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Abstract 

 

This thesis develops the autoregressive conditional (generalized) lambda distribution 
model (ARCLD). This model allows that dispersion and one shape parameter of the 
generalized lambda distribution (GLD) varies over time according to an ARMA-type 
model. Letting the GLD parameters to change over time offered substantial flexibility for 
modeling asset returns. To estimate a time-varying GLD, we cannot unfortunately resort 
to ML methods because there is no analytical expression for the GLD density - only for 
its quantile function. One solution is to apply Dominicy and Veredas (2013) method of 
simulated quantiles combined with indirect inference methods (Gouriéroux et al., 1993; 
Smith, 1993). In the first chapter we derive the asymptotic properties of the indirect 
inference (II) estimator for the parameters of the ARCLD model. The second chapter 
conduct a Monte Carlo study to determine the estimation performance of the ARCLD 
model. In the last chapter we estimate the ARCLD model for daily returns of 7 stock 
market indexes from three geographical areas: America (S&P500, Ibovespa and IPC), 
Europe (DAX and FTSE100) and Asia (Hang Seng and TWSE). We compare the 
resulting ARCLD model estimates with those assuming generalized autoregressive 
conditional heteroscedastic (GARCH) specifications, with Gaussian, t-student 
innovations and using empirical distribution (ED) approach. In addition, we also assess 
how the ARCLD model fares with Hansen’s (1994) autoregressive conditional density 
model (ACD). We evaluate the relative performance of each model by carrying out risk 
analyses. We compare the value-at-risk (VaR) and expected shortfall (ES) estimates for 
each model. 

 

Keywords: Statistical Simulation Methods: General, Model Construction and 
Estimation, Financial Econometrics, Financial Risk and Risk Management.  

JEL: C15, C51, C58, G32. 

 

 

 

 

 

  



 
 

Resumo 

 

Essa tese desenvolve o modelo autorregressivo condicional generalizado para a 
distribuição lambda (ARCLD). Esse modelo permite que a dispersão e um parâmetro de 
forma da distribuição lambda generalizada (GLD) variem no tempo de acordo com um 
modelo ARMA. Deixar os parâmetros variarem no tempo ofereceu uma maior 
flexibilidade para modelar retornos de ativos financeiros. Para estimar uma GLD com 
parâmetros variando no tempo não podemos recorrer a métodos de estimação de máxima 
verossimilhança (ML), pois não existe uma forma analítica para a GLD – apenas para sua 
função quantil. A solução é aplicar o método dos quantis simulados de Dominicy e 
Veredas (2013) combinado com métodos de inferência indireta (Gouriéroux et al., 1993; 
Smith, 1993). No primeiro capítulo derivamos as propriedades assintóticas do estimador 
de inferência indireta para os parâmetros do modelo ARCLD. No segundo capítulo 
conduzimos um estudo de Monte Carlo para determinar a performance do modelo 
ARCLD. No último capítulo, estimamos o modelo ARCLD para retornos diários de 7 
índices do mercado de ações representando 3 diferentes regiões geográficas: América 
(S&P500, Ibovespa e IPC), Europa (DAX e FTSE100) e Ásia (Hang Seng e TWSE). Nós 
comparamos as estimativas geradas pelo modelo ARCLD com as estimativas assumindo 
uma especificação GARCH, com inovações gaussianas, t-student e usando uma 
abordagem de distribuição empírica (ED). Adicionalmente, nós avaliamos a performance 
do modelo ARCLD com o modelo autorregressivo de densidade condicional (ACD) do 
Hansen (1994). Avaliamos a performance relativa de cada modelo fazendo análises de 
risco de mercado. Para isso, comparamos o Valor em Risco (VaR) e perda esperada (ES) 
gerados em cada modelo. 

 

Palavras-Chave: Métodos de Simulação Estatística: Geral, Construção de Modelo e 
Estimação, Econometria Financeira, Risco Financeiro e Gerenciamento de Risco 

JEL: C15, C51, C58, G32. 
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Introduction 

 

Modeling properly asset returns is important in different areas in finance, for 

example, market risk analysis, portfolio optimization and asset pricing. Empirical 

evidence suggests that the volatility and skewness of asset returns vary over time. For 

example, Figure 1 show the CBOE VIX index closing prices from January 4, 2016 to 

December 31, 2018. This index measures the constant 30-day implied volatility of the 

S&P500 futures options.  

  
  

Figure 1 
CBOE VIX index closing prices 

 
This figure presents the closing prices of CBOE VIX index for the period of January 4, 2016 to December 31, 2018 

 

 

Figure 2 shows the option implied S&P500 futures skewness. By its variation we 

have evidences that skewness changes over time. As in Figure 1, we consider the data 

period from January 4, 2016 to December 31, 2018 and a constant 30-day implied 

volatility for the put and call options used in the calculation. To calculate the option 

implied skewness, we use the Mixon (2011) methodology that follows the formula: 

 

𝑜𝑝𝑡𝑖𝑜𝑛 𝑖𝑚𝑝𝑙𝑖𝑒𝑑 𝑠𝑘𝑒𝑤𝑛𝑒𝑠𝑠 =
25 𝑑𝑒𝑙𝑡𝑎 𝑝𝑢𝑡 𝑣𝑜𝑙𝑎𝑡𝑖𝑙𝑖𝑡𝑦 − 25 𝑑𝑒𝑙𝑡𝑎 𝑐𝑎𝑙𝑙 𝑣𝑜𝑙𝑎𝑡𝑖𝑙𝑖𝑡𝑦 

𝑎𝑡 𝑡ℎ𝑒 𝑚𝑜𝑛𝑒𝑦 𝑣𝑜𝑙𝑎𝑡𝑖𝑙𝑖𝑡𝑦
 

 

The data for the VIX closing prices and for the call and put implied volatilities 

comes from Bloomberg. The period of the data in the analysis (from January 4, 2016 to 
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December 31, 2018) is consistent with the empirical analysis that we present in chapter 

3.    

Figure 2 
Option Implied S&P500 futures skewness 

 
This figure presents the Option Implied S&P500 futures skewness for the period of January 4, 2016 to December 31, 2018. The option 
implied skewness is calculated using Mixon (2011) methodology. 

 

 

Malz (1997) reveals that both options-implied skewness and kurtosis vary over 

time using data from G-5 countries foreign exchange options. Neumann and 

Skiadopoulos (2011) show that the risk neutral volatility, skewness and kurtosis implied 

in S&P500 futures index options change over time for the constant maturities of 30, 60 

and 90 days, between January 1990 and October 2009. These results and the option 

implied evidences showed in Figure 1 and Figure 2 suggest that it is desirable to 

accommodate time-varying high-order conditional moments when modeling asset 

returns. 

A good candidate for distribution to model asset returns is the generalized lambda 

distribution (GLD, see Tukey, 1962; Ramberg and Dudewicz, 1979). Due to its 

flexibility, the GLD can adapt its shape to model different skewness possibilities and fat 

tails, which are behaviors common in asset returns. In addition, to deal with the time 

varying high-order conditional moments accommodation we let the GLD parameters to 

change over time. This should offer a substantial additional flexibility for modeling asset 

returns. 

𝑞 = 𝜆 , +
, ( )

,
                                              0 ≤ 𝜏 ≤ 1                                           (1) 

0
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𝜆 , = 𝜛 + 𝛼 𝑞 𝜆 , + 𝛽 𝜆 ,  (2) 

𝜆 , = 𝜛 + 𝛼 𝑞 𝜆 , + 𝛽 𝜆 , , (3) 

 To this end, we propose the autoregressive conditional (generalized) lambda 

distribution (ARCLD) model. It assumes that asset returns follow a conditional 

generalized lambda distribution with dispersion parameter varying on time (ARCLD-I 

model) or dispersion and shape parameters varying over time (ARCLD-II model) 

presented in (1). In particular, we assume that these parameters follow an ARMA-type 

process as in, for example, the GARCH literature showed in (2) and (3).  

In (1), 𝑞 is a quantile function, 𝜆 ,  and 𝜆 ,  are location and dispersion parameters, 

and 𝜆 ,  and 𝜆  are the shape parameters. In (2) and (3), the parameter 𝛼  and 𝛼  are 

associated with the moving average part of the ARMA process for 𝜆 ,  and 𝜆 ,  

respectively. The parameter 𝛽  and 𝛽  are associated with the autoregressive part of the 

ARMA process for 𝜆 ,  and 𝜆 ,  respectively. The asset returns are 𝑞  generated by the 

quantile function. We assume that the sample mean 𝜇 is zero. This is a reasonable 

assumption given the sample evidence in chapter 3, Table 3.1. Ramberg and Dudevicz 

(1979) show that the mean, variance, skewness and kurtosis of the GLD are respectively 

given by 

𝜇 = 𝜆 , + ,

,
   

𝜎 =
,

(𝐴 , − 𝐴 , )  

𝜅 , =
( , , ) . (𝐴 , − 3𝐴 , 𝐴 , + 2𝐴 , )  

𝜅 , =
1

(𝐴 , − 𝐴 , )
(𝐴 , − 4𝐴 , 𝐴 , + 6𝐴 , 𝐴 , + 3𝐴 , ) 

where,  

𝐴 , =
,

−   

𝐴 , =
,

− − 2𝐵(𝜆 , + 1, 𝜆 + 1)  

𝐴 , =
,

− − 3𝐵(2𝜆 , + 1, 𝜆 + 1) + 3𝐵(𝜆 , + 1,2𝜆 + 1)  

𝐴 , =
,

− − 4𝐵(3𝜆 , + 1, 𝜆 + 1) + 6𝐵(2𝜆 , + 1,2𝜆 + 1) − 4𝐵(𝜆 , +

1, 3𝜆 + 1)  

with B denoting the beta function. 
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We have that 𝜛  is the unconditional variance when we let dispersion parameter 

vary over time and 𝜛  is the unconditional skewness when we allow the shape parameter 

to vary over time: 

𝜛 , = (1 − 𝛽 )𝜆 , −  𝛼 (𝐴 , − 𝐴 , ) 

𝜛 , = (1 − 𝛽 )𝜆 , −  𝛼 (𝐴 , − 3𝐴 , 𝐴 , + 2𝐴 , ) 

As there is no analytical expression for the conditional density, we cannot resort 

to maximum likelihood (ML) methods to estimate the ARCLD model parameters. We 

then combine Dominicy and Veredas’s (2013) method of simulated quantiles (MSQ) with 

indirect inference (Gouriéroux et al., 1993; Smith, 1993), employing an exponential 

weighted moving average (EWMA) as the auxiliary model for the time-varying moments, 

to estimate the ARCLD parameters. 

𝐸𝑊𝑀𝐴 , (𝜃) = (1 − 𝛿)𝑞 (𝜃) + 𝛿 𝐸𝑊𝑀𝐴 , (𝜃)                     for k = 2,...,4            (4) 

where 𝛿 is a decaying factor set to 0.95 and 𝑞 (𝜃) the returns as simulated from an 

ARCLD in (1) with parameters 𝜃 = (𝜛 , 𝛼 , 𝛽 , 𝛼 , 𝛽 , 𝜆 ) in the case where dispersion 

and one shape parameters varying over time (ARCLD-II model) and 𝜃 = (𝛼 , 𝛽 , 𝜆 , 𝜆 ) 

with just the dispersion parameter varying on time (ARCLD-I model). 

It is important to mention that the 𝜃 grid set for the parameters in (4) is selected 

by the method of Approximate Bayesian Computation (ABC) described in Sisson, Fan 

and Beaumont (2018). This method is particularly useful for defining priors when the 

density function has no closed form. Basically, we simulate the returns for initial 

parameters values and then generate Monte Carlo samples from a stochastic grid defined 

for each parameter. Then according to three summary statistics (mean and quantile–based 

dispersion and skewness measures) we select the parameters of the samples that best fit 

to the sample containing our initial parameters or the data returns that we want to model. 

After the grid is set we find the parameter vector 𝜃  that minimizes the distance 

between the empirical EWMAs (represented by the index returns data in Chapter 3, or 

the true parameter values 𝜃  in Monte Carlo analysis in Chapter 2) and simulated 

EWMAs. 

In the first chapter we derive the asymptotic properties of the indirect inference 

(II) estimator for the parameters of the (ARCLD) model. The second chapter conduct a 

Monte Carlo study to determine the estimation performance of the ARCLD model. In the 
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last chapter we estimate the ARCLD model for daily returns of 7 stock market indexes 

from three geographical areas: America (S&P500, Ibovespa and IPC), Europe (DAX and 

FTSE100) and Asia (Hang Seng and TWSE). We compare the resulting ARCLD model 

estimates with those assuming generalized autoregressive conditional heteroscedastic 

(GARCH) specifications, with Gaussian, t-student innovations and using empirical 

distribution (ED) approach. In addition, we also assess how the ARCLD model fares with 

Hansen’s (1994) autoregressive conditional density model (ACD). We evaluate the 

relative performance of each model by carrying out risk analyses. We compare the value-

at-risk (VaR) and expected shortfall (ES) estimates for each model. 
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Chapter 1  

  

Asymptotic Properties of Indirect Inference estimator for the 
ARCLD model 

  

  

  

  

  

  

Abstract: This chapter derives the asymptotic properties of the indirect inference (II) 

estimator for the parameters of the autoregressive conditional (generalized) lambda 

distribution (ARCLD). We entertain the asymptotic behavior of the II estimator for the 

ARCLD model using the ABC-based grid. To make sure that indirect inference indeed 

provides accurate estimates of the ARCLD parameters, we show that the resulting 

estimator converges to the true parameter value as the sample increases. We not only 

establish consistency but also proof asymptotic normality under quite mild conditions. 

 

Keywords: Statistical Simulation Methods: General, Model Construction and 
Estimation, Financial Econometrics.  

JEL: C15, C51, C58. 
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1 Introduction 

In this chapter, we derive the asymptotic properties of the indirect inference (II) 

estimator for the parameters of the autoregressive conditional (generalized) lambda 

distribution (ARCLD). In particular, we establish consistency and asymptotic normality. 

This is in contrast with Hansen (1994), who essentially assumes that the maximum 

likelihood (ML) estimator of the autoregressive conditional distribution is consistent and 

asymptotically normal without providing a rigorous derivation. 

There are of course many papers in the literature on conditional higher-order 

moments that establish the asymptotic properties of the estimator they propose. This is 

especially the case in the GARCH literature. For instance, Lumsdaine (1991) proves 

consistency and asymptotic normality of the ML estimator for a GARCH (1,1) process 

under conditional normality. Lee and Hansen (1994) obtain a similar result under weaker 

conditions, whereas Lee (1993) extend these results to accommodate GARCH–M 

processes. 

Harvey and Sidique (1999) tackle time-varying skewness in a ML framework 

using a conditional noncentral conditional t-distribution. They assume that the 

standardized innovation has finite moments up to the fourth order and prove consistency 

using Lee and Hansen’s (1994) asymptotic results. Joudeau and Rockinger (2003) 

investigate the presence of conditional skewness and kurtosis on daily asset returns. As 

in Hansen (1994), they assume that ML is consistent and asymptotically normal without 

any formal proof, providing only a specification test for their model. 

To make sure that indirect inference indeed provides accurate estimates of the 

ARCLD parameters, we show that the resulting estimator converges to the true parameter 

values as the sample increases. We define the grid parameters using the Approximate 

Bayesian Computation (ABC) procedure, and hence we first establish Bayesian 

consistency by showing that the posterior distribution of the ABC-based grid estimator 

concentrates around the true parameter values. In particular, we verify the conditions for 

Bayesian consistency put forth in Theorem 1 of Frazier et al. (2015). Next, we entertain 

the asymptotic behavior of the II estimator for the ARCLD model using the ABC-based 

grid. We establish consistency and asymptotic normality under quite mild conditions. 
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The plan of the remainder is as follows. Sections 2 and 3 establish the consistency 

and asymptotic normality of the ABC-based indirect inference estimator of the ARCLD 

model, respectively. Section 4 offers some concluding remarks. 

2 Consistency 

In this section, we first study the Bayesian consistency of the ABC grid and then 

examine the conditions under which the resulting II estimator of the ARCLD model is 

consistent. 

Recall that q is a quantile function and we assume asset returns 𝑞  follow a 

conditional generalized lambda distribution with dispersion and shape varying over time 

according to an ARMA- type process:  

𝑞 = 𝜆 , +
, ( )

,
                                              0 ≤ 𝜏 ≤ 1                                           (1) 

𝜆 , = 𝜛 + 𝛼 𝑞 𝜆 , + 𝛽 𝜆 ,  (2) 

𝜆 , = 𝜛 + 𝛼 𝑞 𝜆 , + 𝛽 𝜆 , , (3) 

where 𝜆 ,  and 𝜆 ,  are location and dispersion parameters, and 𝜆 ,  and 𝜆  are shape 

parameters. Ramberg and Dudevicz (1979) show that the mean, variance, skewness and 

kurtosis of the generalized lambda distribution are respectively 

𝜇 = 𝜆 , + ,

,
  (4) 

𝜎 =
,

(𝐴 , − 𝐴 , ) (5) 

𝜅 , =
( , , ) . (𝐴 , − 3𝐴 , 𝐴 , + 2𝐴 , ) (6) 

𝜅 , =
1

(𝐴 , − 𝐴 , )
(𝐴 , − 4𝐴 , 𝐴 , + 6𝐴 , 𝐴 , + 3𝐴 , ) 

where  

𝐴 , =
,

−   

𝐴 , =
,

− − 2𝐵(𝜆 , + 1, 𝜆 + 1)  

𝐴 , =
,

− − 3𝐵(2𝜆 , + 1, 𝜆 + 1) + 3𝐵(𝜆 , + 1,2𝜆 + 1)  
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𝐴 , =
,

− − 4𝐵(3𝜆 , + 1, 𝜆 + 1) + 6𝐵(2𝜆 , + 1,2𝜆 + 1) − 4𝐵(𝜆 , +

1, 3𝜆 + 1)  

with B denoting the beta function. 

In the absence of an analytical expression for the conditional density, we cannot 

resort to ML methods. We then combine Dominicy and Veredas’s (2013) method of 

simulated quantiles (MSQ) with indirect inference (Gouriéroux et al., 1993; Smith, 1993) 

to estimate the parameters of the ARCLD model. We employ an exponential weighted 

moving average (EWMA) as the auxiliary model for the time-varying moments in the 

indirect inference approach: 

𝐸𝑊𝑀𝐴 , (𝜃) = (1 − 𝛿)𝑞 (𝜃) + 𝛿 𝐸𝑊𝑀𝐴 , (𝜃)                     for k = 2,...,4  (7) 

where 𝛿 is a decaying factor set to 0.95 and 𝑞 (𝜃) the returns as simulated from an 
ARCLD with parameters 𝜃 = (𝜛 , 𝛼 , 𝛽 , 𝛼 , 𝛽 , 𝜆 ). 

            The objective function for the II estimator is: 

𝑀 (𝜃) = ∑ 𝐸𝑊𝑀𝐴 (𝑢  ; 𝜃 ) −

∑ ∑ 𝐸𝑊𝑀𝐴(𝑢 ; 𝜃) ∑ 𝐸𝑊𝑀𝐴 (𝑢  ; 𝜃 ) − ∑ ∑ 𝐸𝑊𝑀𝐴(𝑢 ; 𝜃)   

          (8) 

Where 𝑢  come from the ARCLD model with parameters 𝜃 =

(𝜛3, 𝛼2, 𝛽2, 𝛼3, 𝛽3, 𝜆4). Consider 𝑢 = ℎ(𝑞 , 𝜏, 𝜃), where h is the ARCLD model with 

𝑞  denoting surrogate returns and 𝜏~𝑈[0,1]. 

There are two requirements for indirect inference to work well. First, it should be 

possible to simulate data from the model (1) given the parameters values. Second, the 

auxiliary model (7) should capture the most important aspects of the data. In this matter, 

Veredas et al. (2015) introduce a simulation-based information criterion to assist with the 

auxiliary model’s choice within indirect inference methods. 

To check the identifiability of the parameters in our model we provide an analysis 

of the behavior of the auxiliary model (7) to the changes in the model parameters (1). 

First, we check the behavior of (7) related to second, third and fourth order EWMA’s (k 

= 2, 3 and 4, respectively) to changes in the dispersion parameter 𝜆  in (1). The changes 

in 𝜆  are due to changes in volatility, which in the simulation we let to range from 0.001 

to 0.04. By (5) we see that the shape parameters 𝜆  and 𝜆  also impact the dispersion 

parameter 𝜆 , so we built five 𝜆  and 𝜆  combination settings to give more robustness to 
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the analysis. Those combinations settings cover the region 4 of the GLD with 𝜆  and 𝜆  

parameters in the range of [-0.25, 0]. The GLD regions are further discussed in chapter 2. 

Setting 1 considers 𝜆 = −0.01 and 𝜆 = −0.01, setting 2 is defined when 𝜆 =

−0.12 and 𝜆 = −0.12, setting 3 is defined when 𝜆 = −0.24 and 𝜆 = −0.24, setting 

4 is defined when 𝜆 = −0.01 and 𝜆 = −0.24 and setting 5 is defined when 𝜆 =

−0.24 and 𝜆 = −0.01. As it is possible to see the setting choice covers four extremes 

𝜆  and 𝜆  combination points in region 4 and the point in the middle of region 4 providing 

more robustness to our analysis. These results are presented in Figure 1 to Figure 3 in 

Appendix.  

 Second, we check the behavior of second, third and fourth order EWMA’s to 

changes in the shape parameter 𝜆 . In setting 1, we fix 𝜆 = −0.01 and let 𝜆  ranges from 

-0.01 to -0.24 in increments of 0.01. Setting 2 is defined when 𝜆 = −0.12 and 𝜆  ranges 

from -0.01 to -0.24 in increments of 0.01 and setting 3 is defined when 𝜆 = −0.24 and 

𝜆  ranges from -0.01 to -0.24 in increments of 0.01. In all settings the volatility is fixed 

in 0.01. These results are presented in Figures 4 to Figure 6 in Appendix.  Lastly, we 

check the behavior of second, third and fourth order EWMA’s to changes in the shape 

parameter 𝜆 . In setting 1, we fix 𝜆 = −0.01 and let 𝜆  ranges from -0.01 to -0.24 in 

increments of 0.01. Setting 2 is defined when 𝜆 = −0.12 and 𝜆  ranges from -0.01 to -

0.24 in increments of 0.01 and setting 3 is defined when 𝜆 = −0.24 and 𝜆  ranges from 

-0.01 to -0.24 in increments of 0.01. Similar to the case where we analyze the behavior 

of EWMA’s to changes in 𝜆 , we fix the volatility in 0.01 in all settings.  

Figure 1 shows the impact of the variation in 𝜆  on second order EWMA. We 

conclude that, as expected, when we increase the volatility we also increase the second 

order EWMA. The second order EWMA presents more variability in settings 4 and 5, 

where 𝜆  and 𝜆  are different, setting that generates more skewness into the process in 

(1). The variability of second order EWMA is smaller when 𝜆  and 𝜆  are equal, 

especially in setting 1. The impact of the variation in 𝜆  on third order EWMA, showed 

in Figure 2, is more relevant for the settings 4 and 5, generating a positive third order 

EWMA in setting 4, when 𝜆  is bigger than 𝜆  and negative third order EWMA in setting 

5, when 𝜆  is smaller than 𝜆 . This result is related to the expected skewness generated 

by (1), when we expect a positive skewness for 𝜆  bigger than 𝜆  and a negative skewness 

when 𝜆  is smaller than 𝜆 . Similar to the previous scenario, the impact of the variation 

in 𝜆  on fourth order EWMA, showed in Figure 3, is more relevant for the settings 4 and 
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5, specially in setting 4. The impact of the variation in 𝜆  for third and fourth order 

EWMA’s is more relevant when the volatility is higher than 0.02. 

The variation on the third order EWMA to changes in the shape parameters 𝜆  and 

𝜆 , showed in Figures 5 and 8 respectively, is higher in setting 3 and seems to be more 

relevant when 𝜆  shape parameter changes (Figure 8). As in the scenarios where we 

analyzed the impact on EWMA’s related to changes in 𝜆 , it is possible to see that the 

negative value of third order EWMA when 𝜆  is smaller than 𝜆  and positive value of 

third order EWMA when 𝜆  is higher than 𝜆 . The variation on the fourth order EWMA 

to changes in the shape parameters 𝜆  and 𝜆 , showed in Figures 6 and 9 respectively, is 

again higher in setting 3 and seems to be more relevant when 𝜆  shape parameter changes 

(Figure 9) especially considering the variation from -0.01 to -0.11. The impact of the 

variation in shape parameters 𝜆  and 𝜆 , in second order EWMA showed in Figures 4 and 

7 respectively seems to be similar among the scenarios showing that the choice of 𝜆  and 

𝜆  don’t generate a relevant impact on second order EWMA. 

Proceeding with the estimation process, we first compute the EWMA for the 

higher-order moments of the observed returns 𝑞 (𝜃 ), or the true parameters values, and 

then simulate 𝑞 (𝜃( )), for a grid 𝜃( ) (i=1,…,I), using the conditional quantile function 

of the ARCLD model. The grid selection follows the ABC algorithm: 

1) Sample 𝜃( )~𝑝(𝜃) from the prior densities of each element in the parameter 

vector 𝜃 = (𝜛 , 𝛼 , 𝛽 , 𝛼 , 𝛽 , 𝜆 ). For instance, one may assume beta and 

normal distributions according to the parametric restrictions necessary to 

ensure stationarity and/or positivity. 

2) Simulate returns from the ARCLD model 𝑧~ 𝑞 𝜃( ) . 

3) As in Drovandi and Petit (2011) let 𝜂 , 𝜂 , 𝜂  denote the summary statistics of 

interest (e.g., mean and quantile–based dispersion and skewness measures) 

given respectively by: 

      𝜂 =
∑

 

                  𝜂 =  𝑞 −  𝑞         (9) 

                  𝜂 =
(   × )

,         (10) 

  Where 𝑞j is the jth percentile of the empirical distribution.  
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Let also 𝜀 denote the tolerance level for the difference between the summary statistics 

of the simulated returns from the initial parameter’s values 𝑞(𝜃 ) and from the 

prior densities 𝑧 = 𝑞(𝜃( )). We select the grid values 𝜃(𝑖) such that 

|𝜂 𝑞(𝜃 ) − 𝜂 (𝑧(𝜃( )))| < 𝜀. 

In particular, 𝜀 represents the lowest 10  joint percentile of (𝜂 , 𝜂 , 𝜂 ). So we 

compute |𝜂 𝑞(𝜃 ) − 𝜂 (𝑧(𝜃( )))| < 𝜀, |𝜂 𝑞(𝜃 ) − 𝜂 (𝑧(𝜃( )))| < 𝜀 and 

|𝜂 𝑞(𝜃 ) − 𝜂 (𝑧(𝜃( )))| < 𝜀 and keep grid 𝜃( ) that were selected in all 

three summary statistics. The Monte Carlo study in Chapter 2 shows that this 

setting generates an acceptance rate of the grids considering 200,000 

replications of around 0.10% as in Allingham (2009). Table 1 show the 90% 

confidence interval for the accepted grid parameters for 50 , 25 , 15  and 

10  joint percentile and their respectively acceptance rate for the ARCLD-I 

model. This is defined as the number of accepted grids divided by the number 

of replications, 200000 in our case. The true parameters values are 𝛼 =

0.05, 𝛽 = 0.9, and 𝜆 = −0.125, 𝜆 = −0.125.   

       Table 1.1 
Simulation study for ARCLD-I model 

This table display the 90% confidence interval for the accepted grid parameters for 50 , 25 , 15  and 10  joint 
percentile and their respectively acceptance rate considering the ARCLD-I model. 

percentile 𝜆  𝜆  𝛽  𝛼  acceptance rate 

50 -0.1768, -0.0709 -0.1819, -0.0760 0.8060, 0.9469 0.0337, 0.0663 13.91% 

25 -0.1600, -0.0609 -0.1743, -0.0860 0.8079, 0.9475 0.0330, 0.0656 1.71% 

15 -0.1773, -0.0793 -0.1915, -0.1076 0.8046, 0.9471 0.0346, 0.0654 0.34% 

10 -0.1467, -0.0566 -0.1498, -0.0653 0.8135, 0.9445 0.0358, 0.0661 0.11% 

 

After the grid is set, we find the parameter vector 𝜃( ) that minimizes the distance 

between the empirical and simulated EWMAs. 

We simulate several sets 𝐸𝑊𝑀𝐴(𝑢 ; 𝜃), 𝑡 = 1, … 𝑇 ; 𝑠 = 1, … , 𝑆, where 𝑢  come 

from the ARCLD model with parameters 𝜃 = (𝜛3, 𝛼2, 𝛽2, 𝛼3, 𝛽3, 𝜆4). Consider 𝑢 =

ℎ(𝑞 , 𝜏, 𝜃), with 𝑞  denoting surrogate returns and 𝜏~𝑈[0,1]. 

Let 𝑔(𝑢 ; 𝜃 ) = 𝐸𝑊𝑀𝐴(𝑢 ; 𝜃 ) − ∑ 𝐸𝑊𝑀𝐴(𝑢 ; 𝜃). We assume the following 

conditions. 
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Definition 1: The family 𝑣(𝑢 ; 𝜃) is Lipschitz, uniform in probability, if there is a 

sequence {𝑃 }, such that, for all t and all 𝛽 and 𝜃 in 𝛩, 

|| 𝑣(𝑢 ; 𝜃) − 𝑣(𝑢 ; 𝛽)|| ≤ 𝑃 ||𝜃 − 𝛽|| 

where 𝑃 = ∑ 𝑃  is bounded in probability.  

Assumption 𝛩. The true parameter vector 𝜃  belongs to a compact parametric space 𝛩 

and, for 𝑀 (𝜃) defined in (8), 𝐸(𝑀 (𝜃 )) < E(𝑀 (𝜃)), for 𝜃 ≠ 𝜃  and 𝐸 denoting the 

expected value. For all 𝜃 𝜖 𝛩 the process 𝑢  is geometrically ergodic. For each 𝜃 𝜖 𝛩, the 

family 𝑣(𝑢 ; 𝜃) is Lipschitz, uniform in probability. 

 By E(𝑀 (𝜃 )) < E(𝑀 (𝜃)) we assume that when the objective function is 

evaluated at 𝜃  it has an expected value smaller than the expected value for any other 

parameter vector 𝜃. This is a strong parameter identification assumption that is necessary 

in our approach. Geometric ergodicity is a condition ensuring that the simulated state 

process satisfies the law of large numbers having the asymptotic distribution invariant to 

the choice of the initial conditions. By the assumption of true parameter vector 𝜃  

belonging to a compact parametric space 𝛩, assure finite possibilities for the behavior of 

the parameters which is fundamental for identification purposes. The assumption that the 

family 𝑣(𝑢 ; 𝜃), is Lipschitz, uniform in probability, which is completely described in 

Definition 1, is a strong assumption of uniform continuity for the family 𝑣(𝑢 ; 𝜃). 

Assumption ABC. The prior density 𝑝(𝜃) for 𝜃 = (𝜛 , 𝛼 , 𝛽 , 𝛼 , 𝛽 , 𝜆 ) consists of 

mutually independent Gaussian priors for (𝛼 , 𝛼 ) and beta priors for 𝜛 , 𝛽 , 𝛽 , 𝜆 . 

The conditional process for 𝜆  and 𝜆  given by (2) and (3) are positive and stationary. 

The data generation process (DGP) for q is unique for 𝜃 . The map 𝜃 → 𝑏(𝜃 ) is 

deterministic, continuous, and one to one. We consider: 

 𝑠𝑢𝑝 ∈ 𝜂 𝑧(𝜃) − 𝑏(𝜃) = o (1)      (11) 

where 𝑏(𝜃 ) is the limiting value of the summary statistic 𝜂 based on the simulated data 

and 𝛩 is a compact parametric space for 𝜃, for 𝑡 ⟶  ∞ and 𝜖 ⟶  0. 

By assuming the priors density 𝑝(𝜃) for 𝜃 = (𝜛 , 𝛼 , 𝛽 , 𝛼 , 𝛽 , 𝜆 ) consisting of 

mutually independent Gaussian priors for (𝛼 , 𝛼 ) and beta priors for 𝜛 , 𝛽 , 𝛽 , 𝜆 , 

together with the assumption that the data generation process (DGP) for q is unique for 
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𝜃 , reveals that we assume the identification of the parameters, which is a strong 

assumption. This means that for the true parameters values 𝜃  we have only one DGP. 

By restricting the prior density 𝑝(𝜃), we restrict the possible combination values of 

(𝛼 , 𝛽 ) used in (2) and (𝛼 , 𝛽 ) in (3) in a way that ensure a contraction for the 

conditional process in (2) and in (3). In this way we hope to achieve stationarity and 

positiveness for the conditional process. 

We assume continuous and positive priors 𝑝(𝛼 )~𝑁(0.05,0.01), 

𝑝(𝛼 )~𝑁(0.05,0.01), 𝑝(𝛽 )~𝐵(25,1.5),  𝑝(𝛽 )~𝐵(25,1.5),  𝑝(𝜛 )~𝐵(3,3) × −0.05, 

and 𝑝(𝜆 )~𝐵(3,3) × −0.25 that admit a positive probability to any individual point, 

including 𝜃  by Assumption ABC. Recall that in ARCLD-I model 𝜃 = (𝛼 , 𝛽 , 𝜆 , 𝜆 ) 

and we have the priors 𝑝(𝛼 )~𝑁(0.05,0.01), 𝑝(𝛽 )~𝐵(25,1.5), 𝑝(𝜆 )~𝐵(3,3) ×

−0.25 and 𝑝(𝜆 )~𝐵(3,3) × −0.25. The uniqueness of DGP for q at 𝜃  is important 

because the choice of Bayesian consistent 𝜃  follows from |𝜂 (𝑞(𝜃 )) − 𝜂 (𝑧(𝜃 ))|  < 𝜀 

, which depends on the q summary statistics. As the relation of 𝜃 and (1) is one to one 

uniqueness of DGP is a reasonable assumption. 

Equation (11) states the uniform convergence that ensures that the simulated paths 

𝑧(𝜃) and subsequent summary statistics 𝜂 𝑧(𝜃)  are well behaved, for each j = 0, 1 and 

2, over 𝛩 and converges uniformly to a deterministic function of 𝜃 , b(𝜃 ). Consistency 

depends directly on the choice of the summary statistics 𝜂. We discuss the choice of the 

summary statistic 𝜂 in our model in Chapter 2. To have the map 𝜃 → 𝑏(𝜃 ) in our model 

we proxy the variance in (9) and skewness in (10) by their quantile-based counterparts. 

𝜃 →  𝜆 , + ,

,
                    

𝜃 →
( , ) 

(𝐴 , − 𝐴 , )              

𝜃 →  
( , , ) . (𝐴 , − 3𝐴 , 𝐴 , + 2𝐴 , )       

With, 

𝐴 , =
,  

−                 

𝐴 , =
,

− − 2𝐵(𝜆 ,  + 1, 𝜆 + 1)  
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𝐴 , =
,

−
,

− 3𝐵(2𝜆 ,  + 1, 𝜆 + 1) + 3𝐵(𝜆 , + 1,2𝜆 + 1)  

Definition 2: For the true value 𝜃 = 𝜃  and vector of summary statistics 𝜂 = (𝜂 , 𝜂 , 𝜂 ), 

the ABC posterior density 𝑝 𝜃|𝜂 𝑞(𝜃 )  is Bayesian consistent if for any 𝛿 > 0 and 

open neighborhood ℵ (𝜃0) of 𝜃 ,  𝑃𝑟 ( 𝜃 ∉ ℵ (𝜃 ) 𝜂 𝑞(𝜃 ) → 0 as 𝑡 → ∞ and 

tolerance level 𝜀 → 0. The symbol → denotes the convergence in probability. 

 As it is possible to see in Definition 2, we define the Bayesian consistency of the 

posterior conditional on the summary statistic 𝜂. We employ the ABC algorithm to 

determine grid values for the indirect inference estimator of the ARCLD model. So 

herein, as in Frazier et al.’s (2015), we consider Bayesian consistency definition as 

reported in Definition 2, when the posterior distribution of the parameters stabilize around 

their true values as the sample size grows. 

Frazier et al.’s (2015) Theorem 1 establishes the Bayesian consistency of the ABC 

procedure. Assumption ABC ensures that the conditions for Bayesian consistency in 

Frazier et al. (2015) hold. In particular, it is not necessary to make any assumption on the 

convergence of ||𝜂(𝑞) − 𝑏(𝜃 )|| given that identification holds and that the summary 

statistics 𝜂 𝑧(𝜃)  are well behaved over 𝛩 and converge uniformly to  b(𝜃 ). Lemma 1 

then readily follows. 

Lemma 1. Let 𝑑{. , . } be an induced metric on the normed space (𝐵, ||. ||) . Given a 

summary statistic 𝜂(𝑞), assume that: 

[P] The prior density p(.) is continuous and p (𝜃 ) > 0. 

[S0] The data generating process for y is uniquely defined at 𝜃 . 

[S1] || 𝜂(𝑞) − 𝑏(𝜃 )|| = 𝑜 (1) . 

[S2] The map 𝜃 ⟶ 𝑏(𝜃 ) is deterministic, continuous and satisfies: 

[S2(1)]  𝑠𝑢𝑝 ∈ 𝜂 𝑧(𝜃) − 𝑏(𝜃) =  𝑜 (1) ; 

[S2(2)]  𝑏(. ) is one-to-one map in 𝜃 . 

If [P] and [S0] to [S2] hold, then 𝑃𝑟 𝜂(𝑞)  → 0  as 𝑡 ⟶  ∞ and 𝜖 ⟶  0 for any 𝛿 > 0.  
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 Now we examine the conditions under which the resulting II estimator of the 

ARCLD model is consistent. Consider the following objective function (8). 

Theorem 1. (Consistency of 𝛩) Under assumption 𝛩 the II estimator 𝜃  converges to 𝜃  

in probability as t → ∞ and S is fixed.  

3 Asymptotic Normality 

In this section, we study limiting distribution of the II estimator for the ARCLD 

parameters model. This result is important because once we have the approximation for 

the sampling distribution of the estimators, we can perform inferences about the 

parameter. The two main alternatives of performing inference about the parameters are 

by confidence interval and hypothesis tests.  

Theorem 2. Under Assumption Θ, for a S fixed, 

√𝑡(𝜃 −  𝜃 )
  →  

 𝑁(0, 𝑄 ),   

𝑄 = (𝐷′𝐷) 𝐷′𝛴 𝐷(𝐷′𝐷)                                                          

where  

𝐷 = 𝐸 (𝑢 ; 𝜃 )                                                                             

𝛴 = 𝑉 [𝑔(𝑢 , 𝜃 )] + 𝐸 [𝑉 𝑔(𝑢 ; 𝜃 )]         

 As it is possible to see in Appendix the result presented in Theorem 2 is obtained 

by multiplying the Taylor expansion of the first order condition in (8) by √𝑡. After that 

we apply the CLT for dependent identically distributed observations to achieve the result 

reported in Theorem 2. 

4 Conclusion 

This chapter derives the asymptotic properties of the indirect inference (II) 

estimator for the parameters of the autoregressive conditional (generalized) lambda 

distribution (ARCLD).  

The definition of the grid parameters follows the Approximate Bayesian 

Computation (ABC) procedure, and hence we focus on Bayesian consistency by showing 

that the posterior distribution of the ABC-based grid estimator concentrates around the 
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true parameter values. In particular, we establish that the conditions for the Bayesian 

consistency in Theorem 1 of Frazier et al. (2015) hold in our setting.  

Next, we entertain the asymptotic behavior of the II estimator for the ARCLD 

model using the ABC-based grid. To make sure that indirect inference indeed provides 

accurate estimates of the ARCLD parameters, we show that the resulting estimator 

converges to the true parameter value as the sample increases. We not only establish 

consistency, showed in section 2, but also in section 3 prove asymptotic normality under 

quite mild conditions. 
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Appendix: Proofs of Theorems 

1. Proof of Theorem 1 

𝛿 (𝜃) = |𝑀 (𝜃) − 𝑀 (𝜃)| 

=| [𝐸𝐸𝑊𝑀𝐴 (𝑢; 𝜃 ) − 𝐸𝐸𝑊𝑀𝐴 (𝑢 ;  𝜃)] [𝐸𝐸𝑊𝑀𝐴 (𝑢;  𝜃 ) − 𝐸𝐸𝑊𝑀𝐴 (𝑢 ;  𝜃)] −

∑ 𝐸𝑊𝑀𝐴(𝑢  ; 𝜃 ) − ∑ ∑ 𝐸𝑊𝑀𝐴(𝑢 ; 𝜃) ∑  𝐸𝑊𝑀𝐴(𝑢  ; 𝜃 ) −

∑ ∑ 𝐸𝑊𝑀𝐴(𝑢 ; 𝜃)  | 

≤  |[E EWMA (u; θ ) − ∑ EWMA(u  ; θ )] − [ E EWMA (u ;  θ) -

 ∑ ∑ 𝐸𝑊𝑀𝐴(𝑢 ; 𝜃)]  (12)     

The last inequality follows from the triangle inequality. By geometric ergodicity, 

the first term on the right-hand side of equation 12, converges to 0 in probability. 

Geometric ergodicity is a condition ensuring that the simulated state process satisfies the 

law of large numbers having the asymptotic distribution invariant to the choice of the 

initial conditions.  

The second term on the right-hand side of (12) goes to 0 by the uniform weak law 

of large number1. 

𝑃𝑟 [ 𝑠𝑢𝑝 ∈ |𝐸𝐸𝑊𝑀𝐴 (𝑢 ;  𝜃) −  
1

𝑇

1

𝑆
 𝐸𝑊𝑀𝐴(𝑢 ; 𝜃)| > 𝛿] = 0 

Since 𝛩 is compact by assumption 𝛩, we can split in n neighborhoods 

𝛩 , 𝛩 , … , 𝛩 . For a sequence of 𝜃 , 𝜃 ,… , 𝜃  parameters vectors such that 𝜃 ∈ 𝛩 , 

i=1…,n. For a 𝛿 > 0: 

𝑃𝑟 [𝑠𝑢𝑝 ∈ |𝐸 EWMA(𝑢 ;  𝜃) − ∑  ∑ EWMA (𝑢 ; 𝜃) | > 𝛿]  

≤ ∑𝑛
𝑖=1 𝑃𝑟 [𝑠𝑢𝑝𝜃∈𝛩𝑖

𝑛| 𝐸 EWMA∞(𝑢𝑠;  𝜃) −
1

𝑡
∑𝑇

𝑡=1
1

𝑆
 ∑ 𝐸𝑊𝑀𝐴 𝑢𝑡

𝑆; 𝜃𝑆
𝑠=1 | > 𝛿]  

≤ ∑ 𝑃𝑟 [| 𝐸𝐸𝑊𝑀𝐴 (𝑢 ;  𝜃) −  ∑  ∑ 𝐸𝑊𝑀𝐴 𝑢𝑡
𝑆; 𝜃𝑆

𝑠=1 | > ] +

 ∑ 𝑃𝑟[ ∑ 𝑠𝑢𝑝 ∈ | ∑ ∑ 𝐸𝑊𝑀𝐴(𝑢 ; 𝜃)  −

∑ ∑ 𝐸𝑊𝑀𝐴 (𝑢 ; 𝜃 ) | + 𝑠𝑢𝑝 ∈ 𝐸𝐸𝑊𝑀𝐴 (𝑢 ;  𝜃) − 𝐸𝐸𝑊𝑀𝐴 (𝑢 ; 𝜃 ) >

]                                                                                                                                                                                   (13)    

                       

                                                             
1 We follow the proof strategy in Duffie and Singleton (1993) 
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As the 𝑢 = ℎ(𝑞 , 𝜏, 𝜃) is ergodic and 𝐸𝐸𝑊𝑀𝐴 𝑢 ; 𝜃 < ∞ the first term in 

(13) approach to zero as 𝑡 → ∞. By the definition 1 on (13), we have: 

∑ 𝑃𝑟[ ∑ 𝑠𝑢𝑝 ∈ | ∑ ∑ 𝐸𝑊𝑀𝐴 (𝑢 ; 𝜃)  −

∑ ∑ 𝐸𝑊𝑀𝐴 𝑢 ; 𝜃  | + 𝑠𝑢𝑝 ∈ 𝐸𝐸𝑊𝑀𝐴 (𝑢 ;  𝜃) −

𝐸𝐸𝑊𝑀𝐴 𝑢 ; 𝜃 > ]  

≤ ∑ 𝑃𝑟(𝑠𝑢𝑝 ∈ 𝜃 − 𝜃 |𝑃 − 𝐴 | + 𝑠𝑢𝑝 ∈ 𝜃 − 𝜃 𝐶 +

𝑠𝑢𝑝 ∈ 𝐸𝐸𝑊𝑀𝐴 (𝑢 ;  𝜃) − 𝐸𝐸𝑊𝑀𝐴 𝑢 ; 𝜃 > ]  

By continuity of 𝜃~ 𝐸𝐸𝑊𝑀𝐴 (𝑢 ;  𝜃), we can choose a n for 𝜃 − 𝜃 𝐶 +

𝐸𝐸𝑊𝑀𝐴 (𝑢 ;  𝜃) − 𝐸𝐸𝑊𝑀𝐴 𝑢 ; 𝜃 <  and as 𝑃  is bounded in probability 

considering another bounded sequence 𝐴  , |𝑃 − 𝐴 | = 0 , the result follows. 

                  ∎ 

2. Proof of Theorem 2 

 The first order condition of the minimization in equation (8) reads 

√
∑ ∑ 𝑢 , 𝜃 ′ ∑ ∑ 𝑔 𝑢 ; 𝜃 = 0.                 

Multiplying the first-order Taylor expansion around 𝜃  by √𝑡 gives way to 

∑ ∑ (𝑢 ; 𝜃 )′
√

∑ ∑ 𝑔(𝑢 ; 𝜃 ) +

∑ ∑ (𝑢 ; 𝜃 ) ∑ ∑ (𝑢 ; 𝜃 )√𝑡 𝜃 −  𝜃 .                   

Reordering the elements then yields 

𝐷′
√

∑ ∑ 𝑔(𝑢 ; 𝜃 ) + 𝐷′𝐷√𝑡(𝜃 −  𝜃 )                                       

As 𝑡 → ∞, 
√

∑ ∑ 𝑔(𝑢 ; 𝜃 ) converges in distribution to 𝑁(0, 𝛴 ). This 

result is due to the application of the CLT for dependent identically distributed 

observations appealing to the ergodicity of the data and the simulated data as in White 

(2001). 

𝛴 = 𝑉 𝐸 [ ∑ 𝑔(𝑢 ; 𝜃 ) + 𝐸 𝑉 [ ∑ 𝑔(𝑢 ; 𝜃 )]                                    

𝛴 = 𝑉 [𝑔(𝑢 , 𝜃 )] + 𝐸 [𝑉 𝑔(𝑢 ; 𝜃 )]                                                        

                                                     ∎ 
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3. Lemma 1 – Frazier et al. (2015) 

Proof See Frazier et al. (2015) Theorem 1. 
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Appendix: Graphs 

 
Figure 1 

 Second order EWMA variation to changes in 𝜆  
 

This figure presents the variation of second order EWMA to changes in volatility, which ranges from 0.001 to 0.04 in increments of 
0.001. Setting 1 is defined when 𝜆 = −0.01 and 𝜆 = −0.01, setting 2 is defined when 𝜆 = −0.12 and 𝜆 = −0.12, setting 3 is 
defined when 𝜆 = −0.24 and 𝜆 = −0.24, setting 4 is defined when 𝜆 = −0.01 and 𝜆 = −0.24 and setting 5 is defined when 
𝜆 = −0.24 and 𝜆 = −0.01. These settings results in a 𝜆  that ranges from 0.4614 (setting 1 when volatility equal to 0.04) to 729.59 
(setting 3 when volatility equal to 0.001).  

 

 
 

Figure 2 
 Third order EWMA variation to changes in 𝜆  

 
This figure presents the variation of third order EWMA to changes in volatility, which ranges from 0.001 to 0.04 in increments of 
0.001. Setting 1 is defined when 𝜆 = −0.01 and 𝜆 = −0.01, setting 2 is defined when 𝜆 = −0.12 and 𝜆 = −0.12, setting 3 is 
defined when 𝜆 = −0.24 and 𝜆 = −0.24, setting 4 is defined when 𝜆 = −0.01 and 𝜆 = −0.24 and setting 5 is defined when 
𝜆 = −0.24 and 𝜆 = −0.01. These settings results in a 𝜆  that ranges from 0.4614 (setting 1 when volatility equal to 0.04) to 729.59 
(setting 3 when volatility equal to 0.001).  
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Figure 3 
Fourth order EWMA variation to changes in 𝜆  

 
This figure presents the variation of fourth order EWMA to changes in volatility which, ranges from 0.001 to 0.04 in increments of 
0.001. Setting 1 is defined when 𝜆 = −0.01 and 𝜆 = −0.01, setting 2 is defined when 𝜆 = −0.12 and 𝜆 = −0.12, setting 3 is 
defined when 𝜆 = −0.24 and 𝜆 = −0.24, setting 4 is defined when 𝜆 = −0.01 and 𝜆 = −0.24 and setting 5 is defined when 
𝜆 = −0.24 and 𝜆 = −0.01. These settings results in a 𝜆  that ranges from 0.4614 (setting 1 when volatility equal to 0.04) to 729.59 
(setting 3 when volatility equal to 0.001). 

 

 

 

Figure 4 
 Second order EWMA variation to changes in 𝜆  

 
This figure presents the variation of second order EWMA to changes in 𝜆 . Setting 1 is defined when 𝜆 = −0.01 and 𝜆  ranges from 
-0.01 to -0.24 in increments of 0.01. Setting 2 is defined when 𝜆 = −0.12 and 𝜆  ranges from -0.01 to -0.24 in increments of 0.01 
and setting 3 is defined when 𝜆 = −0.24 and 𝜆  ranges from -0.01 to -0.24 in increments of 0.01. The volatility is fixed in 0.01 which 
leads 𝜆  ranging from 1.8457 to 72.9591.   
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Figure 5 
 Third order EWMA variation to changes in 𝜆  

 
This figure presents the variation of third order EWMA to changes in 𝜆 . Setting 1 is defined when 𝜆 = −0.01 and 𝜆  ranges from -
0.01 to -0.24 in increments of 0.01. Setting 2 is defined when 𝜆 = −0.12 and 𝜆  ranges from -0.01 to -0.24 in increments of 0.01 
and setting 3 is defined when 𝜆 = −0.24 and 𝜆  ranges from -0.01 to -0.24 in increments of 0.01. The volatility is fixed in 0.01 which 
leads 𝜆  ranging from 1.8457 to 72.9591.   

 

 

Figure 6 
 Fourth order EWMA variation to changes in 𝜆  

 
This figure presents the variation of fourth order EWMA to changes in 𝜆 . Setting 1 is defined when 𝜆 = −0.01 and 𝜆  ranges from 
-0.01 to -0.24 in increments of 0.01. Setting 2 is defined when 𝜆 = −0.12 and 𝜆  ranges from -0.01 to -0.24 in increments of 0.01 
and setting 3 is defined when 𝜆 = −0.24 and 𝜆  ranges from -0.01 to -0.24 in increments of 0.01. The volatility is fixed in 0.01 which 
leads 𝜆  ranging from 1.8457 to 72.9591.   
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Figure 7 
 Second order EWMA variation to changes in 𝜆  

 
This figure presents the variation of second order EWMA to changes in 𝜆 . Setting 1 is defined when 𝜆 = −0.01 and 𝜆  ranges from 
-0.01 to -0.24 in increments of 0.01. Setting 2 is defined when 𝜆 = −0.12 and 𝜆  ranges from -0.01 to -0.24 in increments of 0.01 
and setting 3 is defined when 𝜆 = −0.24 and 𝜆  ranges from -0.01 to -0.24 in increments of 0.01. The volatility is fixed in 0.01 which 
leads 𝜆  ranging from 1.8457 to 72.9591.   

 

Figure 8 
 Third order EWMA variation to changes in 𝜆  

 
This figure presents the variation of third order EWMA to changes in 𝜆 . Setting 1 is defined when 𝜆 = −0.01 and 𝜆  ranges from -
0.01 to -0.24 in increments of 0.01. Setting 2 is defined when 𝜆 = −0.12 and 𝜆  ranges from -0.01 to -0.24 in increments of 0.01 
and setting 3 is defined when 𝜆 = −0.24 and 𝜆  ranges from -0.01 to -0.24 in increments of 0.01. The volatility is fixed in 0.01 which 
leads 𝜆  ranging from 1.8457 to 72.9591.   
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Figure 9 
 Fourth order EWMA variation to changes in 𝜆  

 
This figure presents the variation of fourth order EWMA to changes in 𝜆 . Setting 1 is defined when 𝜆 = −0.01 and 𝜆  ranges from 
-0.01 to -0.24 in increments of 0.01. Setting 2 is defined when 𝜆 = −0.12 and 𝜆  ranges from -0.01 to -0.24 in increments of 0.01 
and setting 3 is defined when 𝜆 = −0.24 and 𝜆  ranges from -0.01 to -0.24 in increments of 0.01. The volatility is fixed in 0.01 which 
leads 𝜆  ranging from 1.8457 to 72.9591.   
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Chapter 2 

  

Monte Carlo Study 

  

  

  

  

Abstract: In this chapter we conduct a Monte Carlo study with 2000 replications to 
determine the estimation performance of the ARCLD model. We first consider the case 
in which just the dispersion parameter changes over time and then entertain the case in 
which the dispersion and one of the shape parameters vary over time. The simulation 
results reveal that our estimation method performs well, generating small bias for the 
parameters and small RMSE values. In particular the scenario considering 𝜆  and 𝜆  
varying over time have better results than the scenario with just 𝜆  varying on time. 

 

Keywords: Statistical Simulation Methods: General, Model Construction and 
Estimation, Financial Econometrics. 

JEL: C15, C51, C58. 
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1 Introduction 
 

The correct estimation of asset returns is a concern. If you are ready to assume a 

parametric functional form for the distribution, maximum likelihood (ML) is the obvious 

candidate, whereas the generalized method of moments (GMM) is more convenient if 

you know only some moment conditions. 

For modeling properly asset returns, it is desirable to accommodate time-varying 

conditional moments of high order. Malz (1997) reveals that both options-implied 

skewness and kurtosis vary over time using data from G-5 countries foreign exchange 

options. Hsu and Murray (2006) suggest that the volatility of the volatility also varies 

over time. Neumann and Skiadopoulos (2011) show that the risk neutral volatility, 

skewness and kurtosis implied in S&P500 futures index options change over time for the 

constant maturities of 30, 60 and 90 days, between January 1990 and October 2009. All 

these results suggest that higher moments should vary over time when modeling properly 

asset returns. 

Engle and Bollerslev (1986) employ a conditional t-student density with unknown 

degrees of freedom to fit the conditional kurtosis of financial returns. In turn, Hansen 

(1994) develops the autoregressive conditional density model (ACD) that allows for time-

varying higher-order conditional moments. However, in the particular ACD specification 

he considers, the conditional moments vary over time according to how the degrees of 

freedom depend on past residuals and squared residuals. 

In this paper, we assume that asset returns follow a conditional generalized 

lambda distribution (GLD, see Tukey, 1962; Ramberg and Dudewicz, 1979) to 

accommodate time-varying expectations, volatility, skewness and kurtosis. Ramberg and 

Dudewicz’s (1979) GLD extends Tukey's (1962) family of distributions to consider two 

shape parameters, apart from the location and dispersion parameters. Letting the GLD 

parameters to change over time should offer substantial flexibility for modeling asset 

returns. In particular, we assume that they follow an ARMA-type process as in, for 

example, the GARCH literature. 

To estimate a time-varying GLD, we cannot unfortunately resort to ML methods 

because there is no analytical expression for the GLD density, only for its quantile 

function. One solution is to apply Dominicy and Veredas (2013) method of simulated 

quantiles (MSQ), which matches sample and simulated quantiles. As we do not know the 
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unconditional quantiles of the time-varying GLD to match with the empirical quantiles, 

we combine the MSQ framework with indirect inference methods (Gouriéroux et al., 

1993; Smith, 1993) to estimate the evolution of the GLD parameters. In particular, we 

employ an exponential weighted moving average (EWMA) as the auxiliary model for the 

time-varying moments in the indirect inference approach. 

We conduct a Monte Carlo study with 2000 replications to determine the 

estimation performance of the proposed method. We first consider the case in which just 

the dispersion parameter changes over time and then entertain the case in which the 

dispersion and one of the shape parameters vary over time. We also entertain with a fixed 

parameters scenario. This will help to understand the differential geometrical behavior of 

the GLD distribution. The estimation procedure starts with a GLD distribution, then we 

define a grid for the parameters of the model. The definition of the grid for the parameters 

follow the method of Approximate Bayesian Computation (ABC) described in Sisson, 

Fan and Beaumont (2018). This method is particularly useful for defining priors when the 

density function has no closed form. Basically, we simulate the returns for initial 

parameters values and then generate Monte Carlo Samples for a stochastic grid defined 

for each parameter. Then according to three summary statistics (mean and quantile–based 

dispersion and skewness measures) we select the parameters of the samples that best fit 

to the sample containing our initial parameters. 

After the grid is defined, we use the GLD quantile function to simulate the returns. 

Then we estimate the evolution the GLD parameters thought an auxiliary EWMA model. 

To conclude we find the parameters vector that minimizes the distance between the 

empirical and simulated EWMA. The number of moments to match can be two and four. 

 The simulation results reveal that our estimation method performs well, 

generating small bias for the parameters and small RMSE values. In particular the 

scenario considering 𝜆  and 𝜆  varying over time (ARCLD-II model) have better results 

than the scenario with just 𝜆  varying on time (ARCLD-I model). 

The remainder of this paper is as follows. Section 2 describes the GLD with time-

varying parameters and the estimation by MSQ-based indirect inference. Section 3 

discusses the setting and findings of the Monte Carlo study, whereas Section 4 offers 

some concluding remarks. 
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2 The conditional lambda distribution 
 
Chalabi, Scott and Würtz (2009) propose to model the unconditional distribution 

of returns as a Generalized Tukey Lambda distribution (Ramberg and Dudewicz, 1979): 

 

𝑞 = 𝜆 +
( )

                                       0 ≤ 𝜏 ≤ 1  

 

where 𝜆  and 𝜆  are location and dispersion parameters, and 𝜆  and 𝜆  are the shape 

parameters. Ramberg and Dudevicz (1979) show that the mean, variance, skewness and 

kurtosis of the GLD are respectively given by 

𝜇 = 𝜆 +   

𝜎 = (𝐴 − 𝐴 )  

𝜅 =
( ) . (𝐴 − 3𝐴 𝐴 + 2𝐴 )  

𝜅 =
( )

(𝐴 − 4𝐴 𝐴 + 6𝐴 𝐴 + 3𝐴 )  

where,  

𝐴 = −   

𝐴 = − − 2𝐵(𝜆 + 1, 𝜆 + 1)  

𝐴 = − − 3𝐵(2𝜆 + 1, 𝜆 + 1) + 3𝐵(𝜆 + 1,2𝜆 + 1)  

𝐴 = − − 4𝐵(3𝜆 + 1, 𝜆 + 1) + 6𝐵(2𝜆 + 1,2𝜆 + 1) − 4𝐵(𝜆 +

1,3𝜆 + 1)  

with B denoting the beta function. 

              In this paper we consider the region 4 of the GLD function described in Chalabi, 

Scott and Würtz (2009). This region provides a large possibility of shape for the 

distribution of returns, in which we are interested to model. It is possible to see this in 

Figure 1, that Region 4 offer a great possibility of possible kurtosis and squared skewness 

combination compared to Region 3. 
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Figure 1 
 Kurtosis and squared skewness possible combination in GLD 

  
This figure shows the possible kurtosis and squared skewness combinations in GLD. 

 
             According to Karian and Dudewicz (1999) to generate distributions in Region 4 

we have to restrict 𝜆  and 𝜆  parameters in the range of [-0.25, 0] if we want four moments 

existing. It is possible to see this in Figure 2. As we are modeling financial asset returns 

this seems a good alternative and we proceed with this restriction in our paper. 

Figure 2 
 Regions of GLD distribution 

 
This figure shows the main regions of the GLD distribution and moments existence for the parameter values.  

 

 
Our goal is to model asset returns with a GLD with time-varying parameters. The 

main issue is that the GLD has no analytical expression for the density, and hence 
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maximum likelihood is not an option. As a solution, we adapt the method of simulated 

quantiles put forth by Dominicy and Veredas (2013). In ARCLD model q is a quantile 

function and we assume asset returns 𝑞  follow a conditional generalized lambda 

distribution with dispersion and shape varying over time according to an ARMA- type 

process:  

𝑞 = 𝜆 , +
, ( )

,
                                              0 ≤ 𝜏 ≤ 1                                           (1) 

𝜆 , = 𝜛 + 𝛼 𝑞 𝜆 , + 𝛽 𝜆 ,   

𝜆 , = 𝜛 + 𝛼 𝑞 𝜆 , + 𝛽 𝜆 , ,  

where 𝜆 ,  and 𝜆 ,  are location and dispersion parameters, and 𝜆 ,  and 𝜆  are shape 

parameters. In ARLCD model the mean, variance, skewness and kurtosis are respectively: 

𝜇 = 𝜆 , + ,

,
   

𝜎 =
,

(𝐴 , − 𝐴 , )  

𝜅 , =
( , , ) . (𝐴 , − 3𝐴 , 𝐴 , + 2𝐴 , )  

𝜅 , =
1

(𝐴 , − 𝐴 , )
(𝐴 , − 4𝐴 , 𝐴 , + 6𝐴 , 𝐴 , + 3𝐴 , ) 

where  

𝐴 , =
,

−   

𝐴 , =
,

− − 2𝐵(𝜆 , + 1, 𝜆 + 1)  

𝐴 , =
,

− − 3𝐵(2𝜆 , + 1, 𝜆 + 1) + 3𝐵(𝜆 , + 1,2𝜆 + 1)  

𝐴 , =
,

− − 4𝐵(3𝜆 , + 1, 𝜆 + 1) + 6𝐵(2𝜆 , + 1,2𝜆 + 1) − 4𝐵(𝜆 , +

1, 3𝜆 + 1)  

with B denoting the beta function. 

We have that 𝜛  is the unconditional variance when we let dispersion parameter 

vary over time and 𝜛  is the unconditional skewness when we allow the shape parameter 

to vary over time: 

𝜛 , = (1 − 𝛽 )𝜆 , −  𝛼 (𝐴 , − 𝐴 , ) 

𝜛 , = (1 − 𝛽 )𝜆 , −  𝛼 (𝐴 , − 3𝐴 , 𝐴 , + 2𝐴 , ) 
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The GLD with time-varying parameters forms a mixture of GLD, for which we 

do not have expressions for the density and quantile functions. In the absence of 

unconditional quantiles to match with the empirical quantiles as in Dominicy and Veredas 

(2013), we add one extra step in the estimation procedure to identify the parameters. In 

particular, we entertain an EWMA-based auxiliary model to track the conditional 

moments over time:  

𝐸𝑊𝑀𝐴 , (𝜃) = (1 − 𝛿)𝑞 (𝜃) + 𝛿 𝐸𝑊𝑀𝐴 , (𝜃)                     for k = 2,...,4   

where 𝛿 is a decaying factor set to 0.95, 𝑞 (𝜃) are the returns simulated from a GLD with 

parameters 𝜃 = (𝜛 , 𝛼 , 𝛽 , 𝛼 , 𝛽 , 𝜆 ).  

We first compute the EWMA for the higher-order moments of 𝑞 (𝜃 ) and then 

simulate 𝑞 (𝜃 ), for a grid 𝜃  (j=1,…,J), using the GLD quantile function (1). The grid 

𝜃  (j=1,…, J) selection follows the ABC method described in Sisson, Fan and Beaumont 

(2018). To apply the method, we simulate the returns for our initial parameters values and 

then generate Monte Carlo samples for a stochastic grid defined for each parameter. The 

stochastic grid will follow a beta or normal distribution according to the restriction of 

parameters values necessary to guarantee the estimation procedure. Finally, according to 

three summary statistics we select the parameters of the samples that best fit to the sample 

containing our initial parameters. We defined a percentile rule of 10% of the best fits for 

each one of the three summary statistics to choose the grid.  

 We define our summary statistics as in Drovandi and Petit (2011) using mean, 

quantile–based dispersion and skewness measures given respectively by: 

 𝜂 =
∑

 

 𝜂 =  𝑞 −  𝑞   

 𝜂 =
(   × )

,          

where 𝑞j is the jth percentile of the empirical distribution.  

We assume that the summary statistics 𝜂 , for j = 0, 1 and 2 are sufficient statistics 

that assure the identifiability of the process. As the underlying parameters in the ARCLD 

model 𝜆  seems like mean, 𝜆  looks like quantile-based dispersion and 𝜆  together with 

𝜆  defines the shape of the distribution we believe that our assumption holds. In addition, 

during a simulation test to define the summary statistics, we observed that the grid 
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selection, for each parameter, became more concentrated around the true parameter 

values, after adding each summary statistic. We started the simulation test with 𝜂 , after 

checked the results with 𝜂  and 𝜂  and finally 𝜂 , 𝜂  and 𝜂 . 

There is a discussion in ABC literature about the effects of the number of 

summary statistics into the approximation produced by ABC. Blum (2010) has shown, 

using transformations of the summary statistics, that the quality of the approximations 

produced by ABC algorithms decays in some cases with the increase in dimension of the 

summary statistics. Fearnhead and Prangle (2012) introduce semi-automatic approach to 

implement ABC which uses simulation to construct appropriate summary statistics. Both 

papers results encourage finding low dimensional informative summary statistics.  

Of course, there are several possible candidates for summary statistics in ABC 

model. Marin et al. (2011) choose as summary statistics the sample autocovariances for 

a moving average model of order two. Drovandi (2012) use the sample mean and variance 

as summary statistics. Peters and Sisson (2006) models operational risk using a g and h 

quantile distribution using as summary statistics mean, variance and sample skewness. 

They show that the inclusion of sample skewness improved the estimation results for the 

g parameter which is related to the skewness of the g and h distribution. 

 After the grid is set, we burn the first 200 observations to alleviate the dependence 

on initial conditions and compute higher-order EWMA for the simulated quantiles. So, 

we find the parameter vector 𝜃  that minimizes the distance between the empirical and 

simulated EWMAs. Figure 1 illustrates the estimation procedure. 

In the next section, we carry out a Monte Carlo study in order to examine the 

performance of the MSQ-based indirect inference approach under different scenarios. 
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 Figure 3 
 Estimation Procedure  

 

This figure shows the ARCLD model estimation procedure. 

 

 

 

 

 

 

  

Simulated data  

𝑞 (𝜃 ) 
ARCLD distribution 

Define the grid 𝜃  (j = 1, …, J) using ABC method 

use the ARCLD model to 
simulate 𝑞 𝜃  

 
Burn first 200 observations to alleviate 
the dependence under initial conditions 
 

c 

c 

c 

c 

𝐸𝑊𝑀𝐴 , (𝜃) = (1 − 𝛿)𝑞 (𝜃) + 𝐸𝑊𝑀𝐴 , (𝜃)  For k = 2,…,4 

Find the 𝜃  that minimizes the 
distance between empirical and 
simulated EWMAs 
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3 Monte Carlo study 
 

We carry out a Monte Carlo experiment to determine the performance of the 

conditional lambda estimators. We generate 2000 samples with 1200 observations in six 

different scenarios. In the first and the second scenarios we entertain the case where just 

𝜆  changes over time considering (ARCLD-I) with two and four moments conditions to 

match. In the third and fourth scenarios we have 𝜆  and 𝜆  varying over time (ARCLD-

II) considering also two and four moments conditions to match. In the fifth and sixth 

scenarios we show the non-conditional GLD distribution results with two and four 

moments conditions to match. 

To assess the performance of the estimation method in the first and second 

scenarios, we change one single parameter of the GLD (either 𝜆  , 𝜆  , 𝛼  or 𝛽 ) and keep 

the remaining parameters fixed. We let 𝜆  to have values ranging from -0.2 to -0.05 in 

increments of 0.05, 𝜆  has values ranging from -0.15 to -0.05 in increments of 0.05 

whereas 𝛼  have values ranging from 0.03 to 0.06 in increments of 0.01 and 𝛽  have 

values ranging from 0.84 to 0.93 in increments of 0.03. See, for more details, Table 2.1 

in the Appendix.  

 Next, we consider the scenarios where both 𝜆  and 𝜆  vary over time considering 

two and four moments conditions to match. We let one single parameter among 𝜆 , 𝛼 , 

𝛼 , 𝛽  and 𝛽  to vary and fix all the other parameters. The values of 𝛼  and 𝛼  range from 

0,03 to 0.06 in increments of 0.01, 𝛽  and 𝛽  range from 0.84 to 0.93 in increments of 

0.03, 𝜛  presents values -0.005, -0.01, -0.02 and -0.03 whilst 𝜆  have values ranging from 

-0.15 to -0.05 in increments of 0.05. See, for more details, Table 2.2 in the Appendix.  

Finally, we consider the scenarios with fixed parameters. We change one single 

parameter of the GLD (either 𝜆  , 𝜆 ) and keep the remaining parameter fixed. We let 𝜆  

have values ranging from -0.15 to -0.05 in increments of 0.05, whereas 𝜆  have values 

ranging from -0.20 to -0.05 in increments of 0.05. See, for more details, Table 2.3 in the 

Appendix.  

We display in Tables 2.1, 2.2 and 2.3 the scenario matching four moments 

conditions because we found no change in the estimation results from the scenario when 

we match two moments conditions. The conditional lambda accurately estimates the 

parameters in the scenarios proposed. The estimates essentially have a small bias and 
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small values of RMSE. Note that the unconditional skewness and kurtosis values 

presented in the two last columns in Tables 2.1 and 2.2 in the Appendix, have a large 

range of values showing the flexibility of the proposed distribution and 

comprehensiveness of the parameter’s values selected for the scenarios.  

For the non-conditional estimation presented in Table 2.3 we observe 𝜆  and 𝜆  

results are close to each other, generating unconditional skewness values close to zero, or 

slightly negative when 𝜆  is smaller than 𝜆  and slightly positive when 𝜆  is bigger than 

𝜆 . It is possible to see that as we decrease the value of the varying parameter both the 

fixed and varying parameter decrease too, in a magnitude smaller than the variation 

proposed of 0.05 and remain close to each other. Because of this estimation behavior the 

results in Table 2.3 presents higher bias then the results with time varying parameters in 

ARCLD-I and ARCLD-II models presented in Tables 2.1 and 2.2. 

Comparing the results in Tables 2.1 and 2.2, 𝜆  varying over time and 𝜆  and 𝜆  

varying over time respectively, it is possible to see that usually the bias of the parameters 

is slightly smaller in the second scenario. In particular, we observe this result for the 

varying parameter. For example, comparing the RMSE of 𝜆  when it is the varying 

parameter, the first 3 lines of Table 2.1 and last 3 lines in the Table 2.2, in the second 

scenario the RMSE is smaller than in the first scenario. Similar results are found when 

the 𝛽  and 𝛼  are the varying parameters. 

When we have the parameters 𝛼  and 𝛽  in Table 2.2 the bias is small, except 

when we have 𝛽 = 0.87, where the estimation results in 0.9408, which is bigger than the 

estimate generated when we had 𝛽 = 0.93 as the varying parameter. 

Considering the estimation results for the fixed parameters we note more accuracy 

when we have 𝜆  and 𝜆  varying over time. For example, estimates for 𝜆  when we vary 

𝜛  are closer to the true value of -0.1 in when we have 𝜆  and 𝜆  varying over time 

comparing to when 𝜆  vary over time and we vary 𝜆 . We find similar results when 𝜆  is 

the varying parameter. 

A piece of evidence for the better accuracy of the model with 𝜆  and 𝜆  varying 

over time comparing to the model with just the 𝜆  parameter varying over time is the 

smaller bias reported for each varying parameter, as discussed above, and the smaller bias 

for the parameters that remained fixed. 
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4  Conclusion 

 

This paper proposes a method to model asset returns using a GLD that allows the 

parameters of the generalized lambda distribution to vary over time. Because of the 

flexibility we understand that this distribution is a good candidate to model asset returns. 

We consider that the parameters vary over time considering ARMA - type process. As 

GLD has no analytical form we need to adapt the Dominicy and Veredas (2013) to deal 

with conditional (rather than unconditional) GLD distribution using Indirect Inference 

method proposed by (Gouriéroux et al., 1993; Smith, 1993).  

The Monte Carlo simulations results shows that our model performs well to 

estimate the parameters. The estimates mostly have a small bias and small values of 

RMSE. In particular the scenario when we consider the both 𝜆  and 𝜆  varying over time 

have smaller bias observing the varying parameters and the fixed parameters than when 

just 𝜆  vary over time. 
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Appendix 

Table 2.1 
Time varying 𝜆  

This table reports Monte Carlo experiment estimation results when we consider the parameter varying on time and matching four moment conditions. We change one single parameter 
of the GLD (either 𝜆  , 𝜆  , 𝛼  or 𝛽 ) and keep the remaining parameters fixed. We let 𝜆  to have values ranging from -0.2 to -0.05 in increments of 0.05, 𝜆  to have values ranging 
from -0.15 to -0.05 in increments of 0.05 whereas 𝛼  have values ranging from 0.03 to 0.06 in increments of 0.01 and 𝛽  have values ranging from 0.84 to 0.93 in increments of 0.03. 
We also display the RMSE results for each parameter. 

 

Fixed 
parameter 

 

Varying 
parameter 

𝛼  𝛽  𝜆  𝜆  

Skew Kurtosis 
    Estimate RMSE Estimate RMSE Estimate RMSE Estimate RMSE 

𝛼 =    0.05 

𝛽 =    0.90 

𝜆 = −0.10 

𝜆   = -0.05 0.0448 0.0112 0.9184 0.0415 -0.0193 0.0403 -0.0502 0.0564 0.8759 4.9456 

𝜆   = -0.15 0.0698 0.0221 0.8419 0.0692 -0.0729 0.0815 -0.0824 0.0317 0.2585 5.9689 

𝜆   = -0.20 0.0603 0.0159 0.9339 0.0535 -0.1525 0.0509 -0.0331 0.0741 -1.9133 12.7616 

𝛼 =    0.05 

𝛽 =    0.90 

𝜆 = −0.10 

𝜆   = -0.05 0.0439 0.0122 0.9115 0.0474 -0.0686 0.042 -0.0359 0.0257 -0.9087 5.5824 

𝜆   = -0.10 0.0473 0.0102 0.8735 0.0486 -0.0352 0.0705 -0.0486 0.058 0.4909 5.0035 

𝜆   = -0.15 0.0544 0.0113 0.9153 0.0477 -0.0484 0.0586 -0.0804 0.0745 0.8526 5.9842 

𝛽 =    0.90 

𝜆 = −0.10 

𝜆 = −0.10 

𝛼  = 0.06 0.0421 0.0202 0.8671 0.0502 -0.0521 0.0527 -0.0389 0.0647 -0.4625 5.0908 

𝛼  = 0.04 0.0435 0.0109 0.8775 0.0538 -0.0683 0.044 -0.0755 0.0404 0.2018 5.7594 

𝛼  = 0.03 0.0447 0.0184 0.9344 0.0623 -0.0353 0.0694 -0.0516 0.0547 0.5754 5.0695 

𝛼 =    0.05 

𝜆 = −0.10 

𝜆 = −0.10 

𝛽 = 0.93 0.0438 0.0113 0.8972 0.0538 -0.0452 0.0592 -0.0407 0.0642 -0.1723 4.9763 

𝛽 = 0.87 0.0508 0.0094 0.8974 0.0531 -0.0476 0.06 -0.0326 0.0736 -0.556 4.9719 

𝛽 = 0.84 0.0678 0.0203 0.8378 0.0376 -0.0736 0.0385 -0.0676 0.0422 -0.171 5.7097 



52 
 

Table 2.2 
  Time varying 𝜆  and 𝜆   

This table reports Monte Carlo experiment estimation results when we consider the dispersion and one shape parameter varying on time and matching four moment conditions. We change 
one single parameter of the GLD (either 𝜛  , 𝜆  , 𝛼  , 𝛼 , 𝛽  or 𝛽 ) and keep the remaining parameters fixed. We let 𝜆  to have values ranging from -0.15 to -0.05 in increments of 0.05, 
whereas 𝛼  and 𝛼  have values ranging from 0.03 to 0.06 in increments of 0.01, 𝜛  present the values -0.005,-0.01,-0.02 and -0.03 whereas 𝛽  and 𝛽  have values ranging from 0.84 to 0.93 
in increments of 0.03. We also display the RMSE results for each parameter. 

Fixed 
parameter 

Varying 
parameter 

𝛼  𝛽  𝛼  𝛽  𝜛  𝜆  Skew Kurtosis 
   Estimate RMSE Estimate RMSE Estimate RMSE Estimate RMSE Estimate RMSE Estimate RMSE 

𝛼 = 0.05 
𝛽 = 0.90 
𝛼 = 0.05 
𝛽 = 0.90 

𝜛  = - 0.10 

𝜆 = - 0.05 0.0457 0.0043 0.9045 0.0045 0.0426 0.0043 0.8956 0.0045 -0.0091 0.0009 -0.0345 0.0155 -1.172 6.5192 

𝜆 = - 0.10 0.0573 0.0118 0.8943 0.0487 0.0515 0.0118 0.8756 0.0487 -0.0077 0.0023 -0.089 0.0214 0.2726 6.1967 

𝜆 = - 0.15 0.041 0.0136 0.9128 0.0406 0.0526 0.0136 0.903 0.0406 -0.0079 0.0021 -0.1358 0.0225 0.9530 9.0012 

𝛽 = 0.90 
𝛼 = 0.05 
𝛽 = 0.90 

𝜆 = −0.10 
𝜛  = - 0.10 

𝛼 = 0.06 0.0567 0.0107 0.9108 0.0474 0.0468 0.0107 0.8726 0.0474 -0.0087 0.0013 -0.1176 0.0282 0.7010 7.5664 

𝛼 = 0.04 0.0379 0.0104 0.8912 0.042 0.0467 0.0104 0.8762 0.042 -0.0086 0.0014 -0.1084 0.0208 0.5220 7.0124 

𝛼 = 0.03 0.0346 0.0117 0.8848 0.0453 0.0568 0.0117 0.8675 0.0453 -0.0093 0.0007 -0.0846 0.028 -0.2344 6.3864 

𝛼 = 0.05 
   𝛽 = 0.90 

𝛽 = 0.90 
𝜆 = −0.10 

𝜛 = −0.10 

𝛼 = 0.06 0.0597 0.0139 0.9362 0.0593 0.0589 0.0139 0.8156 0.0593 -0.0082 0.0018 -0.0827 0.0298 -0.0246 6.1050 

𝛼 = 0.04 0.0547 0.0108 0.8946 0.0304 0.0367 0.0108 0.9176 0.0304 -0.0121 0.0021 -0.1287 0.0404 0.2527 8.1902 

𝛼 = 0.03 0.0557 0.0111 0.9136 0.0498 0.0347 0.0111 0.8835 0.0498 -0.0090 0.0011 -0.1039 0.0219 0.3373 6.7895 

𝛼 = 0.05 
𝛼 = 0.05 
𝛽 = 0.90 

𝜆 = −0.10 
𝜛 = −0.10 

𝛽 = 0.93 0.0423 0.0128 0.9183 0.0476 0.0409 0.0128 0.8973 0.0476 -0.0076 0.0024 -0.1082 0.0235 0.7346 7.0942 

𝛽 = 0.87 0.0439 0.0115 0.9471 0.0826 0.0593 0.0115 0.9353 0.0826 -0.0057 0.0043 -0.0848 0.0235 0.6782 6.0822 

𝛽 = 0.84 0.0685 0.0213 0.8536 0.0475 0.0689 0.0213 0.8757 0.0475 -0.0082 0.0018 -0.0757 0.0315 -0.2087 6.0158 

𝛼 = 0.05 
𝛼 = 0.05 
𝛽 = 0.90 

𝜆 = −0.10 
𝜛 = −0.10 

𝛽 = 0.93 0.0465 0.0104 0.8943 0.047 0.0398 0.0104 0.9178 0.047 -0.0096 0.0004 -0.0963 0.0202 -0.7717 8.2768 

𝛽 = 0.87 0.0554 0.0113 0.8968 0.0469 0.0306 0.0113 0.9408 0.0469 -0.0026 0.0074 -0.0498 0.0542 0.8652 4.9658 

𝛽 = 0.84 0.0619 0.0159 0.8756 0.0541 0.0655 0.0159 0.8367 0.0541 -0.0156 0.0056 -0.115 0.027 0.4295 7.3283 

𝛼 = 0.05 
𝛼 = 0.05 
𝛽 = 0.90 

𝜆 = −0.10 
𝛽 = 0.90 

 

𝜛  = - 0.005 0.0391 0.0146 0.9547 0.0732 0.0506 0.0146 0.9474 0.0732 -0.0059 0.0009 -0.0871 0.0219 0.6652 6.1640 

𝜛  = - 0.02 0.0389 0.0111 0.9278 0.0278 0.0517 0.0111 0.0876 0.0278 -0.0149 0.0051 -0.0903 0.0097 -1.1301 9.4840 

𝜛  = - 0.03 0.0403 0.0097 0.9146 0.0146 0.0498 0.0097 0.8943 0.0146 -0.0241 0.0059 -0.128 0.028 -1.5084 17.7705 
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Table 2.3 
Non- conditional estimation 

This table reports Monte Carlo experiment estimation results when we consider the parameter the parameters of the GLD distribution 
fixed. We change one single parameter of the GLD (either 𝜆  , 𝜆 ) and keep the remaining parameter fixed. We let 𝜆  have values 
ranging from -0.15 to -0.05 in increments of 0.05, whereas 𝜆  -0.20 to -0.05 in increments of 0.05. We also display the RMSE results 
for each parameter. 

 

Fixed 
parameter 

 

Varying 
parameter 

𝜆  𝜆  

Skew Kurtosis 
Estimate RMSE Estimate RMSE 

𝜆   = -0.10 

𝜆   = -0.05 -0.0899 0.0492 -0.0850 0.0266 0.1272 6.2804 

𝜆   = -0.10 -0.0939 0.0226 -0.0915 0.0237 0.0600 6.4763 

𝜆   = -0.15 -0.1033 0.0531 -0.1050 0.0239 -0.0425 6.9842 

𝜆   = -0.10 

𝜆   = -0.05 -0.0389 0.0658 -0.0415 0.0253 -0.1063 4.9124 

𝜆   = -0.15 -0.0810 0.0309 -0.0745 0.0791 0.1771 5.9438 

𝜆   = -0.2 -0.1115 0.0290 -0.1116 0.0920 -0.0025 7.3622 
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Chapter 3  

  

Empirical Analysis 

  

  

  

  

Abstract: In this chapter, we estimate the ARCLD model for daily returns of 7 stock 
market indexes from three geographical areas: America (S&P500, Ibovespa and IPC), 
Europe (DAX and FTSE100) and Asia (Hang Seng and TWSE). We compare the 
resulting ARCLD model estimates with those assuming generalized autoregressive 
conditional heteroscedastic (GARCH) specifications, with Gaussian, t-student 
innovations and using empirical distribution approach. In addition, we also assess how 
the ARCLD model fares with Hansen’s (1994) autoregressive conditional density model 
(ACD). We evaluate the relative performance of each model by carrying out risk analyses. 
We assess the value-at-risk (VaR) and expected shortfall (ES) estimates from each model. 

 

Keywords: Statistical Simulation Methods: General, Financial Econometrics, Financial 

Risk and Risk Management. 

JEL: C15, C58, G32. 
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1 Introduction 
 

It is well known that the normal distribution is not appropriate to model financial 

returns, which typically display fat tails and skewness. Early literature provides ample 

evidence on non-normality: see, for example, Fama (1963), Mandelbrot (1965), and 

Westerfield (1977), among others. 

In fact, recent evidence show that higher-order moments vary over time. Malz 

(1997) reveals that both options-implied skewness and kurtosis are time-varying, using 

foreign exchange options data from G5 countries. Neumann and Skiadopoulos (2011) 

show that the risk neutral skewness and kurtosis implied by S&P500 futures index options 

change over time for the constant maturities of 30, 60 and 90 days, between January 1990 

and October 2009. Joudeau and Rockinger (2003) investigate the presence of conditional 

skewness and kurtosis on daily asset returns. These results suggest it is desirable to 

accommodate time-varying high-order conditional moments when modeling financial 

returns. 

To this end, we propose in chapter 1 the autoregressive conditional (generalized) 

lambda distribution (ARCLD) model. It assumes that asset returns follow a conditional 

generalized lambda distribution with dispersion and one shape parameters varying over 

time according to an ARMA- type process. As there is no analytical expression for 

conditional density, we cannot resort to maximum likelihood (ML) methods to estimate 

the model parameters. We then combine Dominicy and Veredas’s (2013) method of 

simulated quantiles (MSQ) with indirect inference (Gouriéroux et al., 1993; Smith, 1993), 

employing an exponential weighted moving average (EWMA) as the auxiliary model for 

the time-varying moments, to estimate the ARCLD parameters. 

In this chapter, we estimate the ARCLD model for daily returns of 7 stock market 

indexes from three geographical areas: America (S&P500, Ibovespa and IPC), Europe 

(DAX and FTSE100) and Asia (Hang Seng and TWSE). We compare the resulting 

ARCLD model estimates with those assuming generalized autoregressive conditional 

heteroscedastic (GARCH) specifications, with Gaussian, t-student innovations and using 

an empirical distribution (ED) approach. In addition, we also assess how the ARCLD 

model fares with Hansen’s (1994) autoregressive conditional density model (ACD), 

which also allows time-varying higher-order conditional moments considering skewness 

and kurtosis varying on time depending on the past errors and past squared errors. 
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We evaluate the relative performance of each model by carrying out risk analyses. 

In particular, we assess the value-at-risk (VaR) and expected shortfall (ES) estimates from 

each model. This is a natural approach given that both VaR and expected shortfall are 

important risk metrics widely used in financial institutions and recommended by the Bank 

of International Settlements (BIS). The ARCLD specification is very convenient in such 

a context because it explicitly models the quantiles of the conditional distribution. We 

compare the VaR estimates from the different models using Kupiec’s (1995) proportion-

of-failures test and using the Basel Committee traffic-light backtesting approach. As for 

the ES estimates, we assess them by contrasting the observed and expected severity ratios 

implied by the GARCH, ACD and ARCLD model estimates. 

We find that the ARCLD model performs well relative to the GARCH and ACD 

alternatives. We cannot reject Kupiec’s null hypothesis that the proportion of model 

failures are as expected in ARCLD models for 95% and 99% confidence levels in all 

indexes. The ARCLD model displays similar number of failures than the GARCH and 

ACD models at the 95% and 99% confidence levels. In particular, the ARCLD-implied 

VaR estimates at the 99% confidence level perform better in the traffic-light test than 

GARCH normal for every index. Considering a longer sample period for Ibovespa index 

improved the performance of the ARCLD models, especially for 95% VaR confidence 

level. 

As what concerns the severity analysis, the number of observed severities over the 

expected severity is the closest to one, for the ARCLD model considering the dispersion 

parameter varying on time (ARCLD-I model) for DAX, FTSE100 and Hang Seng 

indexes. In particular, for Hang Seng the performance of ARCLD models is the best in 

both ARCLD models, with a big difference to the best comparative model. The ARCLD 

model, considering the dispersion parameter varying on time, was the best performer 

model considering a longer sample period analysis for Ibovespa index. 

The plan of the remainder is as follows. Section 2 describes the data and discusses 

model estimates. Sections 3 and 4 carry out the VaR and ES empirical analyses, whereas 

Section 5 offer some concluding remarks. 
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2 Data and methodology 
 

2.1 Data description 
 

 Our sample comprises daily returns on seven stock market indexes from January 

2, 2016 to December 31, 2018. More specifically, we consider the following indexes: 

S&P500, Ibovespa, IPC, DAX, FTSE100, Hang Seng, and TWSE. We also consider a 

longer sample period from January 2, 2010 to December 31, 2018 for Ibovespa index in 

VaR and ES analysis. Data come from Bloomberg.  

We choose for the analysis market indexes for developed markets (S&P500, DAX 

and FTSE100) and emerging markets (Ibovespa, IPC, Hang Seng and TWSE). These 

indexes are the most representative in their countries. For example, S&P500 holds the 

500 leading United States companies with shares listed in NYSE (New York Stock 

Exchange) and represents 80% of its market capitalization. DAX keeps the 30 major 

German companies trading on the Frankfurt Stock Exchange. Besides this index has a 

small number of members its widely used to represent the German financial market. 

FTSE100 is an index that represents the 100 most highly capitalized companies traded on 

London Stock Exchange. 

For emerging markets, we have Ibovespa which represents the most develop 

financial market in South America. It is comprised by the most liquid stocks traded in 

São Paulo Stock Exchange. The number of companies in Ibovespa ranged from 58 to 72 

in the past 10 years. IPC represents the most liquid and highly capitalized companies 

negotiated in Mexico Stock Exchange. The number of companies in IPC varied from 33 

to 37 in the last 10 years. Representing the Asian financial market, we have Hang Seng 

and TWSE indexes. The first market index represents the most capitalized companies in 

Hong Kong stock exchange and the second represent the most capitalized companies in 

Taiwan Stock Exchange. 

 We consider daily logarithmic returns: 

 𝑟 = ln ( ), 

where 𝑆  is the closing price of the index at time t. Table 3.1 documents some descriptive 

statistics for each stock market index return. 



58 
 

As expected, expected returns are very close to zero, ranging from 0.0275% to 

0.1145%. Daily volatility ranges from 0.6556% to 1.4619%, corresponding to annual 

figures between 10.41% and 23.21%. Interestingly, the Ibovespa returns display the 

highest sample mean and standard deviation in the sample. Other emerging market 

indexes such as IPC, Hang Seng and TWSE exhibit less variation over time (0.7617%, 

0.9818% and 0.6982% respectively). 

Table 3.1  
 Sample moments of the stock market index returns 

 
This table reports the statistical properties of the indexes used in the study (mean, standard deviation, skewness and kurtosis) for 
the period starting on January 2, 2016 and ending on December 31, 2017. Jarque – Bera normality test statistic for each index is 
in the last column. As the critical value for the test is 5.99 representing a 𝜒( ), under a 5% level of significance it is possible to 
reject the null hypothesis of normality for all the indexes. 

Index Mean Standard deviation Skewness Kurtosis Jarque-Bera 
DAX 0.0364% 1.0458% -0.7347 8.2238 622.0715 
FTSE100 0.0412% 0.8402% 0.0073 5.7126 154.8305 
Hang Seng 0.0634% 0.9818% -0.4358 4.7744 79.9526 
Ibovespa 0.1145% 1.4619% -0.4218 7.1810 375.2145 
IPC 0.0275% 0.7617% -0.5230 6.6494 302.0595 
S&P500 0.0534% 0.6556% -0.5359 7.2796 407.9362 
TWSE 0.0498% 0.6982% -0.3414 5.1156 100.8934 

 

Skewness is negative for most of the indexes (except for FTSE100), ranging from 

0.0073 for the FTSE100 to -0.7347 for the DAX index. This means that large returns in 

magnitude are predominantly in the left tail of the distribution. Kurtosis ranges from 

4.7744 for the Hang Seng to 8.2238 for the DAX index. Skewness typically have a higher 

magnitude for emerging markets, but in our sample presents higher magnitude values for 

DAX and S&P500. We observe no similar pattern for kurtosis. As expected, the Jarque-

Bera test rejects the normality of every stock market index return. 

2.2 GARCH-type models estimation 
  

 Bollerslev’s (1986) presented the generalized autoregressive conditional 

heteroscedastic (GARCH). We estimate a GARCH (1,1) model 

 𝑟 = 𝜇 + 𝜀                                        (1) 

𝜎 = 𝜛 + 𝛽 𝜎 + 𝛼 𝜀                                                           (2) 

where the innovations 𝜀  represents a conditional distribution with mean zero and 

variance 𝜎 . We assume that the innovations follow either a Gaussian or a t- student 

distribution. 
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 Hansen (1994) puts forth the autoregressive conditional density (ACD) model 

with innovations 𝜀  coming from a probability density function with condicional degree 

freedom and skewness given by (3) and (4): 

𝑔(𝜀 |𝜈 , 𝜆 ) =

⎩
⎪
⎨

⎪
⎧

𝑏𝑐 1 +
1

𝜈 − 2

𝑏𝑧 + 𝑎

1 − 𝜆
, 𝜀 < −

𝑎

𝑏

𝑏𝑐 1 +
1

𝜈 − 2

𝑏𝑧 + 𝑎

1 + 𝜆
, 𝜀 ≥ −

𝑎

𝑏
,

 

with 𝑎 = 4𝜆 𝑐( ), 𝑏 = 1 + 3𝜆 − 𝑎  and c =
( )

( ) ( )
.  

𝜈 = 𝜃 + 𝜃 𝜀 + 𝜃 𝜀                                                           (3) 

𝜆 = 𝜆 + 𝜆 𝜀 + 𝜆 𝜀                                                                                             (4) 

 We estimate a GARCH (1,1) model, using a subsample that runs from January 2, 

2016 to December 31, 2017, considering normal and t-student distributions and Hansen’s 

ACD model for the stock indexes. We use the ML method to estimate these models. We 

also consider the quasi maximum likelihood estimation method developed in Bollerslev 

and Wooldridge (1992) to estimate a GARCH (1,1) model. In this approach it is assumed 

that the conditional mean and variance are correctly specified and uses a Gaussian 

likelihood to estimate the parameters. We set the Broyden-Fletcher-Goldfarb-Shanno 

(BGFS) optimization routine in MATLAB MFE Sheppard toolbox. The results are in 

Table 3.2. 

Table 3.2 shows that the persistence for DAX, Hang Seng, Ibovespa, FTSE100 

and TWSE are higher with 𝛽 varying from 0.84720475 to 0.99007449 (considering all 

models). IPC and S&P500 presents a smaller persistence with 𝛽 ranging from 0.71472410 

to 0.73175485. The persistency for IPC and S&P500 increases substantially when 

GARCH with t-student innovations and ACD models are estimated. Those values range 

from 0.83465551 to 0.93092434.  

The coefficients estimated for GARCH considering the autoregressive component 

is always significative whereas the coefficients associated with the error is not significant 

for example, for DAX in all models. Some significant coefficients in GARCH normal 

model are not significant in GARCH ED, for example, S&P500. This result is due to the 

fact that quasi maximum likelihood estimation method is usually less efficient then 
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standard ML methods. The asymmetry parameter 𝜆 is significant for Hang Seng and 

TWSE. The degree of freedom parameter 𝜈 is just not significant for Hang Seng. 

Table 3.2 
GARCH and ACD model estimates 

 
This table reports the estimation results and standard errors for GARCH normal in panel A, GARCH t-student in panel B, 
GARCH ED in panel C and ACD model in Panel D for the stock indexes for the period starting in January 2, 2016 and ending 
date is December 31, 2017.  
*Indicates significance at the 5% level. 
**Indicates significance at the 1% level. 

Panel A: GARCH normal 
 

DAX FTSE100 Hang Seng Ibovespa IPC S&P500 TWSE 

𝜛 0.00000035** 0.00000290 0.00000080** 0.00000879 0.00000727 0.00000441** 0.00000256 
 

(0.00000008) 0.00000205 (0.00000018) (0.00000560) (0.00000488) (0.00000121) (0.00000168) 

𝛼 0.00000005 0.09734001* 0.00000000 0.05829544 0.15827054** 0.14757793** 0.06609865* 
 

(0.00000044) 0.04910068 (0.00000000) (0.03505322) (0.05656865) (0.04515465) (0.03508173) 

𝛽 0.99007449** 0.84720475** 0.98480463** 0.89970912** 0.71472410** 0.73175485** 0.87595305** 
 

(0.00103666) 0.07971526 (0.00219498) (0.05404668) (0.12652013) (0.06213031) (0.06188083) 

        

Panel B: GARCH t-student 

𝜛 0.00000036 0.00000274 0.00000081 0.00000348 0.00000105 0.00000165 0.00000102 
 

(0.0000001) (0.00000186) (0.0000002) (0.00000357) (0.00000105) (0.00000141) (0.00000405) 

𝛼 0.00000001 0.12899862** 0.00000010 0.03672091 0.04791225 0.12236621* 0.01861754 
 

(0.00000001) (0.05793536) (0.00000000) (0.0295411) (0.03067139) (0.07792669) (0.09139287) 

𝛽 0.98972894** 0.82469037** 0.98470560** 0.94351381** 0.93092434** 0.84498155** 0.95512999** 
 

(0.00133938) (0.07740088) (0.00245332) (0.04221865) (0.04429037) (0.08932809) (0.18060108) 

𝜈 5.59993759** 6.89807323** 14.94907427 5.73608641** 6.86848827** 3.62233962** 7.30937686** 
 

(1.26658492) (1.94789757) (9.00151038) (1.37094544) (1.90469872) (0.63817299) (3.18392856) 

        

Panel C: GARCH ED 

𝜛 0.00000035** 0.0000029 0.0000008 0.00000879 0.00000727 0.00000441 0.00000256 

 (0.00000012) (0.000005) (0.0000002) (0.000009) (0.00000909) (0.00000222) (0.00000268) 

𝛼 0.00000014 0.0973433 0.00000007 0.05829544 0.15827054 0.14757793 0.06609865 

 (0.00000007) (0.11546694) (0.00000007) (0.05093136) (0.09802687) (0.09652924) (0.06217441) 

𝛽 0.99007441** 0.84719907** 0.98480454** 0.89970912** 0.7147241** 0.73175485** 0.87595305** 

 (0.00164917) (0.19530012) (0.00253747) (0.07859853) (0.23704323) (0.11796677) (0.10898778) 

        

Panel D: ACD 

𝜛 0.00000036** 0.00000322 0.00000085** 0.00000239 0.00000091 0.00000185 0.00000097** 
 

(0.0000001) (0.00000202) (0.0000002) (0.00000451) (0.00000074) (0.00000135) (0.00000159) 

𝛼 0.00000001 0.14867669** 0.00000011 0.02683907 0.04509569* 0.13572609* 0.01751309 
 

(0.0000001) (0.0622579) (0.00000021) (0.04389354) (0.02341062) (0.07552404) (0.03445) 

𝛽 0.98976182** 0.8023829** 0.98456491* 0.95947859** 0.93667112** 0.83465551** 0.95894137** 
 

(0.00135052) (0.08008678) (0.00244213) (0.06073391) (0.03046141) (0.08011581) (0.06611676) 

𝜈 5.5605723** 6.49949302** 14.10789039* 5.52779887** 6.83736882** 3.5432685** 6.72291695** 
 

(1.26014836) (1.78933491) (8.76335532) (1.37430604) (1.89369104) (0.63327603) (2.04876013) 

𝜆 -0.01388035 -0.09732932 -0.17670847* -0.10513302 -0.07207281 -0.04906552 -0.157804** 
 

(0.050242) (0.0610531) (0.06179707) (0.05572276) (0.0612195) (0.04561719) (0.05989773) 
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2.3 In-sample analysis 
 

As standard in the literature, we split the sample into two subsamples for model 

estimation and evaluation, respectively. More specifically, we estimated the GARCH and 

ACD models in the previous section and herein estimate ARCLD models using a 

subsample that runs from January 2, 2016 to December 31, 2017.   

Recall from previous chapters that 𝑞 is a quantile function and we assume asset 

returns 𝑞  to follow a conditional generalized lambda distribution letting dispersion and 

shape of the distribution vary over time according to an ARMA- type process: 

𝑞 = 𝜆 , +
, ( )

,
                                              0 ≤ 𝜏 ≤ 1                                           (5)

  

𝜆 , = 𝜛 + 𝛼 𝑞 𝜆 , + 𝛽 𝜆 ,  (6) 

𝜆 , = 𝜛 + 𝛼 𝑞 𝜆 , + 𝛽 𝜆 , , (7) 

where 𝜆 ,  and 𝜆 ,  are location and dispersion parameters, and 𝜆 ,  and 𝜆  are the shape 

parameters. We assume that the sample mean 𝜇 is zero. This is a reasonable assumption 

given the sample evidence in Table 3.1. Ramberg and Dudevicz (1979) show that the 

mean, variance, skewness and kurtosis of the GLD are respectively given by 

𝜇 = 𝜆 , + ,

,
   

𝜎 =
,

(𝐴 , − 𝐴 , )  

𝜅 , =
, ,

. (𝐴 , − 3𝐴 , 𝐴 , + 2𝐴 , )  

𝜅 , =
( , , )

(𝐴 , − 4𝐴 , 𝐴 , + 6𝐴 , 𝐴 , + 3𝐴 , )  

where  

𝐴 , =
,

−   

𝐴 , =
,

− − 2𝐵(𝜆 , + 1, 𝜆 + 1)  

𝐴 , =
,

− − 3𝐵(2𝜆 , + 1, 𝜆 + 1) + 3𝐵(𝜆 , + 1,2𝜆 + 1)  

𝐴 , =
,

− − 4𝐵(3𝜆 , + 1, 𝜆 + 1) + 6𝐵(2𝜆 , + 1,2𝜆 + 1) − 4𝐵(𝜆 , +

1,3𝜆 + 1)  
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with B denoting the beta function. 

We consider the region 4 of the GLD function described in Chalabi, Scott and 

Würtz (2009). This region provides a large possibility of shape for the distribution of 

returns, in which we are interested to model. According to Karian and Dudewicz (1999) 

to generate distributions in this region 4 with four moment conditions we have to restrict 

𝜆  and 𝜆  parameters in the range of [-0.25, 0]. We present a GLD regions in Chapter 2. 

We have that 𝜛  is the unconditional variance when we let dispersion parameter vary 

over time and 𝜛  is the unconditional skewness when we allow the shape parameter to 

vary over time: 

𝜛 , = (1 − 𝛽 )𝜆 , −  𝛼 (𝐴 , − 𝐴 , ) 

𝜛 , = (1 − 𝛽 )𝜆 , −  𝛼 (𝐴 , − 3𝐴 , 𝐴 , + 2𝐴 , ) 

Considering the initial value of 𝜔  and 𝜔  we start the recursive process method 

that will generate a time varying vector for the dispersion parameter and shape parameter 

represented in (6) and (7) that leads the process described in (5). 

We employ an exponential weighted moving average (EWMA) as the auxiliary 

model for the time-varying moments in the indirect inference approach: 

𝐸𝑊𝑀𝐴 , (𝜃) = (1 − 𝛿)𝑞 (𝜃) + 𝛿 𝐸𝑊𝑀𝐴 , (𝜃)                     for k = 2,...,4 

where 𝛿 is a decaying factor set to 0.95 and 𝑞 (𝜃) the returns as simulated from an 

ARCLD with parameters 𝜃 = (𝜛 , 𝛼 , 𝛽 , 𝛼 , 𝛽 , 𝜆 ). 

We first compute the EWMA for the higher-order moments of the observed 

returns 𝑞 (𝜃 ) and then simulate 𝑞 (𝜃( )), for a grid 𝜃( ) ( i = 1,…,I), using the conditional 

quantile function of the ARCLD model. The grid selection follows the ABC algorithm: 

1) Sample 𝜃( )~𝑝(𝜃) from the prior densities of each element in the parameter 

vector 𝜃 = (𝜛 , 𝛼 , 𝛽 , 𝛼 , 𝛽 , 𝜆 ). For instance, one may assume beta and 

normal distributions according to the parametric restrictions necessary to 

ensure stationarity and/or positivity. In particular, we set 

𝑝(𝛼 )~𝑁(0.05,0.01), 𝑝(𝛼 )~𝑁(0.05,0.01),  𝑝(𝛽 )~𝐵(25,1.5),

 𝑝(𝛽 )~𝐵(25,1.5), 𝑝(𝜛 )~𝐵(3,3) × −0.05, and 𝑝(𝜆 )~𝐵(3,3) × −0.25.  

2) Simulate returns from the ARCLD model 𝑧~ 𝑞 𝜃( ) . 
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3) As in Drovandi and Petit (2011) let 𝜂 , 𝜂 , 𝜂  denote the summary statistics of 

interest (e.g., mean and quantile–based dispersion and skewness measures) 

given respectively by: 

      𝜂 =
∑

 

                  𝜂 =  𝑞 −  𝑞          

                  𝜂 =
(   × )

,   

where 𝑞j is the jth percentile of the empirical distribution. 

Let also 𝜀 denote the tolerance level for the difference between the summary statistics 

of the simulated returns from the initial parameter’s values 𝑞(𝜃 ) and from the 

prior densities 𝑧 = 𝑞(𝜃( )). We select the grid values 𝜃(𝑖) such that 

|𝜂 𝑟(𝜃 ) − 𝜂 (𝑧(𝜃( )))| < 𝜀. 

In particular, 𝜀 represents the lowest 10  joint percentile of (𝜂 , 𝜂 , 𝜂 ). This set 

generates an acceptance rate of around 0.10% as in Allingham (2009) and in 

Monte Carlo study in Chapter 1. Table 3.3 shows the 90% confidence interval 

for the accepted grid parameters for 50 , 25 , 15  and 10  joint percentile 

and their respectively acceptance rate for the ARCLD-I model. This is defined 

as the number of accepted grids divided by the number of replications, 200000 

in our case. The true parameters values are 𝛼 = 0.05, 𝛽 = 0.9, and 𝜆 =

−0.125, 𝜆 = −0.125.  

Table 3.3  
 Simulation study considering 𝜆 ,  (ARCLD-I model) 

 
This table display the 90% confidence interval for the accepted grid parameters for 50 , 25 , 15  and 10  joint 
percentile and their respectively acceptance rate. 
percentile 𝜆  𝜆  𝛽  𝛼  acceptance rate 

50 -0.1768, -0.0709 -0.1819, -0.0760 0.8060, 0.9469 0.0337, 0.0663 13.91% 
25 -0.1600, -0.0609 -0.1743, -0.0860 0.8079, 0.9475 0.0330, 0.0656 1.71% 
15 -0.1773, -0.0793 -0.1915, -0.1076 0.8046, 0.9471 0.0346, 0.0654 0.34% 
10 -0.1467, -0.0566 -0.1498, -0.0653 0.8135, 0.9445 0.0358, 0.0661 0.11% 

 

After the grid is set, we find the parameter vector 𝜃( ) that minimizes the distance 

between the empirical and simulated EWMAs defined by the objective function for the II 

estimator: 
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𝑀 (𝜃) =
1

𝑇
𝐸𝑊𝑀𝐴  (𝑢  ; 𝜃 ) −

1

𝑇

1

𝑆
𝐸𝑊𝑀𝐴(𝑢 ; 𝜃)

1

𝑇
𝐸𝑊𝑀𝐴 (𝑢  ; 𝜃 )

−
1

𝑇

1

𝑆
𝐸𝑊𝑀𝐴(𝑢 ; 𝜃)  

We first show the estimation results considering 𝜆 ,  in Table 3.4 and in Table 3.5 

exhibits the parameter estimates considering 𝜆 ,  and 𝜆 , . The estimation time for each 

model is around 10 minutes in a computer with a ram memory of 16GB. 

Table 3.4 shows that 𝛼  varies from 0.0316 to 0.0665 with the higher values not 

necessarily related with the smallest values for 𝛽 . The parameter 

𝜛  ranges from 0.5418 (Ibovespa) to 3.1149 (S&P500). This parameter shows to be more 

persistent for IPC (0.9423) and less persistent for Hang Seng (0.7840). The shape 

parameter 𝜆  ranges from -0.0351 (IPC) to -0.1069 (DAX) and the shape parameter 𝜆  

present values ranging from -0.0332 to -0.1106. Those results generate an unconditional 

skewness from -1.3208 (DAX) to 0.7790 (IPC) which in some cases are different in 

magnitude and signal from the sample moments showed in Table 3.1. For instance, 

S&P500 presents an unconditional skewness of 0.7640 whereas its value in Table 3.1 is 

-0.5359. Other indexes presented greater similarity, for example DAX (-1.3208) in 

ARCLD model and -0.7347 in sample analysis reported in Table 3.1. Unconditional 

kurtosis ranges from 4.8881 to 7.5692 with DAX and S&P500 showing the highest values 

7.5692 and 7.2350 respectively. These are the index with the highest kurtosis in Table 3.1 

too. 

Table 3.4  
 Estimation results with 𝜆 ,  

 
This table reports the estimation results of ARCLD parameters model for the stock indexes considering 𝜆 , , for the 
period starting in January 2, 2016 and ending date is December 31, 2017 and provide their respectively skewness 
and kurtosis. 
Index 𝜛  𝛼  𝛽  𝜆  𝜆  skewness  Kurtosis 

DAX 1.7544 0.0512 0.8901 -0.1069 -0.0436 -1.3208 7.5692 

FTSE100 1.6312 0.0593 0.8920 -0.0600 -0.0649 0.1470 5.4649 

Hang Seng 2.3147 0.0665 0.7840 -0.0547 -0.0501 -0.1529 5.2009 

Ibovespa 0.5418 0.0465 0.8966 -0.0449 -0.0332 -0.4515 4.9233 

IPC 0.7265 0.0360 0.9423 -0.0351 -0.0603 0.7790 5.3051 

S&P500 3.1149 0.0316 0.9023 -0.0793 -0.1106 0.7640 7.2350 

TWSE 0.9075 0.0484 0.9181 -0.0389 -0.0395 0.0255 4.8881 
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Table 3.5 reports that 𝛼  ranges from 0.0317 (TWSE) to 0.0575 (FTSE100) which 

is relatively close to the values presented in Table 3.4. Considering  

𝜛 , it ranges from 0.2538 to 2.3472 and  

𝜛  from -0.0197 to -0.0016. The estimation results for 𝛽  ranges from 0.7856 to 0.9496. 

The persistence considering the dispersion and shape parameter varying on time are 

similar to the persistence when just the dispersion parameter varied on time showed in 

table 3.4, except for Hang Seng index 0.7840 and 0.9211 respectively. The estimation 

results for 𝛼  varies from 0.0268 (TWSE) to 0.0665 (FTSE100), which are the same 

indexes reported in 𝛼  analysis. The estimation results for 𝛽  ranges from 0.7211 (TWSE) 

to 0.9475 (S&P500). In general, this parameter is less persistent then 𝛽 . The shape 

parameter 𝜆  ranges from -0.0073 (TWSE) to -0.0987 (S&P500). These estimation results 

generate unconditional skewness from -1.1402 to 1.2616 with DAX still being the most 

negative and S&P500 the most positive skewness. The unconditional skewness for TWSE 

decreased from 0.0255 to -0.5895 with the inclusion of 𝜆 ,  in the model. The highest 

unconditional kurtosis continues to be DAX and S&P500.  

Table 3.5 
   Estimation results with 𝜆 ,  and 𝜆 ,  

 
This table reports the estimation results of ARCLD parameters model for the stock indexes considering 𝜆 ,  and 𝜆 , , 
for the period starting in January 2, 2016 and ending date is December 31, 2017 and provide their respectively 
skewness and kurtosis. 
Index 𝜛  𝛼  𝛽  𝜛  𝛼  𝛽  𝜆  skewness  kurtosis 

DAX 1.6754 0.0386 0.8888 -0.0197 0.0395 0.7995 -0.0485 -1.1402 6.8895 

FTSE100 1.2265 0.0575 0.8859 -0.0072 0.0665 0.8425 -0.0455 -0.0260 5.0355 

Hang Seng 0.5284 0.0530 0.9211 -0.0041 0.0489 0.8741 -0.0358 0.1442 4.7864 

Ibovespa 0.2617 0.0348 0.9496 -0.0066 0.0659 0.8443 -0.0353 -0.2975 4.9003 

IPC 2.3472 0.0444 0.7856 -0.0027 0.0591 0.9106 -0.0521 0.7053 5.0740 

S&P500 1.7957 0.0501 0.9207 -0.0016 0.0511 0.9475 -0.0987 1.2616 7.0624 

TWSE 0.2538 0.0317 0.9071 -0.0035 0.0268 0.7211 -0.0073 -0.5895 4.2004 

 

 In the following sections we continue this chapter considering the ARCLD model 

with dispersion varying on time (ARCLD–I) and ARCLD model with dispersion and one 

shape parameter varying on time (ARCLD–II). 
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3 Value-at-risk analysis 
 

 VaR is a popular risk measurement tool used in financial market that gained 

importance after the approval by the BIS for its use in bank’s proprietary desks in 1996. 

It measures the maximum expected monetary loss in a period, for example 1 day, with a 

determined confidence level. Thanks to its importance, in this section we compare 

ARCLD model VaR with the VaR generated by the conditional models GARCH normal, 

GARCH t- student, GARCH ED and ACD.  

We split the database in two periods: from January 2, 2016 to December 31, 2017 

and from January 2, 2018 to December 31, 2018. First, we estimate the model for the first 

period and calculate the VaR using the five models considering the seven market indexes. 

We select a moving window of 2 years, starting in January 2, 2016, and check the 

performance of the calculated VaR with the observed returns in the second part of the 

sample which starts on January 2, 2018.  

We provide an additional analysis for the Ibovespa index considering a longer data 

period from January 2, 2010 to December 31, 2018. In this analysis we split the database 

in two periods: from January 2, 2010 to December 31, 2014 and from January 2, 2015 to 

December 31, 2018. First, we estimate the model for the first period and calculate the 

VaR using the five models considering the Ibovespa index. We select a moving window 

of 5 years, starting in January 2, 2010, and check the performance of the calculated VaR 

with the observed returns in the second part of the sample which starts on January 2, 2015.  

For the GARCH normal HW, GARCH t-student HW and ACD HW we calculate 

the risk adjusted return using the Hull and White (1998) method: 

�̂� , = 𝑟                                                                                                                    (8) 

where 𝑟  are the unadjusted historical indexes returns, 𝜎  are the volatility of unadjusted 

returns generated by the GARCH and ACD models, 𝜎  is the volatility of unadjusted 

returns generated by the GARCH and ACD models in the end of the sample. Then we 

calculate the percentile related to the significance level to calculate the VaR. For GARCH 

normal, GARCH t-student and ACD we calculate the VaR using the forecast approach: 

𝑉𝑎𝑅 = 𝜎 𝜀̂  
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where 𝜀̂  is given by the inverse distribution of each model considering 𝛼 (normal, t- 

student and skewed t student). 

 To calculate the VaR for the GARCH ED we use the filtered historical simulation 

(FHS) showed in Barone-Adesi et al (1999) which after the 𝜎  by the GARCH ED model 

estimates the innovations as: 

𝜑 =          1 ≤  t  ≤   𝑇.  

According to Gao and Song (2008) then 𝜑  can be estimated as the 𝛼-quantile of 

empirical distribution of 𝐹  of {𝜑 , 1≤ t ≤ 𝑇} and the VaR is defined by: 

𝜑 = 𝐹 (𝛼). 

𝑉𝑎𝑅 = 𝜎 𝜑  

To calculate the VaR in ARCLD model we use Chalabi et al. (2010) which shows 

that the VaR measurement in a GLD model is straightforward thanks to its percentile 

approach and given by: 

𝑉𝑎𝑟 , =  𝑓 𝐹 (𝛼) = 𝜆 , +
, ( )

,
, 

where 𝛼 is the significance of the VaR. 

 We test the performance of the VaR models using Kupiec’s (1995) proportion of 

failures test: 

𝐿𝑅 = −2log 
( )

, 

where x is the number of failures and N is the number of observations in out of the sample 

analysis. This statistic is asymptotically distributed as a chi-square variable with 1 degree 

of freedom. Table 3.6 presents the number of failures and Table 3.7 show the p-values of 

the Kupiec’s statistic considering the 7 stocks indexes for 95% and 99% VaR confidence 

levels.  

From Table 3.6 for VaR 95% confidence we conclude that the number of failures 

for ARCLD model is usually similar to the other models (excepted for Hang Seng and 

TWSE where the number of failures is higher in ARCLD-II model than the other models). 

Regarding the comparative models GARCH t-student presents smaller number of failures 
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comparing to GARCH normal models, GARCH ED, GARCH t-student HW and ACD 

models (except for IPC and TWSE). Under 95% of confidence level Table 3.7 shows that 

the Kupiec’s number of failures close to expected test is rejected for DAX in GARCH 

normal, ACD and GARCH ED models and for S&P500 in GARCH ED model. 

 

Table 3.6  
Number of failures for each VaR model 

 
This table presents the number of failures for each VaR model considering 95% and 99% VaR confidence levels for each 
stock index. We estimate each model specification using data from January 2, 2016 to December 31, 2017 and then 
compute the out-of-sample VaR estimates from January 2, 2018 to December 31, 2018. 
  DAX FTSE100 Hang Seng Ibovespa IPC S&P500 TWSE 

GARCH normal 95% 28 25 16 14 18 22 18 
99% 11 7 7 3 9 10 8 

GARCH normal HW 

 

95% 25 23 10 12 15 20 13 

99% 8 6 1 2 5 4 5 

GARCH t-student 

 

95% 15 15 10 8 15 7 16 

99% 3 2 4 1 5 2 3 

GARCH t-student HW 

 

95% 24 19 9 13 14 17 18 

99% 7 6 2 2 5 4 5 

ACD 

 

95% 28 24 14 13 18 19 18 

99% 6 4 3 1 5 4 3 

ACD HW 

 

95% 24 19 10 14 14 17 19 

99% 7 6 2 3 5 4 5 

GARCH ED 

 

95% 26 24 16 15 18 27 17 

99% 8 5 5 2 5 5 6 

ARCLD-I 

 

95% 22 21 22 17 21 21 
 

21 
 99% 4 5 6 3 9 9 

 
7 
 ARCLD-II 95% 21 22 24 16 21 19 

 
24 
  99% 4 4 7 3 8 8 9 

 

Considering a 99% VaR confidence level we conclude that the number of failures 

in ARCLD-II model is equal or smaller than the number of failures in ARCLD-I model 

(except for TWSE). Comparing with the other models, as in 95% VaR confidence level, 

the performance of ARCLD model is worse than GARCH t-student model but presents 

better results than GARCH normal model, for example. The performance of GARCH t- 

student model is better than the comparative models and is the only comparative model 

to present a green result in traffic light backtest for DAX together with ARCLD–I and 

ARCLD-II models. Under 99% confidence level Kupiec’s test is rejected for DAX and 

S&P 500 in GARCH normal model. 

The Basel committee in the document “Supervisory framework for the use of 

backtesting in conjunction with the internal model’s approach to market risk capital 
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requirements” presented the traffic light backtest. In this backtest, considering a 99% VaR 

confidence level and based on a sample of 250 observations the models must be placed 

in 3 zones (green, yellow and red). The green zone goes from 0 to 4 exceptions and the 

banks don’t need to apply an increase risk factor in the capital requirement. The yellow 

zone goes from 5 to 9 exceptions and red zone more than 10 exceptions. In both scenarios 

the bank needs to apply an increase risk factor in the capital requirement going from 0.4 

to 1 and the model must be monitored. 

Table 3.7 
Kupiec’s test for the proportion of failures p-values 

We report the p-values of Kupiec’s (1995) proportion of failures test for each stocks index at the 95% and 99% VaR confidence 
levels. We estimate each model specification using data from January 2, 2016 to December 31, 2017 and then compute the out-of-
sample VaR estimates from January 2, 2018 to December 31, 2018. 

  DAX FTSE100 Hang Seng Ibovespa IPC S&P500 TWSE 

GARCH normal 95% 0.0083 0.0672 0.8573 0.9685 0.6959 0.2499 0.6692 
99% 0.0059 0.3161 0.2932 0.9857 0.0630 0.0213 0.1446 

GARCH normal HW 
 

95% 0.0620 0.1777 0.9385 0.9993 0.9395 0.4641 0.9957 

99% 0.1537 0.5258 0.8497 0.9891 0.7345 0.9014 0.7229 

GARCH t-student 
 

95% 0.9395 0.9448 0.9385 0.7598 0.9395 0.5797 0.8617 

99% 0.9888 0.9851 0.8929 0.8514 0.9014 0.9862 0.9868 

GARCH t-student HW 
 

95% 0.1054 0.5967 0.8644 0.9942 0.9789 0.7966 0.6692 

99% 0.3096 0.5258 0.9886 0.9891 0.7345 0.9014 0.7229 

ACD 
 

95% 0.0083 0.1129 0.9704 0.9942 0.6959 0.5823 0.6692 

99% 0.5187 0.9047 0.9862 0.8514 0.7345 0.9014 0.9868 

ACD HW 
 

95% 0.1054 0.5967 0.9385 0.9685 0.9789 0.7966 0.5528 

99% 0.3096 0.5258 0.9886 0.9857 0.7345 0.9014 0.7229 

GARCH ED 
 

95% 0.0341 0.1129 0.8573 0.9217 0.6959 0.0175 0.7744 

99% 0.1537 0.7402 0.7199 0.9891 0.7345 0.7345 0.5044 

ARCLD-I 
 

95% 0.2499 0.3647 0.2197 0.7627 0.3505 0.3505 0.3224 

99% 0.9014 0.7402 0.5008 0.9856 0.0630 0.0630 0.2965 

ARCLD-II 
 

95% 0.3505 0.2624 0.0878 0.8527 0.3505 0.5822 0.0912 

 99% 0.9014 0.9046 0.2932 0.9856 0.1537 0.1537 0.0580 

 

Table 3.8 shows that ARCLD models presents a green or yellow result in all 

indexes with ARCLD-II outperforming ARCLD-I model in this test. GARCH t-student 

and ACD models have a good performance with 1 and 2 yellows respectively. GARCH 

normal is the only model to present a “red” sign result which happens for DAX and 

S&P500 indexes. 



70 
 

Table 3.8 
Traffic light backtest 

 
This table presents the traffic light backtest results for stocks indexes considering 99% VaR confidence levels. For a 
sample of 250 from 0 to 4 failures the model is considered green, 5 to 9 failures yellow and more than 10 failures red. We 
estimate each model specification using data from January 2, 2016 to December 31, 2017 and then compute the out-of-
sample VaR estimates from January 2, 2018 to December 31, 2018. 
 DAX FTSE100 Hang Seng Ibovespa IPC S&P500 TWSE 

GARCH normal red yellow yellow green yellow red yellow 
GARCH normal HW yellow yellow green green yellow yellow yellow 
GARCH t-student green green green green yellow green green 
GARCH t-student HW yellow yellow green green yellow green yellow 
ACD yellow green green green Yellow green green 
ACD HW yellow yellow green green Yellow green yellow 
GARCH ED yellow yellow yellow green Yellow yellow yellow 
ARCLD-I green yellow yellow green Yellow yellow yellow 
ARCLD-II green green yellow green Yellow yellow yellow 

 
Table 3.9 shows the analysis for the Ibovespa index considering a longer data 

period, from January 2, 2010 to December 31, 2018. The Kupiec’s test is not rejected 

among all models tested. In particular the ARCLD – II model presents the largest p-value 

among all models considering 95% confidence level (0.9985). Comparing the results of 

Table 3.9 with the results in Table 3.7 for Ibovespa we conclude that the best performance 

models with the smaller sample continue to be the same models with the longer sample 

(GARCH normal, ACD, GARCH ED, ARCLD-I and ARCLD-II). In particular ARCLD-

I and ARCLD-II models seem to improve the performance for 95% VaR confidence level 

when we consider the Ibovespa longer data period. 

Table 3.9 
Number of failures and Kupiec’s test for the proportion of failures p-values for each 

VaR model considering Ibovespa longer sample 

This table presents the number of failures and the p-values of Kupiec’s (1995) proportion of failures test for each VaR model 
considering 95% and 99% VaR confidence levels for Ibovespa index. We estimate each model specification using data from 
January 2, 2010 to December 31, 2014 and then compute the out-of-sample VaR estimates from January 2, 2015 to December 31, 
2018. 

  GARCH 
normal 

GARCH 
normal 

HW 

GARCH 
t-student 

GARCH 
t-student 

HW 

ACD ACD 
HW 

GARCH 
ED 

ARCLD-
I 

ARCLD-
II 

Number of 
failures 

95% 42 38 39 38 44 39 45 53 50 
99% 10 9 6 10 8 10 10 11 6 

Kupiec’s 
p-value 

95% 0.8446 0.6001 0.6706 0.6001 0.9229 0.6706 0.9509 0.9632 0.9985 
99% 0.9997 0.9909 0.7599 0.9997 0.9531 0.9997 0.9997 0.9839 0.7588 
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4 Expected shortfall 
 

It is not easy to choose an appropriate risk measure when dealing with risk in 

finance. The most common measure in the financial market is the VaR, discussed in the 

previous section. After the 2008 financial crisis the need for a more efficient risk measure 

to capture the tail risk has become clear. Another problem is that VaR don’t respect the 

concept of Coherent Risk Measures developed by Artzner et al (1999). 

Artzner et. al (1999) introduced the label coherent for any risk metric that satisfies 

the axioms of monotonicity, sub-additivity, homogeneity and risk-free condition. In 

particular, sub-additivity states that the risk in a diversified portfolio should not be greater 

than the weighted average of the risk of the constituents. A simple example with binary 

options or bonds shows that VaR fails in satisfying this axiom. 

Because of the inefficiencies in VaR the Basel Committee established in 2015 the 

Fundamental Review of the Trading Book (FRTB) which among other changes imposed 

the substitution of VaR with 99% confidence level to an expected shortfall with 97.5% 

confidence level. 

In this chapter we calculate the ES with 97.5% confidence level generated from 

the GARCH normal, GARCH t-student, GARCH ED and ACD models. After we 

compare the results with the ARCLD ES using the following formula described in Chalabi 

et al. (2010): 

𝐸𝑆 = 𝑥𝑓(𝑥|𝜆)𝑑𝑥 = 𝐹 (𝑝|𝜆)𝑑𝑝 = 

= 𝜆 , 𝛼 +
, 𝛼( , )

𝛼 , +
, 𝛼( )

[(1 − 𝛼) − 1]              (9) 

  

As in section 3 for the analysis we split the database in two periods: from January 

2, 2016 to December 31, 2017 and from January 2, 2018 to December 31, 2018 for all 

seven indexes. As in VaR analysis we also entertain with a longer data period analysis 

for Ibovespa index from January 2, 2010 to December 31, 2014 and from January 2, 2015 

to December 31, 2018. First, we estimate the model in the first period and then calculate 

the ES for the five models. Second, we compare the ARCLD ES described in (9) with the 

GARCH and ACD ES using severity ratio as a metric. To compare the models, we use 

expected and observed severity ratios, which is: 
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𝐸𝑥𝑝𝑒𝑐𝑡𝑒𝑑  𝑆𝑒𝑣𝑒𝑟𝑖𝑡𝑦 =
𝐸𝑆

𝑉𝑎𝑟
 

𝑂𝑏𝑠𝑒𝑟𝑣𝑒𝑑 𝑆𝑒𝑣𝑒𝑟𝑖𝑡𝑦 =
∑

, 

where 𝐼  is an indicator function that assume value 1 when the return is less than the 

estipulate by 𝑉𝑎𝑅 , 𝑧  is the observed return and n is the number of times that a return 

exceed the 𝑉𝑎𝑅  in the sample. 

 The 𝐸𝑆  for the GARCH normal, GARCH t-student and ACD are given by the 

equations (9) and (10) respectively, after the numerical integration of the conditional 

expected loss equation, 

𝐸𝑆 = 𝜎
( )

                           (10) 

𝐸𝑆 = 𝜎
( ) ( )

              (11) 

where 𝜙(𝜑 ) is the density function of a normal standard distribution in equation (10) 

and the density function of a t-student and skewed t-student in equation (11) whereas 𝑣 

is the degree of freedom of the t-student and skewed t-student. 

The GARCH ED 𝐸𝑆  measure the average of the returns that exceed the 

confidence level of the VaR whereas the GARCH normal HW, GARCH t-student HW 

and ACD HW 𝐸𝑆  measure the average of the adjusted returns, described in equation (8), 

that exceed the confidence level of the VaR. The 𝐸𝑆  for these models is represented in 

equation (11): 

𝐸𝑆 = average of in-sample worst returns or adjusted returns 𝛼𝑁        (12) 

where N is the size of in sample. 

 Table 3.10 shows the observed to expected severity ratios results for 97.5% 

confidence level. We expect that the observed severity ratio to be close to the expected 

severity ratio resulting an observed to expected severity ratios close to 1.  

At the 97.5% confidence level, we notice from Table 3.10 that for DAX, FTSE100 

and Hang Seng indexes the ratios are the closest to one for ARCLD-II model. In 

particular, the ARCLD-I and ARCLD-II models perform better than the comparative 

models for Hang Seng Index (1.0467 and 1.0140 respectively). This result happens by a 

difference of approximately 0.1 to the best comparative model which is the GARCH t-
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student HW (1.1181). ARCLD-I model present the highest ratio considering all models 

for IPC whereas ARCLD-II model has the same result for S&P500 index. GARCH ED 

presented a good performance for IPC and S&P500 where most models presented 

observed to expected ratios far from 1. 

Table 3.10  
 Observed-to-expected severity ratio at the 97.5% confidence level 

 
This table presents the severity observed divided by severity expected measures for GARCH normal, GARCH t -student, GARCH 
ED, ACD and ARCLD model under 97.5% VaR confidence level. We estimate each model specification using data from January 2, 
2016 to December 31, 2017 and then compute the out-of-sample VaR estimates from January 2, 2018 to December 31, 2018. 

 DAX FTSE100 Hang Seng Ibovespa IPC S&P500 TWSE 

GARCH normal 1.1185 1.0749 1.2731 1.0248 1.2301 1.3938 1.3475 

GARCH normal HW 1.0947 1.0013 1.1572 0.9044 1.2501 1.1681 1.1653 

GARCH t-student 0.8908 0.9446 1.1578 0.9627 1.0959 1.055 1.258 

GARCH t-student HW 1.1048 1.0144 1.1181 0.8981 1.1939 1.1969 1.1251 

ACD 0.7873 0.8813 1.1583 0.8449 1.0484 0.8318 1.1283 

ACD HW 1.1013 1.0124 1.1407 0.9156 1.2027 1.1866 1.1224 

GARCH ED 0.8465 0.8784 1.1717 0.8498 1.2260 0.9559 1.0334 

ARCLD–I 0.8254 0.9077 1.0467 1.0894 1.2765 1.4739 1.2177 

ARCLD–II 0.9470 0.9887 1.0140 1.0943 1.2345 1.5855 1.3264 

 
Table 3.11 shows the analysis for the Ibovespa index considering a longer data 

period, from January 2, 2010 to December 31, 2018. The ARCLD-I model presented the 

best performance among all models (1.0187). ARCLD-II also had a good performance 

presenting the ratio value of (1.0621). The GARCH normal model, which had the best 

performance for Ibovespa in Table 3.10, with the longer data period presented the worst 

performance (1.1230). 

 
Table 3.11 

Observed-to-expected severity ratio at the 97.5% confidence level considering Ibovespa 
longer sample 

This table presents the severity observed divided by severity expected measures for GARCH normal, GARCH 
t -student, GARCH ed, ACD and ARCLD model under 97.5% VaR confidence level. We estimate each model 
specification considering Ibovespa index using data from January 2, 2010 to December 31, 2014 and then 
compute the out-of-sample VaR estimates from January 2, 2015 to December 31, 2018. 
GARCH 
normal 

GARCH 
normal 

HW 

GARCH 
t-student 

GARCH 
t-student 

HW 

ACD ACD 
HW 

GARCH 
ED 

ARCLD-
I 

ARCLD-
II 

1.1230 1.0837 1.0546 1.1002 0.9504 1.1008 0.9423 1.0187 1.0621 
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5 Conclusion 
 

In this paper we apply ARCLD model on daily returns for 7 stock market indexes 

representing 3 geographical areas: America (S&P500, Ibovespa and IPC), Europe (DAX 

and FTSE100) and Asia (Hang Seng and TWSE).  

We compare the ARCLD model estimation with the generalized autoregressive 

conditional heteroscedastic (GARCH) model considering Gaussian, t-student innovations 

and a GARCH ED approach. We also compare the ARCLD model with Hansen’s (1994) 

autoregressive conditional density model (ACD). We calculate the risk measures VaR 

and ES for these models. 

The ARCLD reveals to have a good performance compared with the GARCH and 

the ACD with all the tests not rejecting the Kupiec’s null hypothesis of number of model 

failures close to expected. The number of failures in ARCLD is similar to GARCH 

models and ACD for 95% and 99% VaR confidence levels. The performance for ARCLD 

model considering 99% VaR confidence level is better than GARCH normal and GARCH 

ED, not presenting red result in the traffic light backtest. The analysis for the Ibovespa 

index considering a longer data period, from January 2, 2010 to December 31, 2018 

generate the ARCLD – II presented the largest p-value among all models considering 

95% confidence level (0.9985). 

Considering the ES during the severity analysis, the number of observed severities 

over the expected severity is the closest to one, for the ARCLD model considering the 

dispersion parameter varying on time for DAX, FTSE100 and Hang Seng. In particular 

for Hang Seng the performance of ARCLD models is the best for both ARCLD models 

with a big difference to the best comparative model. The ARCLD model, considering the 

dispersion parameter varying on time, presented the best performance considering a 

longer sample period analysis for Ibovespa index. 
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Appendix  

Figure 1 
 VaR 95% and Var 99% for DAX index applying ARCLD–I model  

 
This figure presents the out of the sample VaR 95% and VaR 99% confidence levels for DAX index considering ARCLD–I model. 
The DAX index returns is in red and VaR 95% and VaR 99% are in blue. The area shaded in light blue is the difference between the 
Var 95% and Var 99% confidence levels. We estimate ARCLD–I model using data from January 2, 2016 to December 31, 2017 and 
then compute the out-of-sample VaR estimates from January 2, 2018 to December 31, 2018. 

  
Figure 2  

 VaR 95% and Var 99% for FTSE100 index applying ARCLD–I model  
 

This figure presents the out of the sample VaR 95% and VaR 99% confidence levels for FTSE100 index considering ARCLD–I model. 
The FTSE100 index returns is in red and VaR 95% and VaR 99% are in blue. The area shaded in light blue is the difference between 
the Var 95% and Var 99% confidence levels. We estimate ARCLD–I model using data from January 2, 2016 to December 31, 2017 
and then compute the out-of-sample VaR estimates from January 2, 2018 to December 31, 2018. 
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Figure 3  
VaR 95% and Var 99% for Hang Seng index applying ARCLD–I model  

 
This figure presents the out of the sample VaR 95% and VaR 99% confidence levels for Hang Seng index considering ARCLD–I 
model. The Hang Seng index returns is in red and VaR 95% and VaR 99% are in blue. The area shaded in light blue is the difference 
between the Var 95% and Var 99% confidence levels. We estimate ARCLD–I model using data from January 2, 2016 to December 
31, 2017 and then compute the out-of-sample VaR estimates from January 2, 2018 to December 31, 2018. 

 
  

Figure 4 
VaR 95% and Var 99% for Ibovespa index applying ARCLD–I model  

 
This figure presents the out of the sample VaR 95% and VaR 99% confidence levels for Ibovespa index considering ARCLD–I model. 
The Ibovespa index returns is in red and VaR 95% and VaR 99% are in blue. The area shaded in light blue is the difference between 
the Var 95% and Var 99% confidence levels. We estimate ARCLD–I model using data from January 2, 2016 to December 31, 2017 
and then compute the out-of-sample VaR estimates from January 2, 2018 to December 31, 2018. 
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Figure 5  

 VaR 95% and Var 99% for IPC index applying ARCLD–I model  
 

This figure presents the out of the sample VaR 95% and VaR 99% confidence levels for IPC index considering ARCLD–I model. The 
IPC index returns are in red and VaR 95% and VaR 99% are in blue. The area shaded in light blue is the difference between the Var 
95% and Var 99% confidence levels. We estimate ARCLD–I model using data from January 2, 2016 to December 31, 2017 and then 
compute the out-of-sample VaR estimates from January 2, 2018 to December 31, 2018. 

  

Figure 6  
 VaR 95% and Var 99% for S&P500 index applying ARCLD–I model  

 
This figure presents the out of the sample VaR 95% and VaR 99% confidence levels for S&P500 index considering ARCLD–I model. 
The S&P500 index returns is in red and VaR 95% and VaR 99% are in blue. The area shaded in light blue is the difference between 
the Var 95% and Var 99% confidence levels. We estimate ARCLD–I model using data from January 2, 2016 to December 31, 2017 
and then compute the out-of-sample VaR estimates from January 2, 2018 to December 31, 2018. 
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Figure 7 
 VaR 95% and Var 99% for TWSE index applying ARCLD–I model  

 
This figure presents the out of the sample VaR 95% and VaR 99% confidence levels for TWSE index considering ARCLD–I model. 
The TWSE index returns is in red and VaR 95% and VaR 99% are in blue. The area shaded in light blue is the difference between the 
Var 95% and Var 99% confidence levels. We estimate ARCLD–I model using data from January 2, 2016 to December 31, 2017 and 
then compute the out-of-sample VaR estimates from January 2, 2018 to December 31, 2018. 

 

Figure 8 
 VaR 95% and Var 99% for DAX index applying ARCLD–II model  

 
This figure presents the out of the sample VaR 95% and VaR 99% confidence levels for DAX index considering ARCLD–II model. 
The DAX index returns is in red and VaR 95% and VaR 99% are in blue. The area shaded in light blue is the difference between the 
Var 95% and Var 99% confidence levels. We estimate ARCLD–II model using data from January 2, 2016 to December 31, 2017 and 
then compute the out-of-sample VaR estimates from January 2, 2018 to December 31, 2018. 

  
  



81 
 

 

Figure 9 
 VaR 95% and Var 99% for FTSE100 index applying ARCLD–II model  

 
This figure presents the out of the sample VaR 95% and VaR 99% confidence levels for FTSE100 index considering ARCLD–II 
model. The FTSE100 index returns is in red and VaR 95% and VaR 99% are in blue. The area shaded in light blue is the difference 
between the Var 95% and Var 99% confidence levels. We estimate ARCLD–II model using data from January 2, 2016 to December 
31, 2017 and then compute the out-of-sample VaR estimates from January 2, 2018 to December 31, 2018. 
 

  

 

 

Figure 10 
 VaR 95% and Var 99% for Hang Seng index applying ARCLD–II model  

 
This figure presents the out of the sample VaR 95% and VaR 99% confidence levels for Hang Seng index considering ARCLD–II 
model. The Hang Seng index returns is in red and VaR 95% and VaR 99% are in blue. The area shaded in light blue is the difference 
between the Var 95% and Var 99% confidence levels. We estimate ARCLD–II model using data from January 2, 2016 to December 
31, 2017 and then compute the out-of-sample VaR estimates from January 2, 2018 to December 31, 2018. 
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Figure 11 
 VaR 95% and Var 99% for Ibovespa index applying ARCLD–II model  

 
This figure presents the out of the sample VaR 95% and VaR 99% confidence levels for Ibovespa index considering ARCLD–II 
model. The Ibovespa index returns is in red and VaR 95% and VaR 99% are in blue. The area shaded in light blue is the difference 
between the Var 95% and Var 99% confidence levels. We estimate ARCLD–II model using data from January 2, 2016 to December 
31, 2017 and then compute the out-of-sample VaR estimates from January 2, 2018 to December 31, 2018. 
 

  

 

Figure 12 
 VaR 95% and Var 99% for IPC index applying ARCLD–II model  

 
This figure presents the out of the sample VaR 95% and VaR 99% confidence levels for IPC index considering ARCLD–II model. 
The IPC index returns is in red and VaR 95% and VaR 99% are in blue. The area shaded in light blue is the difference between the 
Var 95% and Var 99% confidence levels. We estimate ARCLD–II model using data from January 2, 2016 to December 31, 2017 and 
then compute the out-of-sample VaR estimates from January 2, 2018 to December 31, 2018.  
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Figure 13 
 VaR 95% and Var 99% for S&P500 index applying ARCLD–II model  

 
This figure presents the out of the sample VaR 95% and VaR 99% confidence levels for S&P500 index considering ARCLD–II model. 
The S&P500 index returns is in red and VaR 95% and VaR 99% are in blue. The area shaded in light blue is the difference between 
the Var 95% and Var 99% confidence levels. We estimate ARCLD–II model using data from January 2, 2016 to December 31, 2017 
and then compute the out-of-sample VaR estimates from January 2, 2018 to December 31, 2018. 
 

  

 

Figure 14 
 VaR 95% and Var 99% for TWSE index applying ARCLD–II model  

 
This figure presents the out of the sample VaR 95% and VaR 99% confidence levels for TWSE index considering ARCLD–II model. 
The TWSE index returns is in red and VaR 95% and VaR 99% are in blue. The area shaded in light blue is the difference between the 
Var 95% and Var 99% confidence levels. We estimate ARCLD–II model using data from January 2, 2016 to December 31, 2017 and 
then compute the out-of-sample VaR estimates from January 2, 2018 to December 31, 2018. 
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Figure 15 
 VaR 95% and Var 99% for Ibovespa index applying ARCLD–I model for a longer 

sample  
 

This figure presents the out of the sample VaR 95% and VaR 99% confidence levels for IBOV index considering ARCLD–I model. 
The IBOV index returns is in red and VaR 95% and VaR 99% are in blue. The area shaded in light blue is the difference between the 
Var 95% and Var 99% confidence levels. We estimate ARCLD–I model using data from January 2, 2010 to December 31, 2014 and 
then compute the out-of-sample VaR estimates from January 2, 2015 to December 31, 2018. 
 

 
 
 
 

 

 Figure 16 
 VaR 95% and Var 99% for Ibovespa index applying ARCLD–II model for a longer 

sample  
 

This figure presents the out of the sample VaR 95% and VaR 99% confidence levels for IBOV index considering ARCLD–II model. 
The IBOV index returns is in red and VaR 95% and VaR 99% are in blue. The area shaded in light blue is the difference between the 
Var 95% and Var 99% confidence levels. We estimate ARCLD–II model using data from January 2, 2010 to December 31, 2014 and 
then compute the out-of-sample VaR estimates from January 2, 2015 to December 31, 2018. 

  
  
  

 

 


