternatively, if we could assume that (ε, ν) are jointly independent of D for each
period t or F (ε,ν)

D=1,t(e, v) = F
(ε,ν)
D=0,t(e, v) ,∀(e, v) ∈ Supp(ε)× Supp(ν), the arguments from

Example 1 for positive and negative selection rules remain the same as we can substitute
λ · ρε,ν(·) for Λ(·), a general unknown function that depends only on the selection linear
index. This condition would include a scenario with randomized treatment groups or a
“truly” natural experiment. Even though it is unlikely that researchers have access to a
treatment that is (as-if) randomized and only to a repeated cross section data setting,
there are studies motivating the use of DID under such conditions.3 But if treatment
is (as if) randomly assigned other estimators and trimming strategies will also be valid
in our context such as, of course, the strategy of Lee (2009), but specially Semenova
3 For an example, the observational study of an unexpected law change of smoking ban of a particular

area in the isolated city of Helena, Montana, USA on hospitalization outcomes (Sargent et al., 2004).
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(2020), and may also be preferred over DID on the basis of efficiency as we would be
introducing irrelevant terms in the estimation of both the interval for ATTOO and the
trimming proportion.

Both examples show that if there are meaningful group differences in the proportion
of selected units prior to treatment and also meaningful differences between periods within
the untreated group, there is limited credibility to Assumptions 2 or 4, threatening our
main partial identification assumptions. However, group invariance and time invariance
are testable even in our simplest 2×2 DID framework.

3.2 Parallel Trends on Selection

Since St is binary, usual linear DID methods could conceivably predict a selection
counterfactual and a trimming proportion outside the [0, 1] range. This would be a violation
of one important identification and estimation condition on the trimming strategy originally
employed by Lee (2009) and adapted in this work. The structure assumed in Assumption
3 is sufficient to avoid that issue.

However, having a known functional form and a constant latent treatment effect
are not necessary conditions if one is willing to assume other alternative restrictions on the
structure of (SIt , SNt ). Following the previous discussion in this section, if selection is either
group or time invariant, instead of Assumption 3, an usual linear parallel trend assumption
on selection would ensure that the counterfactual is in unity range. In summary, together
with this linear parallel trend assumption, any condition outlined by Roth and Sant’Anna
(2020) that also allows the counterfactual CDF to be identified would ensure the identified
s(N) and p to be at the unity range.

Besides an usual linear parallel trend in selection, there are other types of non-linear
parallel trend assumptions that could be specified to ensure that s(N) ∈ [0, 1], such that
the constant latent treatment effect imposed in Assumption 3 condition could be dropped.
Indeed, with a positive treatment effect on selection, any alternative assumption that ensure
the average treatment effect on selection for the treated is identified is sufficient. Such
that any structure of assumptions that would identify and ensure E[SN1 | D = 1] ∈ [0, 1]
could be used in place of the assumptions presented for Proposition 1. We discuss these
alternative assumptions and their implications in depth on Appendix C.1.
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3.3 Bounds under unknown response sign on selection

The bounds presented in Proposition 1 and Proposition 2 are dependent on the sign
of the monotone treatment effect on selection assumption. However, under Assumption
3, the assumed constant interaction term γ∗ can be of significant meaning to determine
the monotone assumption direction. Puhani (2012) shows that the treatment effect on a
limited dependent variable is zero if and only if the coefficient of the interaction term (γ∗)
is zero. In addition, because a strictly monotonic function H(·) is assumed, the sign of γ∗ is
equal to the sign of the treatment effect. Choosing H(·) and estimating the parameters of
the linear index model for selection represents the same first step in each of the trimming
strategies discussed before. Therefore, from an identification standpoint, we can choose
between the two estimands according to the sign of the interaction term, using the rule on
Equation (3.6).4

τL∗ = 1[γ∗ ≥ 0] · τL + 1[γ∗ < 0] · τ̃L

τU∗ = 1[γ∗ ≥ 0] · τU + 1[γ∗ < 0] · τ̃U
(3.6)

With a less restrictive monotone selection assumption, even tough our proposed
bounds are based on the same conditional parallel trend assumption, they would not be
equally valid without the restrictions imposed at our latent selection index (Assumption 3).
To ensure invariance to the sign of the treatment effect on selection of our identification
strategy for the trimming proportion, the conditions required in Assumption 3 end up being
far more restrictive than necessary in the a priori cases. We outline in past sub-section and
Appendix C.1 that with an a priori sign for the effect on selection direction (or about the
sign of γ∗), the structure imposed in Assumption 3 can actually be weakened to resemble
usual DID methods on selection, such that a constant latent treatment effect is not a
necessary condition. This is not possible with an unknown sign of γ∗ and Equation (3.6)
highlights the strong implications of that assumed structure.

This is one of the main limitations of our proposed partial identification method
when compared to Lee (2009) bounds and subsequent extensions. In this sense, the
assumptions weaker than Assumption 3 that lead to the identification of the required
trimming proportions with an a priori sign for the monotone selection are irregular when
4 From an estimation standpoint, each parameter in the RHS of Equation (3.6) can be replaced by its

sample analog, discussed in Chapter 4. The conditions for the asymptotic validity of such “agnostic”
bounds estimators are exactly as given by Lee (2009) once Assumption 3 holds. Also, one can modify
Equation (3.6) to “choose” between bounds on the basis of p̂ ≤ 1 and p̂ > 1 instead of γ̂∗.
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no sign is postulated. We can show that this limitation is due to the fact that in usual DID
scenarios, only one treatment effect parameter on selection (the ATTS) can be identified
and we do not have access to a proper counterfactual distribution.

Referring to the usual parameters of the treatment effects literature, with a positive
selection rule, the identification of the trimming proportion p is based on the capability of
identifying the average treatment effect on selection for treated units (i.e. ATTS) through
the counterfactual term E[SN1 | D = 1]. And with a negative selection rule, to identify
p̃, we must rely on conditions that identify the average treatment effect on selection for
untreated units (ATUS) through the alternative counterfactual term E[SI1 | D = 0]. With
an unknown sign for the monotone assumption, we must be able to infer about both causal
parameters under the same assumptions — which is unlikely with DID methods — unless
they both coincide by assumption. Both parameters would coincide if treatment effect on
selection was constant. However, since selection is of a binary nature, the treatment effect
on selection can not be constant within groups (and units). By imposing a constant effect
on the latent potential selection index, we are assuming that we can overcome this issue
by being able to estimate a conditional probability of being selected for each treatment
group (D) in each period t.

The underlying problem generating this irregularity of necessary assumptions is the
fact that a proper counterfactual distribution of the untreated outcome given untreated
selection status can not be identified in linear DID methods. Let this proper counterfactual
term to be denoted by E[Y ∗N1 | D = 1, SN1 = 1] =

∫
y dF

Y ∗N |SN =1
D=1,t=1 , where F Y ∗N |SN =1

D=1,t=1 is
the CDF of untreated potential outcomes conditional to untreated selection status for
(D = 1, t = 1). Under a positive selection rule, it equals E[Y ∗N1 | D = 1, OO], which
is point identified by either Assumption 2 or Assumption 4 without any distribution
considerations needed. However, under a negative selection rule, we would want to trim
this proper counterfactual distribution to yield bounds for E[Y ∗N1 | D = 1, OO]. Using the
same mixing sub-population rationale, this distribution would be mixture of OO and OR
strata when conditioned on SN1 = 1. Using Total Probability, we would get that:

F
Y ∗N |SN =1
D=1,t=1 (y) = p∗ · F Y ∗N |SN =1,SI=1

D=1,t=1 (y) + (1− p∗) · F Y ∗N |SN =I,SI=0
D=1,t=1 (y), for all y ∈ Y .

(3.7)

In that case, under a negative selection rule and using Bayes’ Rule,

p∗ = P(SN1 = 1, SI1 = 1 | D = 1, SN1 = 1) = P(SI1 = 1 | D = 1)
P(SN1 = 1 | D = 1) = s(I)

s(N) = 1
p
. (3.8)
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Such that, with a proper counterfactual distribution, the trimming proportion with a
negative selection rule would be, as in Lee (2009) and other extensions, the inverse of
the trimming proportion used for a positive selection rule. Moreover, any assumption
that allows identification of the average treatment effect on selection for treated units (i.e.
ATTS) and the counterfactual term E[SN1 | D = 1] would then be sufficient for both cases
with respect to the sign of the monotone selection assumption.

Unfortunately, the methods and conditions needed to identify the counterfactual
distribution in a DID scenario are rare, with few practical solutions apart the CIC
framework (Athey and Imbens, 2006) and the model presented by Bonhomme and Sauder
(2011). The latter depends on panel data and is out of the scope of this work. Such
conditions would be even rarer when we consider identifying this proper counterfactual
given the selection problem. However, using the CIC framework, a possible route that
could be explored would be to impose that the unobservables in both selection and main
outcome equations are jointly time invariant (as outlined in Example 2 of Section 3.1). We
do not pursue this extension in this paper, but consider this to be a plausible alternative
for future work.
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4 Estimation and Inference

In this section we discuss the estimation procedures and asymptotic results for the
bounds proposed on Chapter 2.2, assuming we have access to repeated cross sections data,
focusing on the results assuming a known positive sign of the treatment effect on selection.
To present a cohesive notation, we assume that for each unit i in a pooled sample of size n,
we observe the data vector Wi = (Yi, Si, Di, Ti), where Ti ∈ {0, 1} is an non-degenerated
indicator random variable that denotes the time period when that unit is sampled. Our
next assumptions states that we have access to random samples for the pre-treatment and
the post-treatment periods.

Assumption 6 (Random Sampling). Conditional on Ti, the data are independent and
identically distributed from the distribution of (Yi,t, Si,t, Di) , for all t ∈ {0, 1} with Di

being invariant to Ti. With probability λ = P (Ti = 1) ∈ (0, 1), we observe a random draw
i from period t = 1 and with probability (1− λ), from period t = 0.

Assumption 6 implies that {Wi}ni=1 sample consists of i.i.d. random draws from the
following mixture distribution with (y, s, d, t) ∈ R× {0, 1} × {0, 1} × {0, 1},

PM(Y ≤ y, S = s,D = d, T = t) = t · λ · P(Y1 ≤ y, S1 = s,D = d | T = 1)

+ (1− t) · (1− λ) · P(Y0 ≤ y, S0 = s,D = d | T = 0) ,
(4.1)

and it also rules-out composition changes across time in the treated group1. Since we
condition on the time period, then expectations under the mixture distribution correspond
to population expectations, such that we consider all expectations to be taken with respect
toM, the mixture presented above, with EM[·] = E[·]. Also, because (Si, Di, Ti) is fully
observed for all units over time, one can use draws from the mixture distribution to
estimate the first step conditional maximum likelihood for selection parameters.

Under Assumption 6, we can pose the estimators τ̂L and τ̂U , the upper and lower
bounds on the ATTOO, as linear combinations of the sample analogs to the parameters
1 This assumption is closely related to the sampling assumptions also imposed by other DID papers in

the RCS case for the two periods—two groups DID setup, such as Abadie (2005), Kim and Lee (2017)
and Sant’Anna and Zhao (2020).
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defined in Proposition 1. These estimators are given by:

µ̂11L =

∑
D · T · S · Y · 1

[
Y ≤ Q̂11(p)

]
∑
D · T · S · 1

[
Y ≤ Q̂11(p)

] , µ̂11U =

∑
D · T · S · Y · 1

[
Y ≥ ̂Q11(1− p̂)

]
∑
D · T · S · 1

[
Y ≥ ̂Q11(1− p̂)

] ,

Q̂11(p̂) = inf
{
y :

∑
D · T · S · 1 [Y ≥ y]∑

D · T · S
≥ p̂

}
and p̂ =

H
(
γ̂1 + γ̂2 + γ̂3

)
H
(
γ̂1 + γ̂2 + γ̂3 + γ̂∗

) .
(4.2)

Finally, with µ̂dt = Y D=d,t | S = 1 denoting the sample average of the group D = d at
T = t, conditional on being selected (S = 1),

τ̂L =
(
µ̂11L − µ̂01

)
−
(
µ̂10 − µ̂00

)
,

τ̂U =
(
µ̂11U − µ̂01

)
−
(
µ̂10 − µ̂00

)
.

(4.3)

All summations are taken with respect to n, the pooled sample size, with n1 = λ · n, and
n0 = (1−λ) ·n. These sample analog estimators of the bounding functions for the trimmed
mean and the parameters that compose it are known to be consistent and asymptotically
normally distributed, as they are simple functions of conditional probabilities, means and
a trimmed means (Lee, 2009; Chen and Flores, 2015).2

For a positive selection rule, such that p ∈ (0, 1), the estimation procedure can be
summarized by the following steps:

1. Choose a known cumulative density function H(·)3. Let γ = (γ1, γ2, γ3, γ∗)′ denote
the parameter vector of maximum-likelihood estimation for L(S,D, T ; γ). Estimate
γ̂ to compute p̂ = ŝ(N)

/
ŝ(I). Check if p̂ ∈ (0, 1);

2. Estimate ̂Q11(1− p̂) and Q̂11(p̂) using p̂;
2 The intuition on the asymptotic properties of this proposed estimator is that the usual DID estimator

of two period repeated cross sections is asymptotically normal. Lee (2009) shows that the estimation
of one trimmed mean based on an asymptotically normal estimate of the trimming proportion for that
mean is also asymptotically normal. Combining both strategies, i.e. trimming one mean in the DID
estimator and mildly adapting the conditions of Lee (2009), must yield an asymptotically normally
distributed estimator for our bounds. The main difference here is the need to add more structure or
restrictions on selection to ensure s(N) ∈ (0, 1).

3 Note that H(·) can be the identity function, implying a simple linear probability DID estimator. With a
sample large enough, instead of using a pre-specified CDF, one can also choose to estimate the selection
probability conditional density, using, for an example, Klein and Spady (1993) semi-parametric method.
We do not discuss identification and estimation for this alternative approach in this work
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3. Estimate µ̂11L, µ̂11U and µ̂dt for (D = 1, T = 0), (D = 0, T = 1) and (D = 0, T = 0)
groups.

In the remainder of this section we provide intuition on how each of these steps can
be separately accomplished and, finally, provide general results for their simultaneous
asymptotic properties.

4.1 Estimation of Selection Parameters, Trimming Proportion and
Quantiles

We first discuss the estimation of the selection index parameters assuming a
known cumulative distribution function for H(·). Under Assumption 6, our the data
are composed of observations that are independent and identically distributed, such
that the likelihood of the entire sample, or the joint likelihood, will be equal to the
product of the likelihoods of the single observations.4 We denote the joint log-likelihood as
L(S,D, T ; γ) = ∑n

i=1 `(S,D, T ; γ), where the term `(S,D, T ; γ) denotes each observation
score function and γ = (γ1, γ2, γ3, γ∗).5 It is direct that our estimator is a defined by
γ̂ = arg maxγ {

∑n
i=1 `(S,D, T ; γ)}. It is useful to write an alternative characterization of

this solution as a moment estimator for E [∇γ`(S,D, T ; γ0)] = 0. With consistent estimates
of γ̂ and a known H(·), we can compute:

p̂(γ̂) =
H
(
γ̂1 + γ̂2 + γ̂3

)
H
(
γ̂1 + γ̂2 + γ̂3 + γ̂∗

) (4.4)

Even though we estimate γ̂, our final parameter of interest resulting from the
MLE estimation is given by a ratio of consistently estimated factual and counterfactual
conditional probabilities.6 This implies that our resulting object for p̂ is subject to the
same considerations about the validity of estimated conditional probabilities when the
function H(·) is not correctly specified. That is, we can expect some robustness in the
estimation of the trimming proportion even when H(·) is not correct.
4 With a similar sampling assumption, Kim and Lee (2017) consider the ML estimation of a Generalized

Differences-in-Differences for an ordinal dependent variable with RCS data, including the approach on
Puhani (2012).

5 See Wooldridge (2010) for a formal definition of each observation score function.
6 Those might also be interpreted as partial effects and cross-differences, see Puhani (2012) for a deeper

discussion.
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To estimate the trimming quantile, if we were to assume p as known, we would be
interested in the p-th quantile, Q11(p), of the continuous random variable Y1 | D = 1, S1 = 1.
A sample analogue estimator of Q11(p) is the sample quantile, given by:

Q̂11(p) = inf
{
y : F̂ Y |S=1

D=1,T=1(y) ≥ p
}

= inf
{
y :

∑
D · T · S · 1 [Y ≥ y]∑

D · T · S
≥ p

}
. (4.5)

Under mild conditions, we can show that Q̂11(p) is consistent and
√
n-asymptotically

normal. However, in our context, p is unknown and, moreover, it is a function of γ, such
that we must base inference of Q̂11(p̂) on that fact, which is outlined in the next topic of
this section.

4.2 Asymptotic Theory

We are interested in the asymptotic properties for each τ̂ b. Similar to Lee (2009),
one can derive asymptotic theory for each bound by writing the sample analogs estimators
as a GMM for the trimmed means of Y1 | D = 1, S1 = 1, µ11L and µ11U , the untrimmed
means, the trimming quantile and selection equation parameters. We note that since H(·)
is known, p is uniquely determined by γ, it is convenient to denote Q11(p) as Q11p. We
denote our parameter vector as θb =

(
µ00, µ01, µ10, µ11b, Q11p,γ

)′
∈ Θ. For each bound

b ∈ {L,U}, we set mb(W ; θb) to be the vector of moment functions for the observed
data and θb. The three first moments functions are defined as the untrimmed conditional
expectations of Y for selected units with respect to (D = 0, T = 0), (D = 0, T = 1)
and (D = 1, T = 0) groups. The following moments are defined as the estimand for the
trimmed conditional expectations µ11b and for the trimming quantile Q11p. We can use
the first order conditions of the MLE problem as a remaining vector of moment functions
to estimate γ (a complete description is given in the Appendix B), such that

θ̂b = argminθb∈Θ

[
1
n

n∑
i=1

mb(W ; θb)
]′ [ 1

n

n∑
i=1

mb(W ; θb)
]
. (4.6)

Under conditions similar to the ones presented by Lee (2009), the Lemma 2 presented in
the Appendix B states that

(
θ̂b− θb

)
p→ 0 and

√
n
(
θ̂b− θb

)
d→ N (0,Σ2

b), where
p→ denotes

convergence in probability and d→ denotes convergence in distribution. The proof involves
first applying Theorem 2.6 of Newey and McFadden (1994) for consistency and Theorem
7.2 for asymptotic normality result of GMM estimators when the moment function is not
smooth.
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Proposition 3. (Asymptotic Results). Under Assumptions 1, 2, 3 and 6 and the conditions
from Lemma 2, for each b ∈ {L,U}.

(i)
(
τ̂ b − τ b

)
p→ 0 and

(ii)
√
n
(
τ̂ b− τ b

)
d→ N (0, σ2

b ), with σ2
b = Σb(4, 4) + Σb(3, 3) + Σb(2, 2) + Σb(1, 1), the four

first elements of the main diagonal of Σb.

Proof. Since τ̂ b = µ̂11b − µ̂10 − µ̂01 + µ̂00, we can write it as Bθ̂b, where B is row vector of
conformable dimensions that assigns 1 to the first four columns and 0 otherwise. From
Lemma 2, (i) follows from the continuous mapping theorem. (ii) follows trivially by the
functional delta method, with

√
n
(
Bθ̂b −Bθb

)
d→ N (0, BΣbB′), where BΣbB′ = σ2

b , since
each trimmed and untrimmed mean moment estimators are independent.

To conduct inference on the estimated bounds, one could assume a finite second
moment for Y and obtain consistent estimates for the analytical standard errors σ̂2

b using
the functional form of H(·) and computing Σ̂b at the sample analogs. Consistency would
follow because the resulting estimator is a continuous function of consistent estimators.
However, instead of following this route, as in other two-step extremum estimators, using
bootstrapped standard errors should be direct and and sometimes preferable over analytical
sample analogs.7

We follow Tauchmann (2014) and Chen and Flores (2015) and propose to use non-
parametric bootstrap estimators for σL and σU , by re-sampling with replacement from the
original sample {Wi}ni=1, keeping (Di, Ti) fixed. We then generate a number of R bootstrap

replicates of the estimated bounds, and compute σ̂b =
(

1
1−R

∑R
r=1

(
τ̂ br −

¯̂
τ bR

)2)1/2

for

each b ∈ {L,U}, where τ̂ br denote each bound estimate in a bootstrap replication r and
¯̂
τ bR = 1

R
∑R
r=1 τ̂

b
r . Under the conditions of Lemma 2, these estimates should be asymptotically

valid.8 This procedure is simple and can be easily adapted to handle “clustered” standard
errors, which are a major concern in many DID designs (Bertrand et al., 2004), as well
7 Horowitz (2001, 2019) discuss how MLE, GMM and other extremum estimators and test statistics that

are asymptotically linear and asymptotically normal under the usual regularity conditions and based
on i.i.d sampling can have their asymptotic distributions consistently estimated by nonparametric
bootstraping methods, and, indeed, the bootstrap is often more accurate than their first order asymptotic
distribution theory.

8 As well as in none of the works mentioned that motivate our approach, we do not provide a proof for
this result in this paper.
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as in our empirical example from Chapter 5. In that case, we employ what is commonly
referred as the “pairs cluster bootstrap” (Cameron et al., 2008).

Remark 3 (Estimation with a Negative Treatment Effect on Selection). When Assumption
1 holds with a negative effect on selection, we can accommodate the definition of the
moments for the estimator presented in Equation 4.6 depending on the choice of conditional
parallel trend (Assumption 2 or 4). In this case, each moment for a trimmed conditional
expectation (µdtb) also accompanies a moment for the quantile (Qdtp) relative to each
trimming proportion for distributions of Yt | D = d, St = 1. Under Assumption 3, the first
step MLE parameters identify all required trimming proportions.

4.3 Confidence Intervals

As pointed out by Lee (2009), with consistent estimates for the standard errors
of each bound estimate, there are two ways to construct confidence intervals. The first,
and straightforward way, is to construct a confidence interval that will, for an example,
asymptotically contain true interval of [τL, τU ] with at least 0.95 probability, given by[
τ̂L − 1.96 σ̂L√

n
, τ̂U + 1.96 σ̂U√

n

]
. Imbens and Manski (2004) show that this first confidence

interval will contain ATTOO with a higher than 0.95 probability, such that a smaller
interval of

[
τ̂L − C̄n · σ̂L√

n
, τ̂U + C̄n

σ̂U√
n

]
, where C̄n satisfies

Φ
C̄n +

√
n

τ̂U − τ̂L
max (σ̂L, σ̂U)

− Φ
(
−C̄n

)
= 0.95 , (4.7)

can be computed, and will contain ATTOO with a probability of at least 0.95 probability.
This second approach for computing the confidence interval might be more appropriate as
the object of interest is a treatment effect itself, and not the region of all rationalizable
treatment effects for the Always-Selected units.9

9 Stoye (2009) discuss the conditions required by the confidence interval presented by Imbens and Manski
(2004) and extensions under weaker conditions. To compute Stoye (2009) CI’s, one must also estimate
the covariance between τ̂L and τ̂U (σL,U ).
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5 Empirical Application

To illustrate the bounds described in Chapter 2 and the kind of data limitations
they may help to overcome, in this section we provide an empirical example using the
data set made available by Bastian (2020). The author studies the impact of the 1975
introduction of the Earned Income Tax Credit (EITC) in the United States, rather than
its subsequent expansions (Eissa and Liebman, 1996; Kleven, 2019). Using the canonical
DID strategy tied to the EITC, he shows that the introduction increased employment of
mothers in a range of 5 to 7 percent points and argue for other intensive margin effects
associated with the program, in our empirical example, we provide bounds for the effect of
the program on the labor supply of mothers already working.

5.1 Data and Motivation

We use the data from the March CPS Annual Demographic File from 1970 to
1985, with 1976-1985 denoting the post-treatment period, compatibilized and published
by Bastian (2020). We restrict our estimates to the “high impact” sample, which excludes
ineligible married mothers with higher-earning spouses and women not able to respond to
the employment incentives of the EITC (disabled, retired, and full-time students), and to
not-high educated woman (up to high-school diploma), resulting in a sample of 158,847
observations, of which less than half are employed and are split according to the Table 2.1

We focus our exercise on his Table 5, where he shows that the overall effect on
annual work hours is sizeable (around 73.7 for the “high-impact” sample). This estimated
effect is a possible combination of extensive (the effect EITC on employment) and intensive
(the effect of EITC on worked hours for the already employed mothers) margin effects.
Even though the overall effect is unarguably positive, the EITC introduction should affect
the extensive and the intensive margins of the labor supply of eligible women. The author’s
results (and the theoretical literature about the program) present a broad discussion
1 We define employment as positive annual work hours. The variable for annual work hours is defined as

the number of weeks worked in the past year multiplied by the average number of hours worked per
week in in the past year. We also employ all binary combinations of an age indicator (below/above
35 years), educational level indicator (“less than” or “up to” High School Diploma), married and
non-white indicators as covariates. The Table 5 summarizes the sample by each covariate cell.
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Table 2 – Sample Summary: 1970-1985 March CPS

Period
Group Pre-Treatment Post-Treatment Total

Untreated 23,353 55,009 78,362
(% Emp.) (0.68) (0.69) (0.69)

Treated 25,517 54,968 80,485
(% Emp.) (0.44) (0.5) (0.48)

Total 48,870 109,977 158,847
(% Emp.) (0.56) (0.60) (0.58)

Note: Our sample is comprised only of the “high impact” partition from Bastian (2020) and with only
not-highly educated woman, consisting in 158,847 observations, of which 80,485 (48.2% employed) are
mothers (treated group), 25,517 (43.8% employed) of these in the pre-treatment period and 54,968 (50%
employed) after the EITC was implemented. In the untreated group, we have 78,362 women with no
children (68.9% employed), 23,353 (68.4% employed) of these in the pre-treatment period and 55,009
(69.1% employed) after the EITC was implemented.

showing that the effect of the EITC on participation or employment (extensive margin)
should be non-negative.2 Even though Assumption 1 is essentially non-testable, it is likely
to hold with an a priori postulated positive sign.

However, for workers already employed, the effect on their hours of work is am-
biguous and may depend on the range of EITC in which income falls before and after the
introduction.3 Standard DID research designs are not ideally suited to the study of the
intensive margin effects and most of the past literature focus on structural approaches,
which are often heavily dependent on parametric assumptions. In general, these stud-
ies find small or statistically insignificant effects on hours worked (Adireksombat, 2010;
2 See Nichols and Rothstein (2015) and Kleven (2019) for a summary of theoretical prediction on

intensive margin effects and empirical findings for the subsequent EITC expansions. From a static
labor-leisure model, the program introduction will expand the budget set of non-worker mother when
she enters the labor force. With no earned income before the expansion, there should be only a positive
substitution effect and no income effect due to an increase in the effective wage. As a result, some will
choose to participate in the labor force, such that the predicted effect can only be non-negative.

3 If a worker’s income falls in the “phase-in range”, there could be a positive substitution effect and a
negative income effect, with an ambiguous net effect. If income falls in the “flat range”, there should
be only a negative income effect, leading to a decrease in intensive labor supply. If income falls in the
“phase-out range” a diminishing credit implies a lower effective wage relative to the absence of the
EITC. This negative substitution effect results in a intensive margin reduction, as does the negative
income effect.
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Nichols and Rothstein, 2015). Our partial identification strategy can provide reduced-form
semi-parametric estimates this scenario. As most of the past research on the EITC’s labor
supply intensive margin effects, we focus on the choices of the number of hours to work
per week or the total hours worked per year (“Annual Work Hours”) among those who
would work in any case.

The period that makes up our sample is one of remarkably stable employment for
the untreated group considered in the early stages of the program (See Figure 1, Eissa
and Liebman, 1996; Bastian, 2020), so that our conditional parallel trends (Assumption
2) would be plausible. Such statement has testable implications in the data. Finally, the
structure from Assumption 3 is already postulated in the analysis of Bastian (2020), we
must add to it that the latent treatment effect on selection is constant. Based on the many
heterogeneity results presented in his work, we focus on the sample of woman with a level
of education up to a high-school diploma, for whom the effect on selection is most likely
to be constant within the “high-impact” sample. Under these conditions, we can estimate
the bounds presented in Proposition 1.

Figure 1 – Trends in Employment, Women with and without Kids
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Notes: 1970-1985 March CPS data. Employment defined as positive annual hours worked. Average values of
employment calculated by regressing employment on a constant for each group-year using the high-impact
with woman not highly educated. Bars represent 95% CI with standard errors clustered at the state level.
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5.2 Results

In Table 3, we present the estimates of our first step strategy considering both
logit and probit functional forms for the selection (employment) equation, such as their
respective trimming proportion and the estimated interval for the effect of EITC on
“always-employed” workers. To conduct inference under the same considerations as the
authors, we use standard errors clustered by 21 aggregated “states”.4 The estimates for
the cluster bootstrapped standard errors are very close to the analytical ones, which in
part corroborates their validity for the estimates that we do not provide the asymptotic
approximations. The estimates for the average treatment effect on employment are between
5 and 6 percentage points and are close to those reported by Bastian (2020). The estimated
trimming proportions (p̂) are close to 0.88. We note that these estimates are invariant to
the model considered for the first step. We can also check the difference on employment
between the two periods within untreated units. This gives us a way to falsify whether
employment is time invariant for that period. Indeed, this difference is very small and less
than 1 percentage point, such that we are unable to reject time invariance. Nevertheless,
the bounds for the treatment effect on both Weekly Hours and Annual Hours of Work
are wide and uninformative about the intensive margin effect sign. For weekly hours, we
predict a 95% two-sided confidence interval for the true effect ranging from −2.73 to 3.90.
For total hours, this confidence interval ranges from −156.2 to 242.9. When we consider
an aggregated effect over sixteen covariate cells, we get a smaller range for these effects,
but still inconclusive about the sign.

One may compare our estimated bounds with parametric corrections based on
normality assumptions, which are reported in Table 4. 5 In Column (1) and (2) we estimate
the “naive” DID using only the employed sample. In Columns (3) and (4) we employ a
Tobit model assuming that outcomes are left-censored at 0. In a second specification we
4 Clustering at the aggregated state level is necessary to properly conduct inference. In a way, our

procedure reproduces some of the concerns of Bertrand et al. (2004) since the number of clusters is
not considerably high. We re-sample from the original data considering equal weights for each cluster
pair, but we consider sampling weights in every bootstrap estimate. This is similar to how cluster
robust analytical SE’s work with sampling weights. Extrapolating some evidence on both Bertrand
et al. (2004) and Cameron et al. (2008), our clustered bootstrap SE’s should do better than using
the bootstrap SE’s under the assumption of i.i.d. sampling, but would perform similarly to using
cluster-robust analytical SE’s with standard normal critical values given the number of clusters used.
All estimates that represent population values are obtained taking survey weights into account.

5 Note that these corrections have a quasi-structural interpretation and are valid only under assumptions
stronger than those required for our partial identification strategy, as described in our Example 1 from
Chapter 3.
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Table 3 – Bounds for the effect of EITC introduction for the “always-selected” units

Logit Probit

Outcome/Estimate (1) (2) (3) (4)

Panel A: First Step, Employment (S)

DID on S 0.059 0.048 0.059 0.047
(0.011) (0.010) (0.010) (0.010)

Trimming Proportion 0.883 0.911 0.882 0.911
(0.020) (0.018) (0.020) (0.018)

Time Diff. On S for D = 0 0.009 -0.004 0.008 -0.004
(0.006) (0.004) (0.006) (0.004)

Panel B: Weekly Hours | S

Lower Bound for ATT -2.13 -1.85 -2.13 -1.82
(0.36) (0.27) (0.36) (0.27)

Upper Bound for ATT 3.08 2.47 3.08 2.40
(0.49) (0.37) (0.49) (0.37)

I-M 95% CI [-2.73, 3.90] [-2.30, 3.01] [-2.72, 3.89] [-2.27, 3.01]

Panel C: Annual Work Hours | S

Lower Bound for ATT -120.9 -99.9 -127.4 -95.5
(21.4) (15.4) (21.1) (15.2)

Upper Bound for ATT 187.7 153.2 187.7 150.0
(33.5) (23.5) (33.2) (23.3)

I-M 95% CI [-156.2, 242.9] [-125.3, 191.9] [-162.2, 242.4] [-120.6, 188.5]

Covaritates Included: No Yes No Yes

Notes: “DID on S” estimates are obtained following Puhani (2012), comparing the estimated conditional
factual expectation and the estimated conditional counterfactual expectations obtained with logit and
probit STATA commands with standard options. Computations use CPS survey weights. Columns (1)
and (2) use a logit model for the first step, whereas Columns (3) and (4) use a probit model. 1000-repetition
bootstraped standard errors (SE) clustered by state in paraentheses and (I-M) Imbens and Manski (2004)
confidence intervals that contain the true value of the parameter with a given probability using the cluster
bootstraped SE estimates. Covariates include all combinations of an age indicator (below/above 35 years),
educational level indicator (less than/ up to High School), married and non-white indicators.

consider a more general model for selection, using the Heckman selection model estimated
by maximum likelihood, preseted in Columns (5) and (6). While the first model has
some examples in the EITC literature, we expect the Heckman maximum likelihood
estimator — is in principle applicable — to present fragile results without an exclusion
restriction. In columns (2), (4) and (6) we also consider the covariates as base levels for
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Table 4 – Parametric reduced-form corrections for the effect of EITC introduction

OLS for Employed Tobit Heckman Selection

Outcome/Estimate (1) (2) (3) (4) (5) (6)

Panel A: Weekly Hours | S

Treatment Effect 0.36 0.21 2.79 2.31 0.36 0.22
(0.24) (0.23) (0.30) (0.25) (0.24) (0.23)

ρ̂ε,ν 0 [-1, 1] 0.02
σ̂ε 27.85 29.41 12.14 11.92

Panel B: Annual Work Hours | S

Treatment Effect 19.7 4.3 118.3 92.6 19.4 5.8
(13.0) (11.7) (14.3) (11.8) (12.8) (11.5)

ρ̂ε,ν 0 [-1, 1] 0.03
σ̂ε 1484.6 1393.7 750.6 729.7

Covariates Included: No Yes No Yes No Yes

Notes: Effect estimates are obtained following Puhani (2012), comparing the estimated conditional factual
expectation and the estimated conditional counterfactual expectations obtained with tobit (left censoring
at 0) and heckman STATA commands with standard options. σ̂ε is the estimate of the implied standard
deviation of the uncensored outcome error term and ρ̂ε,ν is the estimate for the correlation between
censored outcome and selection equation error terms. Computations use CPS survey weights. All standard
errors (SE) are clustered by state and presented in parentheses. Covariates include all combinations of
and age indicator (below/above 35), educational Level indicator (less than/up to High School), married
and non-white indicators. state-year employment-to-population ratios

such models. Without covariates, both models might deliver poor results. The Tobit for
annual hours presents estimates within the range of our estimated bounds, but for weekly
hours the estimated effect lies outside of our 95% CI for the true effect. When covariates
are considered, the estimated treatment effect is smaller but still sizeable and greater
than the OLS estimates, which should be downward biased. In opposition, the Heckman
MLE model estimate is negative when covariates are not considered. Also the estimated
correlation between the censored outcome and selection equations error is negative, which
is rather inconsistent with the theoretical predictions. When covariates are considered, the
estimated correlation has the expected sign, but still the effect estimate does not differ
from zero.

These simple examples highlight how estimates might be dependent on the correc-
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tion choice and also sensible to the inclusion of observable confounders. Our estimated
bounds do not rule out previous results for EITC expansions, but they show the important
role that parametric restrictions can play in leading to small but positive results. In fact,
when covariates are considered, we are able to shrink these bounds, but they still do not
rule out a zero effect or even a negative effect.



46

6 Conclusions

In this work we discuss the requirements to adapt the partial identification strategy
of Lee (2009) to a DID setting, estimating sharp bounds for average treatment effect on the
treatment for units that would be sampled or selected regardless of their treatment status.
We present a tractable way to deal with censoring and general non-random sampling
with repeated cross sectional data. We achieve an identified interval by exploring the fact
that the identification of sharp bounds for a conditional expectation with respect to a
sub-population unaffected by the treatment does not depend on randomization nor on
a conditional independence assumption between potential outcome variables, potential
selection, and the treatment allocation. But translating these bounds on a single mean to a
treatment effect requires a more restrictive set of assumptions than the ones considered in
Lee’s original strategy. In addition to a monotonic effect of treatment on selection, which
is not new to our work, we require a parallel trend assumption among the units that would
always be sampled to identify an effect conditional on this sub-population. There is more
than one way to state this assumption, with different implications for the derived bounds.
Still, we show that even these more restrictive assumptions are plausible in some cases,
with testable implications in the data. Nevertheless, we discuss when such assumptions
can be weakened.

In our exposition we highlight the role that a counterfactual distribution plays
in similar frameworks. Leading to an unusual result and particular to DID. When the
treatment effect on selection is positive, our bounds are derived in a remarkably similar
manner to other extensions of this same strategy. This is due to the fact that the factual
distribution of censored potential outcomes for the units under the treatment effect is
observed in a DID setting. However, if the treatment effect on selection is negative, a Lee-
like strategy cannot be employed because there is no identified counterfactual distribution
to be trimmed. This forces us to impose an even stronger condition that the treatment
effect on selection is constant. Under this condition, all probabilities of selection conditional
on treatment and time groups are identified, so we can obtain bounds for each mean that
makes up our conditional parallel trend.

In our empirical application we show that, in practice, the resulting estimated
intervals of our strategy can be wide. In our example, estimated intervals are “uninformative”
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about the sign of the effects on the intensive margin of the EITC introduction. However, they
do quantify to some extent how much uncertainty is removed by distribution assumptions
that would lead to point identification. Moreover, our interval estimates are based on
assumptions closer to those implied by a DID design when compared to the requirements
of the parametric corrections usually considered by the EITC existing literature.

Our work has a number of limitations, and further extensions of our strategy could
be derived from those. A first, and perhaps the main one, is not unique to our strategy
and runs into the fact that counterfactual distributions are not directly identified in DID
design without stronger assumptions than the functional form constraints known as parallel
trends. If the censored counterfactual distribution could be identified, we would not need
to impose a constant treatment effect on the selection. Moreover, such conditions would
allow a less restrictive identification by not relying on our conditional parallel trends, which
might be difficult to justify in cases where selection is neither constant within groups or
time. Another limitation concerns the difficulty of estimation when covariates are included,
and such covariates could help shrink the range of our estimated intervals.
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APPENDIX A – Tables and Figures

A.1 Tables

Table 5 – Sample Summary: 1970-1985 March CPS with Covariates

Period and Treatment Grop
Pre-Treatment Post-Treatment Total

Covariate Cells: Age(Below/Above 35);
Educational Level (Less Than/Up to High
School); Married (Dummy)
and Non-White (Dummy);)

Untreated Treated Total Untreated Treated Total Untreated Treated Total

Below 35, Less HS,Married=0, Non-White=0 2224 1314 3538 5643 2991 8634 7867 4305 12172
0.62 0.35 0.52 0.61 0.36 0.52 0.62 0.36 0.52

Below 35, Less HS,Married=0, Non-White=1 1630 2050 3680 4228 4564 8792 5858 6614 12472
0.43 0.27 0.34 0.39 0.24 0.32 0.40 0.25 0.32

Below 35, Less HS,Married=1, Non-White=0 277 1514 1791 441 2360 2801 718 3874 4592
0.34 0.25 0.26 0.42 0.27 0.30 0.39 0.26 0.28

Below 35, Less HS,Married=1, Non-White=1 224 1089 1313 285 1684 1969 509 2773 3282
0.38 0.26 0.28 0.39 0.25 0.27 0.39 0.25 0.27

Below 35, HS,Married=0, Non-White=0 8587 2160 10747 22564 6438 29002 31151 8598 39749
0.81 0.64 0.77 0.80 0.66 0.77 0.81 0.66 0.77

Below 35, HS,Married=0, Non-White=1 2862 1545 4407 7867 4371 12238 10729 5916 16645
0.65 0.50 0.60 0.62 0.51 0.58 0.62 0.51 0.58

Below 35, HS,Married=1, Non-White=0 960 2602 3562 1775 6026 7801 2735 8628 11363
0.62 0.33 0.41 0.69 0.47 0.52 0.66 0.43 0.49

Below 35, HS,Married=1, Non-White=1 254 814 1068 358 1587 1945 612 2401 3013
0.53 0.38 0.42 0.57 0.43 0.46 0.55 0.42 0.44

Above 35, Less HS,Married=0, Non-White=0 1014 1220 2234 1511 2176 3687 2525 3396 5921
0.67 0.52 0.59 0.65 0.57 0.60 0.66 0.55 0.60

Above 35, Less HS,Married=0, Non-White=1 888 1650 2538 1471 3415 4886 2359 5065 7424
0.68 0.44 0.53 0.60 0.44 0.49 0.63 0.44 0.50

Above 35, Less HS,Married=1, Non-White=0 763 1932 2695 1100 2635 3735 1863 4567 6430
0.45 0.37 0.39 0.51 0.43 0.45 0.49 0.41 0.43

Above 35, Less HS,Married=1, Non-White=1 382 1188 1570 430 1871 2301 812 3059 3871
0.44 0.35 0.37 0.47 0.37 0.39 0.45 0.36 0.38

Above 35, HS,Married=0, Non-White=0 1714 1929 3643 3727 5013 8740 5441 6942 12383
0.83 0.74 0.78 0.83 0.78 0.80 0.83 0.77 0.80

Above 35, HS,Married=0, Non-White=1 506 791 1297 1239 2334 3573 1745 3125 4870
0.75 0.67 0.70 0.77 0.67 0.71 0.77 0.67 0.71

Above 35, HS,Married=1, Non-White=0 870 3077 3947 2041 6293 8334 2911 9370 12281
0.56 0.46 0.48 0.63 0.58 0.60 0.61 0.54 0.56

Above 35, HS,Married=1, Non-White=1 198 642 840 329 1210 1539 527 1852 2379
0.53 0.51 0.52 0.63 0.58 0.59 0.59 0.56 0.56

Note: See Table 2 description.
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Table 6 – First step estimates for the effect of EITC on employment

Logit Probit

(1) (2) (3) (4)

DID on S 0.059 0.048 0.059 0.047
(0.008) (0.006) (0.008) (0.006)

Trimming Proportion 0.883 0.911 0.882 0.911
(0.017) (0.013) (0.016) (0.012)

Time Diff. On S for D = 0 0.009 -0.004 0.008 -0.004
(0.007) (0.004) (0.007) (0.004)

Covariates Included: No Yes No Yes

Notes: Standard errors obtained by the Delta Method. See Table 3 description.

A.2 Figures

Figure 2 – Trends in Weekly Hours for Employed, Women with and without Kids
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Notes: 1970-1985 March CPS data. Employment defined as positive annual hours worked. Average values of
employment calculated by regressing employment on a constant for each group-year using the high-impact
with woman not highly educated. Bars represent 95% CI with standard errors clustered at the state level.
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Figure 3 – Trends in Annual Hours for Employed, Women with and without Kids
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Notes: 1970-1985 March CPS data. Employment defined as positive annual hours worked. Average values of
employment calculated by regressing employment on a constant for each group-year using the high-impact
with woman not highly educated. Bars represent 95% CI with standard errors clustered at the state level.
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APPENDIX B – Proofs and Additional
Statements

B.1 Partial Identification

Lemma 1. From Horowitz and Manski (1995) Corollary 4.1, we have that if A is a
continuous random variable and a mixture of two random variables, with CDFs FB(a)
and FC(a), and a known mixing proportion α∗ ∈ [0, 1), such that FA(a) = α∗ · FB(a) +
(1− α∗) ·FC(a). Than GA(a) = max

[
0, F

A(a)−α∗
1−α∗

]
, which is the c.d.f. of A after truncating

the α∗ lower tail of A. Then,
∫∞
−∞ adG

A ≥
∫∞
−∞ adF

C ·
∫∞
−∞ adG

A is a sharp upper bound
for

∫∞
−∞ adF

C.

The proof is presented by the authors.

Proof of Proposition 1. The proof for case (i) follows similarly as in Lee (2009).

For case (i), from Assumptions 1 and 3 the trimming proportion p is identified,
with p = P(SI

1=1,SN
1 =1|D=1)

P(SN
1 =1|D=1) . Let µ11 = E

[
Y ∗I1 | D = 1, SI1 = 1, SN1 = 1

]
and denote the

counterfactual part of ATTOO by K = E[Y ∗N1 | D = 1, SI1 = 1, SN1 = 1], which is identified
with E[Y0 | D = 1, S0 = 1] + E[Y1 | D = 1, S1 = 1]− E[Y0 | D = 0, S0 = 1] by Assumption
2. Therefore, from Lemma 1 if we take p = (1−α∗) and given Assumption 1, we know that
µ11U = E [Y1 | D = 1, S1 = 1, Y1 ≥ Q(1− p)] is a sharp upper bound of µ11 for a given
p ∈ (0, 1], since µ11U = 1

p

∫∞
Q(1−p) ydF

Y |SI=1
D=1,t=1 ≥

∫∞
−∞ ydF

Y |OO
D=1,t=1 = µ11. µ11U is the maximum

possible value that is consistent with the observed data (Y1, S1, D) since it is a sharp upper
bound conditional on p and, by definition, p is a unique probability function of the data.
Thus, τU = µU11 −K is a sharp upper bound of ATTOO. A symmetric argument can be
made for τL = µ11L −K to be a lower bound of ATTOO.

To show that
[
τL, τU

]
is contained in any other valid bounds that impose the same

assumptions, it suffices to show that any τ ∈
(
τL, τU

)
cannot be ruled out by the observed

data. Consider τS = E [Y1 | D = 1, S1 = 1]−K, We have that

τU ≥ τS ≥ E [Y1 | D = 1, S1 = 1, Y1 < Q(1− p)]−K
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Therefore, for any τ ∈ [τS, τU ] there exists ζ ∈ [0, 1] such that

τ = ζτU + (1− ζ) {E [Y1 | D = 1, S1 = 1, Y1 < Q(1− p)]−K}

With this ζ, we can construct (1) a density of Y ∗I1 | D = 1, OO as

ζ · F Y |Y≥Q(1−p)
D=1,t=1 + (1− ζ) · F Y |Y <Q(1−p)

D=1,t=1

and (2) a density of Y ∗I1 | D = 1, OR as(
p

1− p −
p

1− pζ
)
· F Y |Y≥Q(1−p)

D=1,t=1 +
(

1− p

1− p(1− ζ)
)
· F Y |Y <Q(1−p)

D=1,t=1

The mixture of these two latent densities, by construction, replicates the observed density
of Y1 | D = 1, S1 = 1 and — by construction — the mean of the constructed density of
Y ∗I1 | D = 1, OO in (1) minus K yields the proposed τ . A symmetric argument can be
made about any τ in between τS and τL. Therefore, each τ within the interval

[
τL, τU

]
cannot be ruled out by the observed data.

The proof for case (ii) follows the same logic as for the positive selection case.
Qualitatively, we must only change our trimmed mean of interest to be

µ01U = E [Y1 | D = 0, S1 = 1, Y1 ≤ Q(1− p̃)]

as an upper bound of µ01 for a given p̃ ∈ (0, 1].

The proof for Proposition 2 also follows the same logic, but applied sequentially
to show each µdtL and µdtU are sharp upper or lower bounds with respect to each p̃d,t

presented in the proposition and taking the other bounds to be fixed. For instance,
µ01L = E [Y1 | D = 0, S1 = 1, Y1 ≥ Q(p̃0,1)] is a sharp lower bound of the unobserved
conditional expectation µ01. We known from Proposition 1 proof that τ̃U∗ would be a sharp
upper bound of ATTOO if we consider τ̃U∗ = K∗ − µ01L and K∗ = µ11 − µ10 + µ00. Then,
by considering K∗∗ = µ11 − µ01L + µ00 and showing that µ10L is also a sharp lower bound
of µ10, we have get τ̃U∗∗ = K∗∗ − µ10L to be a sharp upper bound for ATTOO. Finally, by
showing that µ00U is an upper bound of µ00 and considering K∗∗∗ = µ11 − µ10L − µ01L,
we can show that τ̃U∗∗∗ = µ00U −K∗∗∗ is the only sharp upper bound for ATTOO that is
feasible as µ10, µ01, µ00 are unobserved, where τ̃U∗∗∗ = τ̃U defined in Proposition 2.
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B.2 Estimation and Inference

From the description given in Chapter 4, the moment function for our proposed
estimators can written as:

mL(W ; θL) :=



(Y − µ00) · S · (1−D) · (1− T )
(Y − µ01) · S · (1−D) · T
(Y − µ10) · S ·D · (1− T )

(Y − µ11L) · S ·D · T · 1 [Y ≤ Q11p]
{1 [Y ≤ Q11p]− p(γ)} · S ·D · T

∇γ`(S,D, T ; γ)


=



mµ00(W ;µ00)
mµ01(W ;µ01)
mµ10(W ;µ10)

mµ11L(W ;µ11L, Q11p,γ)
mQ11p(W ;Q11p,γ))
mγ(S,D, T ; γ)


(B.1)

Lemma 2 (Asymptotic results for the GMM estimator ). For each bound b ∈ {L,R},
assume that the following conditions hold:

(1) γ ∈ Γ ⊂ R4, with Γ compact;

(2) The support of Y , denoted Y, is bounded (i.e. ∃ finite Y , Y with P(Y ≤ Y ) and
P(Y ≥ Y ) = 0).

(3) s(N) > 0, s(N) < s(I) < 1, such that p = s(N)/s(I) ∈ (0, 1) ;

(4) P(D = d, T = t) > 0, P(D = d, T = t, S = 1) > 0, ∀d, t ∈ {0, 1}.

then θ̂b
p→ θb and

√
n
(
θ̂b − θb

)
d→ N (0,Σb) and Σb = (M b)−1Ωb(M b ′)−1, where M b =

E[∇θbmb(W ; θb0)] and Ωb = E[mb(W ; θb0)mb(W ; θb0)′].

To provide a simple proof, we assume (1) and (2), wich imply θb ∈ Θ ⊂ R6, such
that Θ is compact. Conditions (2) and (3) are requirements analogous to Lee (2009) and,
with (1), ensure that θb0 is an interior point of Θ. Condition (4) ensures

√
n-consistency

with a known H(·) function. Also, note that condition (1) is in line with the fact that
in (3) we also require s(N) > 0 and s(I) < 1, which imply that index parameters must
be finite for almost any practical choice of H(·), such as normal or logistic cumulative
distributions. The solution to this system is unique as long as (3) is satisfied.

Proof of Lemma 2. We split this proof into Consistency and Asymptotic Normality argu-
ments. It suffices to show the proof for the lower bound estimator τ̂L.
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Consistency: From Theorem 2.6 of Newey and McFadden (1994), (i) E[mL(W ; θb0)] =
0 holds because as long as s(N) > 0, this just-identified system yields only one solution. (ii)
θb0 ∈ Θ, with Θ compact holds if we take the parameter space to be the bounds of the support
for the trimmed mean and quantiles and the parameter space for γ to be compact. (iii)
continuity holds and bounded support implies (iv) E

[
supθb∈Θ ||mL(W ; θ)||

]
<∞. Therefore,

θ̂L
p→ θ. A symmetric argument can be made for θ̂U p→ θU usingmQ11,1−p(W ;Q11,1−p,γ)) :=

{1 [Y ≤ Q11,1−p]− (1− p(γ))} · S ·D · T .

Asymptotic Normality: We provide a proof based on the conditions from Theorem 7.2
of Newey and McFadden (1994). It suffices to show the proof for the lower bound estimator
τ̂L and Q̂11p. We first state the similarities between this proof and the one presented by
Lee (2009). If we define mL

0 (θL) := E[mL(W ; θL0 )] and m̂L
n(θL) := n−1∑mL(W ; θL), from

Theorem 7.2 (i) holds and (iii) holds because by assumption, each of the parameters is in
the interior of the parameter space defined in Proposition 2. (iv) holds by the Lindeberg-
Lévy central limit theorem. Lee (2009) shows that the stochastic equicontinuity condition
in (v) holds when considering a trimmed mean, adapting his argument and using Theorem
1 of Andrews (1994), assumption C of this theorem holds, and assumption A holds with
envelope J̄ =

∣∣∣Y −D · T · µ11L
0

∣∣∣+ |D · T | supµ11L

∥∥∥µ11L
0 − µ11L

∥∥∥ for the first element and 1
for the remaining elements of mL

0 (θ). Boundedness of the support implies E|Y |2+ι <∞ for
some ι > 0, which implies that E|J̄ |2+ι <∞ for some ι > 0, and therefore, Assumption B
holds as well.

Finally, for (ii) to hold, we must show that ML is a non-singular matrix. The
moment first derivatives matrix ML can be partitioned into a block matrix of other

four intuitive matrices as ML =
A5×5 B5×4

0 C4×4

 With A itself being a block matrix

defined as A =
Aun3×3 0

0 AL2×2

. Where Aun is the matrix of (µ00, µ01, µ10) first deriva-

tives in the untrimmed moments computed at the solution (µ00
0 , µ

01
0 , µ

10
0 ) and AL =

E

∂µ11LmL
µ11L(W ; θL0 ) ∂Q11pmL

µ11L(W ; θL0 )
0 ∂Q11pmQ11p(W ;Q11p

0 ,γ0)

 as the expectations of first derivatives

of µ11L and Q(p0)) in the µ11L and Q(p0)) respective moments at the solution θL0 .
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B = E



∇γm
L
µ00(W ; θL0 )

∇γm
L
µ01(W ; θL0 )

∇γm
L
µ10(W ; θL0 )

∇γm
L
µ11(W ; θL0 )

∇γmQ11p(W ;Q11p
0 ,γ0)


5×4

represents the vector of γ derivatives at the solu-

tion and C = E
[
∇2

γ`(S,D, T ; γ0)
]

4×4
. It is straightforward to see that ML is non-singular

if the sub-matrices A and C are non-singular. From the MLE solution, C equals the second
order conditions of an MLE solution. Since our conditions ensure that γ̂

p→ γ, then C
must be non-singular. By assumption, Aun computed at the solution is non-singular with

Aun =


−E[(1−D) · (1− T ) · S] 0 0

0 −E[(1−D) · T · S] 0
0 0 −E[D · (1− T ) · S]


such that A is non-singular if AL is non-singular. AL computed at the solution is equal to

E[D · T · S]
 −p(γ0)

(
Q11p

0 − µ11L
0

)
f
Y |S=1
D=1,T=1

(
Q11p

0

)
0 f

Y |S=1
D=1,T=1

(
Q11p

0

)


where fY |S=1
D=1,T=1(·) is the density of Y conditional on D = 1, T = 1 and S = 1. With

p(γ0) > 0 by assumption and fY |S=1
D=1,T=1 (Q11p) > 0 since Y | S = 1 is continuous. Therefore,

AL is also non-singular, implying our claim to be true, such that
√
n
(
θ̂L−θL

)
d→ N (0,ΣL).

Computing an explicit expression for ML (and MU) requires specifying the func-
tional form of H(·), such as a standard normal Φ(·). We do not provide further steps.
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APPENDIX C – Alternative Assumptions
and Extensions

C.1 Alternative Selection Counterfactual Assumptions

C.1.1 Positive Treatment Effect on Selection

In this appendix section we outline other possible identification assumptions for the
trimming proportion under positive selection. First, considering only the case of a positive
treatment effect on selection, a weaker version of our previously considered conditional
parallel trend of Assumption 2 is implied by:

E[Y ∗N1 | D = 1, SN1 = 1]− E[Y ∗N1 | D = 0, SN1 = 1]

= E[Y ∗0 | D = 1, S0 = 1]− E[Y ∗0 | D = 0, S0 = 1] . (C.1)

The next Assumption 7 states that we could also obtain the selection counterfactual s(N)
by DID methods. Recall that s(I) = E[SI1 | D = 1].

Assumption 7 (Parallel Trends on Selection Indicator).

E[SN1 | D = 1] = E[SN0 | D = 1] + E[SN1 | D = 0]− E[SN0 | D = 0]

:=s(N) ∈ (0, 1) .
(C.2)

The requirement of s(N) ∈ (0, 1) does not need to be direct assumption, and there
are at least two possible paths to deal with the counterfactual range problem of DID. The
first one is directly based on the conditions of “Invariance of Parallel Trends” discussed in
Roth and Sant’Anna (2020). The second one is based on the “Non-linear DID” discussed
in Blundell and Dias (2009) and Lechner (2010), which assumes that the parallel trend for
a binary outcome holds at the level of the latent dependent variable.

Invariance of Parallel Trends on Selection. Our first discussion to deal with
the counterfactual range problem of DID is based on conditions of “Invariance of Parallel
Trends” (Roth and Sant’Anna, 2020). Even though we are not interested in discussing
the implications of transforming our selection indicator, under some circumstances that
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the the parallel trend assumption is invariant to monotone increasing transformations, as
outlined by Roth and Sant’Anna (2020), we can actually ensure Assumption 7 if at least
one of the two following cases hold:

Case 7.A — Random assignment of SNt : The distribution of SNt for the treated and
untreated groups are the same in each period, i.e. P(SN0 = 1 | D = 1) = P(SN0 = 1 | D = 0).

Case 7.B — Stationary SNt : The distribution SNt does not depend on time for both the
treated and the untreated groups, i.e. P(SN1 = 1 | D = 0) = P(SN0 = 1 | D = 0).

In the first case, we have that the proportion of selected units before treatment is
the same between groups. In the second case that ensures the invariance of parallel trends
in the selection indicator, the proportion of selected units is stable within the untreated
group between the periods before and after the treatment.1 If either Case A or B holds,
the the missing counterfactual for selection is in the range of [0, 1] and p ∈ (0, 1] as long as
Assumption 1 holds.

Latent Selection Parallel Trends. Our second path to deal with the counter-
factual selection proportion range is to explore a different way to specify our parallel
trend that resemble the key ideas of DID estimation for a binary outcome and is based
on the concept of a latent dependent variable. In principle, we must assume that the
conditional expectation of potential selection in the absence of the treatment, SNt , is
related to the conditional expectation of a latent selection variable, S∗Nt by a function
strictly monotonously increasing and invertible H(·), with its inverse denoted by H−1(·),
such that E[S∗Nt | D = d] = H−1

(
E[SNt | D = d]

)
, ∀d, t ∈ 0, 1. We can then pose a parallel

trend assumption at the level of the expectations of the latent non-treatment selection as:

Assumption 8 (Parallel Trend on Latent Selection).

E[S∗N1 | D = 1] = E[S∗N0 | D = 1] + E[S∗N1 | D = 0]− E[S∗N0 | D = 0] (C.3)

Using this modified parallel trend assumption we can show that the missing
counterfactual of the latent index can be written as a function of observed proportions
of selected units and we can express the missing counterfactual for the actual missing
1 This is a similar requirement to the one presented by De Chaisemartin and D’Haultfoeuille (2018) in

their “Fuzzy Design” assumption with respect to treatment rate in the untreated group.
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counterfactual of post-treatment selection proportion for the treated group as:

E[SN1 | D = 1] = H
(
E[S∗N1 | D = 1]

)
= H

(
H−1

(
E[S0 | D = 1]

)
+H−1

(
E[S1 | D = 0]

)
−H−1

(
E[S0 | D = 0]

))
.

(C.4)

For simplicity, we denote again our identified selection counterfactual by the
parameter s(N), which is a function of H−1(·) and the proportions of selected units. 2

With any of the two paths proposed in this section, the trimming proportion p
is identified, such that we can then propose bounds to our effect of interest under these
alternative weaker assumptions and an a priori positive selection.

Corollary 1. Considering the a priori positive selection rule in Assumption 1, the bounds
on Proposition 1 are valid under Assumptions 2 and 7 or Assumptions 2 and 8.

Proof. The proof for this results is direct as p is identified by either Assumption 7
(considering at least one case presented by Roth and Sant’Anna 2020) or Assumption 8
and the Always-Selected Counterfactual part of ATTOO is point identified by Assumption
2.

C.1.2 Negative Treatment Effect on Selection

Equivalently, when we consider only the case of negative treatment effect on
selection, a weaker conditional parallel trend is implied by Assumption 2 as:

E[Y ∗N1 | D = 1, SI1 = 1]− E[Y ∗N1 | D = 0, SI1 = 1]

= E[Y ∗0 | D = 1, S0 = 1]− E[Y ∗0 | D = 0, S0 = 1] . (C.5)

Recalling the trimming proportion p̃ from Chapter 2.2, while s̃(N) = E[S1 | D = 0], unless
we modify what wher called the parallel trend on selection on last appendix section, s̃(I)
2 For an example, consider that the selection indicator with a linear index form with

sub-sample specific coefficients and H(·) to be the CDF of the standard normal dis-
tribution, Φ(·). Such model would be defined as:E [St | D = d] = Φ(ϕdt). Leading to:
E
[
SN1 | D = 1

]
= Φ

{
Φ−1 [Φ (ϕ10)] + Φ−1 [Φ (ϕ01)]− Φ−1 [Φ (ϕ00)]

}
= Φ (ϕ10 + ϕ01 − ϕ00) Letting

ϕ̂01, ϕ̂00, and ϕ̂10 be consistent estimates of the unknown coefficients leads to the following expression
for the missing counterfactual: ŝ(N) = Φ (ϕ̂10 + ϕ̂01 − ϕ̂00) and thus the trimming proportion could
be consistently estimated by p̂ = ŝ(N)

ŝ(I)
. Note it is a possible choice to also obtain ŝ(I) using H(·).
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can not be identified. Thus, we need an identifying assumption that, instead resulting in the
average treatment effect on selection for treated units, we could obtain the counterfactual
for the average treatment effect on selection for untreated units. Therefore, we require
Assumption 9 to hold in place of Assumption 7 (or Assumption 3).

Assumption 9 (Parallel Trends in Treated Selection Indicator).

E[SI1 | D = 0] =
{
E[SI0 | D = 0]+E[SI1 | D = 1]−E[SI0 | D = 1]

}
:= s̃(I) ∈ (0, 1) . (C.6)

Note that, “stationarity” imposed in Case 7.B is not enough to justify that s̃(I) ∈
[0, 1] in Assumption 9 — as we need SIt to be assumed stationary instead of SNt . But
randomization from Case 7.A could still provide that condition. In fact, if we can assume
that selection is as-if randomized, the parameters s̃(I) and s(I) must coincide, such that
p̃ = 1/p. This highlights one main caveat of general parallel trends assumptions usually
discussed in DID models, as both Assumption 7 and Assumption 9 can not hold at the same
time unless we have that (SIt , SNt ) ⊥ D = d. Thus, our partial identification strategy based
on a DID “direct” approach is dependent on an a priori monotone selection assumption.

For an example, image that we estimate a p̂ = 1.5, which indicates that the effect
of treatment on selection is negative. But the parallel trend (Assumption 7) that identify
p imply that we can not identify p̃ — since both identification conditions can not hold at
the same time — and therefore can not use the fact that p̂ = 1.5 to infer about p̃. In that
case, if we firs assume that we are able to identify p̃, the estimate of p̂ is wrong.

To employ the same latent parallel trend logic as in Appendix C.1, we can also
modify the latent parallel trend assumption in Assumption 8 to hold for SIt instead of SNt ,
such that the linear index model applies to SIt , with E[SI1 | D = d] = H(E[S∗I1 | D = d])
and the parallel trend on latent selection can be written as in Assumption 10.

Assumption 10 (Latent Parallel Trends in Treated Selection Indicator).

E[S∗I1 | D = 0] = E[S∗I0 | D = 0] + E[S∗I1 | D = 1]− E[S∗I0 | D = 1] (C.7)

With that modification, the alternative counterfactual selection expecation can be



APPENDIX C. Alternative Assumptions and Extensions 66

identified by:

E[SI1 | D = 0] = H
(
E[S∗I1 | D = 0]

)
= H

(
H−1

(
E[S0 | D = 0]

)
+H−1

(
E[S1 | D = 1]

)
−H−1

(
E[S0 | D = 1]

))
= s̃(I)

(C.8)

In that case, the trimming proportion is defined as p̃ = s̃(I)
/
s̃(N). Finally, we can

then propose bounds to our effect of interest under the alternative weaker assumptions
and an a priori negative treatment effect on selection.

Corollary 2. Considering the a priori negative selection rule in Assumption 1, the bounds
on Proposition 1 are valid under Assumptions 2 and 9 or Assumptions 2 and 10.

Proof. The proof for this results is direct considering p̃ is identified by either Assumption
9 or Assumption 10 and the Always-Selected Treated part of ATTOO is point identified by
Assumption 2.

C.2 Including Covariates

In this section we highlight the differences between our setting, the randomized
setting considered by Lee (2009) and the usual DID setting with respect to the inclusion
of exogenous covariates in identification and estimation. Our next Assumptions 11 adds
such covariates to the sampling scheme outlined in Assumption 6.

Assumption 11 (Exogenous and Time Invariant Covariates). There exists a set of
exogenous and time-invariant discrete covariates Xi ∈ X , such that Xi = XI

i = XN
i and

(Di, Xi) ⊥ Ti.

When covariates are available, the trimming strategy of Lee (2009) estimate bounds
for the treatment effect within each covariate cell and aggregate these bounds over the
values of X. Since the distribution of covariates is also not observed for his always-selected
sub-population in the group that needs to be trimmed, randomization of the treatment
implies that the distribution of covariates in the untreated group can be used if selection
has a positive effect and the distribution of covariates within the treated can be used
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if the effect is negative, and each cell X interval limits can be integrated to yield the
bounding interval for the average effect. In our case, we are interested in the ATTOO, an
average effect for the treated, and — different than the usual DID case — the distribution
required to integrate this effect might be unknown depending on the sign of the monotone
selection assumption. For instance, we can not observe P(X | D = 1, OO) if the monotone
effect on selection is positive. But if the effect on selection is negative, we have that
P(X | D = 1, S1 = 1) = P(X | D = 1, OO).

Starting from the positive selection case, as X may be correlated with both Yt and
St, we must re-specify Assumptions 1 and 2 as conditional on realizations of X and modify
Assumption 3 such that

E[SN1 | D = 1, X] = H
(
X ′Kγ1 + γ2 + γ3

)
:= s(N,X)

E[SI1 | D = 1, X] = H
(
X ′Kγ1 + γ2 + γ3 + γ∗

)
:= s(I,X) .

(C.9)

Whereas XK := (1[X = xk])k∈K with a countable X := {x1, . . . , xK}, γ1 := (γ1,1, . . . , γ1,K)′.
Under these assumptions, we can obtain

p(X) = P(SN1 = 1 | D = 1, SI1 = 1, X) = s(N,X)
s(I,X)

and Q11x(q) = F
−1,Y |S1=1
D=1,t=1,X(q) that identify each of the conditional intervals [τL(X), τU (X)],

containing each parameter ATTOO(X) = E[Y ∗I1 − Y ∗N1 | D = 1, SI1 = 1, SN1 = 1, X].
Naturally,

ATTOO =
∑
X
P(X | D = 1, OO) · ATTOO(X) . (C.10)

Thus, even though not directly observable, P(X | D = 1, OO) can be written as a function
of identified objects. Using Bayes’ rule, we get that

P(X | D = 1, OO) = P(X,D = 1, SI1 = 1, SN1 = 1)
P(D = 1, SI1 = 1, SN1 = 1)

= P(SN1 = 1 | D = 1, SI1 = 1, X) · P(D = 1, SI1 = 1, X)
P(SN1 = 1 | D = 1, SI1 = 1) · P(D = 1, SI1 = 1) ,

(C.11)

from Total Probability, P(SN1 = 1 | D = 1, SI1 = 1) = ∑
X p(X) · P(X | D = 1, S1 = 1),

implying:

P(X | D = 1, OO) = p(X) · P(X | D = 1, S1 = 1)(∑
X p(X) · P(X | D = 1, S1 = 1)

) := π(X) . (C.12)
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Note that ∑X π(X) = 1 and when the effect on selection is negative for all units, p(X) = 1,
with π(X) collapsing to P(X | D = 1, S1 = 1). Therefore, for each b ∈ {L,U}, we define
τ̄ b = ∑

X π(X) · τ b(X). From the same arguments exposed by Lee (2009) and Semenova
(2020), we have that ATTOO ∈ [τ̄L, τ̄U ] ⊆ [τL, τU ]. This means that covariates highly
correlated with both selection and the outcome might lead to point identification of each
conditional (on X) effect, thus helping to shrink the bounds.

Each P(X | D = 1, S1 = 1) can be estimated from sample analogs.3 Estimators
for p(X) and τ b(X) can be obtained in a similar way to the case where covariates are
not considered. However, for such estimators to be well-defined, each covariate cell must
contain large number of both treated and untreated units, in both periods considered and
a non-zero fraction of units must be selected into the sample at each X partition. Thus,
they may accommodate only coarse partitions of the covariate space. In our work, we do
not pursue further improvements on estimation with covariates. There is a large literature
discussing the improvements of semi-parametric estimation to avoid such dimensionality
problem. Further research could exploit our identification results under group or time
invariant selection indicators. Intuitively, such improvements could yield

√
n-consistent

results with regression, matching or inverse probability weighting as considered by Abadie
(2005), or with doubly-robust estimation from Sant’Anna and Zhao (2020). In that topic,
the concerns presented by Semenova (2020) over sparcity and first step rate of convergence
for each covariate trimming proportion would apply directly.

C.3 Panel Data

In this section of the appendix, we lay the groundwork for transposing, in terms
of identification, our main results to the panel data context. Thus, we now pose that we
can observe data as (Yi,1, Yi,0, Si,1, Si,0, Xi) for each i ∈ {1, . . . , n}. To ease the notation,
we denote ∆Yi = Yi,1 − Yi,0, such that ∆Y ∗Ni = Y ∗Ni,1 − Y ∗Ni,0 . In such context, our sub-
population of interest may be changed to the units that are selected irrespective of their
3 We may write

π(X) = p(X) · P(D = 1 | X,S1 = 1) · P(X | S1 = 1)(∑
X p(X) · P(D = 1 | X,S1 = 1) · P(X | S1 = 1)

) ,
such that P(D = 1 | X,S1 = 1) is obtained as a propensity score, but this is not “helpful” as we can
not properly define τ̄ b as a weighted average since we need to condition on St = 1, which varies in time.
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treatment status and selected prior to treatment, which we call “All-time-selected” and
can now define as A := {i ∈ {1, . . . , n} : SI1 = 1, SN1 = 1, S0 = 1}, such that A is invariant
to treatment. However, without further considerations, we can only observed the units
selected in both periods, defined as S̄ := {i ∈ {1, . . . , n} : S1 = 1, S0 = 1}. We first note
that A ⊆ S̄ and that both groups are time invariant. Our first identification condition is
given by Assumption 12.

Assumption 12 (Conditional Distributional Independence). ∆Y ∗Ni ⊥ Di | (Xi, A)

This distributional DID assumption states that the distribution of the change in
untreated potential outcomes does not depend on whether or not an unit belongs to the
treated or the untreated group once conditional on the “All-time-selected” sample and on
each covariate, such that F∆Y N |A

D=1,X (y) = F
∆Y N |A
D=0,X (y). Intuitively, it generalizes the idea of our

previous parallel trends of Assumption 2 holding on the average to the entire distribution
for a time invariant group. In our setting, Assumption 13 allow identification of trimming
proportions.

Assumption 13 (Strong Ignorability in Selection).
(
SIi,1, S

N
i,1

)
⊥ Di | (Xi, Si,0)

In contrast to a parallel trends assumption, an ignorability assumption is scale free,
and probably best suited for this specific case with a binary dependent variable. With
positive selection we only need SNi,1 ⊥ Di | (Xi, Si,0), other popular methods are valid
under this weaker version, such as the synthetic control method or the lagged dependent
variable estimator (Angrist and Pischke, 2008). Among these, the lagged-dependent-
variable adjustment approach is the easiest to implement (Ding and Li, 2019) and O’Neill
et al. (2016) shows that when the parallel trends assumption does not hold, the lagged-
dependent-variable regression adjustment approach produces the most efficient and least
biased estimates among these three methods. However, our required condition must be
stronger as with a negative treatment effect on selection we need that SIi,1 ⊥ Di | (Xi, Si,0).

We consider identification of ATTA(X) = E[Y ∗Ii,1 − Y ∗Ni,1 | Di = 1, Xi, A]. Under
Assumption 12, we have τA(X) = E[Y ∗I1 − Y ∗N0 | D = 1, X,A]− E[∆Y ∗N | D = 0, X,A].
Under positive selection in Assumption 1, we have E[∆Y ∗N | D = 0, X,A] = E[∆Y | D =
0, X, S̄], which is identified. For the treated group, we can only observe the distribution of
F

∆Y |S̄
D=1,X(y), using the same intuition from Proposition 1, we know that under the positive

selection in Assumption 1, the observable distribution for treated units is a mixture given
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by:

F
∆Y |S̄
D=1,X(y) = p(X) · F Y ∗I−Y ∗N |A

D=1,X (y) + (1− p(X)) · F Y ∗I−Y ∗N |S̄\A
D=1,X (y) , (C.13)

with the mixing proportion defined by

p(X) :=P(SN1 = 1 | D = 1, SI1 = 1, S0 = 1)

=P(SN1 = 1 | D = 1, X, S0 = 1)
P(SI1 = 1 | D = 1, X, S0 = 1)

=E[SN1 | D = 1, X, S0 = 1]
E[S1 | D = 1, X, S0 = 1] = E[S1 | D = 0, X, S0 = 1]

E[S1 | D = 1, X, S0 = 1]

(C.14)

Where last equality follows from Assumption 13. This procedure is defined in Proposition
4. To ease the notation of our bounds, we denote each untrimmed conditional expectation
by µd(X) = E[∆Y | D = d,X, S̄]. And, for a given p, each upper and lower bound
trimmed conditional expectation as µdL(X) = E[∆Y | D = d,X, S̄,∆Y ≤ Q1x (p(X))],
µdU(X) = E[∆Y | D = d,X, S̄,∆Y ≥ Q0x (1− p(X))], with Qdx(q) being the quantile of
the distribution of ∆Y | D = d,X, S̄ at percentile q.

Proposition 4. Assume that Y ∗It and Y ∗Nt are continuous for each t ∈ {0, 1}. Under
Assumptions 1, 12 and 13, for each X ∈ X , ATTA(X) = E[Y ∗Ii,1 − Y ∗Ni,1 | Di = 1, Xi, A] is
partially identified with τL(X) and τU(X) as sharp lower and upper bounds defined by:

(i) (Positive Response on Selection) If SI1 ≥ SN1 with probability 1:

τL(X) = µ1L(X)− µ0(X) , τU(X) = µ1U(X)− µ0(X) ,

Qdx(q) = F
−1 ,∆Y |S̄
D=1,X (q) and p(X) = E[S1 | D = 0, X, S0 = 1]

E[S1 | D = 1, X, S0 = 1] ;

(ii) (Negative Response on Selection) If SI1 ≤ S1
1 with probability 1:

τ̃L(X) = µ1(X)− µ0U(X) , τ̃U(X) = µ1(X)− µ0L(X) ,

Qdx(q) = F
−1 ,∆Y |S̄
D=0,X (q) and p̃(X) = E[S1 | D = 1, X, S0 = 1]

E[S1 | D = 0, X, S0 = 1] .

Proof. The proof for this results follows directly from the proof of Proposition 1 considering
each p(X) is identified by either Assumption 13 and trimming the distribution of ∆Y |
(S̄, X) for each treatment group depending on the sign of Assumption 1.
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Thus, as outlined in the Appendix Section C.2, we can aggregate the effects over
the distribution of X | D = 1, A for each b ∈ {L,U}. Such averaged bounds are given by:

τ̄ b =
∑
X

p(X) · P(X | D = 1, S̄){∑
x∈X p(X) · P(X | D = 1, S̄)

} · τ b(X) . (C.15)

Unlike the repeated cross-sections case, we can explore the time invariant nature of S̄
to propose, as in Abadie (2005), a bound estimand that is a simple weighted average
of temporal differences in the outcome variable for the units observed in both periods.
Therefore,

τ̄ b = 1
P(D = 1 | S̄)

· E
[
∆Y · Π(X) · wb(X) · D − P(D = 1 | X, S̄)

1− P(D = 1 | X, S̄)

∣∣∣∣∣ S̄
]
, (C.16)

with Π(X) = p(X)
/(∫

X p(X) · P(D = 1 | X, S̄) dFX|S̄(X)
)
,

wL(X) =
{
D · 1[∆Y ≤ Q1x (p(X))] + (1−D)

}
and ,

wU(X) =
{
D · 1[∆Y ≥ Q1x (1− p(X))] + (1−D)

}
.

(C.17)

From equation (C.15), we can re-write P(X | D = 1, A) = P(X,S̄)
P(D,S̄) ·P(D = 1 | X, S̄), but also

as P(X | D = 1, A) = p(X)·P(X|D=1,S̄)(∫
X p(X)·P(D=1|X,S̄) dFX|S̄

D=1(X)
) , such that we can then aggregate each

τ b(X) by the observed distribution of X | (D = 1, S̄). The term Π(X) can be constructed
as a weight for such observed distribution to represented the group (D = 1, A). The term
wb(X) trims the observed difference. The weighted average defining τ̄L and τ̄U recovers an
interval for the ATTA, the weights depend on the propensity score P(D = 1 | X, S̄).

In this section we present only the initial steps to identify an interval for the
effect of interest of the panel data case. The estimand presented in Equation (C.16) could
be changed under each case of Assumption 1. In addition, extensions of this estimand
can incorporate the innovations presented in Semenova (2020) regarding the sign of the
treatment effect on selection within each cell covariate.
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APPENDIX D – Monte Carlo Simulations

In this section we provide Monte Carlo simulations of our proposed bounds estimator
for the case where the treatment effect on selection sign is known and positive with
DGP close to the estimates from our empirical example from Chapter 5. We assume a
known P(D = 1) = P(T = 1) = 0.5. We outline the illustrative case where selection
is time-invariant, with γ = (γ1, γ2, γ3, γ∗)′ = (0.48,−0.63, 0, 0.15)′ and such that S∗t =
(1, D, T, I)·γ+νt. We impose a linear specification for the outcome, Y ∗Nt = (1, D, T )·β+εNt ,
with assumed parameters that are close to the estimates from parametric selection models
presented in Tables 3 and 4. Such that β = (β1, β2, β3) = (1500,−50, 50) andεNt

νt

 ∼ N
0

0

 ,
1, 000, 000 500

500 1


We model a constant treatment effect such that ATTOO = ATT = 0. For this DGP and
from the the discussion presented in Chapter 3, the naive DID estimator that can be
obtained by OLS considering only the observed sample has a known bias of −48.940.1

With this parametrization, the true trimming proportion p is approximately 0.880 and the
true interval (using p) for ATTOO is given by [−257.638, 157.039].2

In Table 7, we report the results of 10,000 simulation replications, varying the
sample size and the functional form chosen for H(·). We find that our estimator performs
adequately as the sample size grows. Under a stationary selection indicator, the estimator
for the trimming proportion has a diminishing asymptotic bias as samples size grows,
even when H(·) is miss-specified (e.g. with a Logit and Linear models for selection). The
percentage bias length indicate consistency of the interval rather than for each estimated
bound, becoming negligible as the sample size grows. As our bounds are wide, they cover
the true treatment effect with a high probability, which is also increasing in the sample
size. Under a time invariant selection indicator, the linear specification also perform as
intended.
1 With joint normality and the assumed linear model for Y ∗t , this bias is given by ρε,νσε

(
λ(γ1 + γ2 +

γ3 + γ∗)− λ(γ1 + γ3)− λ(γ1 + γ2) + λ(γ1)
)
.

2 True values are computed from 10,000 replications for the sample analogs of µ11L−E[Y ∗N1 | D = 1, OO]
and µ11U − E[Y ∗N1 | D = 1, OO] using 100,000 observations from the DGP of t = 1 and the true p.
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However, when γ2 6= 0, even if it is of negligible size (γ2 = 0.05).3 Using n = 20, 000,
we can expect an upward percentage bias for the trimming proportion up 0.5%, but this
translates to bias of 1% to 5% for estimated bounds and up to 3% for the interval length.
We report these estimates in Table 8.

Table 7 – Simulations with Stationary Selection Indicator

Trimming Prop. Lower Bound Upper Bound Interval
Sample Size % Bias RMSE % Bias RMSE % Bias RMSE % Bias Length CR
Model: Probit

5000 -0.12 0.05 -1.17 106.19 -1.81 104.52 -1.41 92.30
10000 0.06 0.04 -0.85 77.53 -2.71 75.88 -1.56 97.42
20000 0.04 0.03 -0.69 53.91 -1.09 53.90 -0.84 99.75

Model: Logit
5000 -0.13 0.05 -1.11 106.87 -1.72 105.28 -1.34 92.10
10000 0.06 0.04 -0.87 78.18 -2.73 76.48 -1.57 97.29
20000 0.04 0.03 -0.71 54.41 -1.13 54.40 -0.87 99.73

Model: Linear
5000 -0.06 0.05 -1.34 103.83 -2.05 102.01 -1.61 92.63
10000 0.06 0.04 -0.75 75.19 -2.54 73.59 -1.43 97.76
20000 0.03 0.03 -0.61 52.25 -0.98 52.26 -0.75 99.81

Notes: Results are based on 10000 simulation replications of the DGP presented above. N is the sample
size on each simulation replication. % Bias is the average difference between the true parameters and the
estimate divided by the value of the true parameter (Scale from 0 to 100). RMSE is the average Root
Mean Squared Error of each estimate. For the estimated interval, CR is coverage rate of the estimated
interval for the true parameter (0). % Length Bias is the average difference between the replication interval
length estimate for the bounds and the true interval length, divided by the latter.

Table 8 – Simulations with γ2 = 0.05

Trimming Prop. Lower Bound Upper Bound Interval
Model % Bias RMSE % Bias RMSE % Bias RMSE % Bias Length CR
Probit 0.03 0.03 0.86 53.08 -3.56 53.27 -0.81 99.64
Logit 0.17 0.03 0.09 53.7 -4.81 54.14 -1.76 99.57
Linear -0.46 0.03 3.47 51.66 0.73 50.92 2.44 99.8

Notes: Results are based on 10000 simulation replications of the initial DGP presented with γ2 = 0.05
and N = 20, 000. See Table 7 for details.

3 This value is close to the upper bound of normal 95% CI for the parameter associated with time in a
probit specification for our empirical example.
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