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Resumo
Desenvolvemos um modelo de busca de trabalho e postagem de salários na presença de

um setor público. Investigamos o impacto da política de determinação de salários do setor

público em desfechos no mercado de trabalho – especificamente, o impacto na determinação

de salários no setor privado. O modelo proposto é tratável: provamos existência e unicidade

do equilíbrio, além de fornecermos resultados analíticos de estáticas comparativas. Nossa

motivação reside no aumento em 10 pontos de log no diferencial de salários público-privado

no Brasil no período de 2002-2012 – um fato negligenciado na discussão sobre a queda da

desigualdade salarial no Brasil.

Palavras-chave: Modelos de busca; setor público; determinação de salários no setor

privado.



Abstract
We develop an equilibrium wage posting job search model with a public sector. We

investigate the impact of public sector wage policy on labor market outcomes – specifically,

the effect on private sector wage setting behavior. The model is tractable: we prove

existence and uniqueness of equilibrium and also provide formal comparative statics results.

Our motivation stems from the 10 log point increase in the public-private wage gap in

Brazil during 2002-2012 – a largely overlooked fact in the discussion of Brazil’ inequality

decline. This is still work in progress, and in the empirical implementation we will estimate

the model and use it to evaluate the equilibrium impact of this increase in public sector

wages.

Keywords: Job search; public sector, private sector wage setting.
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1 Introduction

Brazil experienced a sharp fall in income inequality from the mid-1990s to the

beginning of the 2010s. The most prominent explanatory factors that have been proposed to

understand changes in the wage distribution are either related to the supply and demand of

relatively skilled workers or to institutional factors in the labor market – most notably the

minimum wage. Early work attributes most of the decline to changes in the relative supply

of skilled workers given the large increase in educational attainment Brazil experienced

in the period (Barros et al., 2010), while some recent papers attribute the decline to

the increase in the real minimum wage during the period (Engbom and Moser, 2018).

Also, recent work stressed the importance of demand-side shocks – such as skill-biased

technical change – for a complete understanding of the evolution of inequality in Brazil

(Haanwinckel, 2018).

Amid these changes in the labor market, however, an important change has been

overlooked in the process of understanding the inequality decline: as we document in

Chapter 2, the public-private wage gap, after controlling for observable characteristics,

increased by 10 log points in the 2002-2012 period. This oversight is surprising given

that the public sector accounts for a non-negligible share of employment in the labor

market, employing roughly 13% of the workforce over the period. To the extent that

workers’ decisions are affected by the existence of this premia, it is reasonable to accept

the possibility the public sector will influence labor market outcomes.

Based on Bontemps et al. (2000) we embed a public sector into an equilibrium job

search model à la Burdett and Mortensen (1998) to investigate the impact of public sector

wage policy on labor market outcomes. Our goal is to understand the extent to which

changes in public sector pay policy can affect wage setting behavior in the private sector.

In the model, workers search for jobs in a two-step process. First, they choose the sector –

private or public – in which they will search for jobs. Then, they are faced with random

search for jobs within the sector they are looking for jobs. Private sector firms, in turn,

choose what wage to post in the market. The main link between sectors is the presence

of matching functions, which introduces a restriction between tightness in a sector and
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the ability to find jobs. This feature of the model allows us to take into account firms’

endogenous response to changes in labor supply arising from public sector policies.

There are two main theoretical differences from alternative two-sector equilibrium

search models such as Bradley et al. (2017), Meghir et al. (2015) and Shephard (2017).

First, in these models workers face simultaneous random search from both sectors. As in

Brazil the majority of public sector jobs require the applicant to be approved in competitive

national admission exams, we believe our modelling assumption of a directed first step

to be a more accurate description of how workers search for jobs. Second, these models

also assume employed workers receive offers from the other sector, thus allowing for direct

transitions. We refrain from this assumption for two reasons. First, as we document in

Chapter 2, empirically the direct worker flows between sectors are negligible. Second, this

simplification entails more tractability to the model. This allows us to provide formal

results which were unavailable in previous work and are one of the main contributions of

our paper: we provide a proof of existence and uniqueness of equilibrium in our model and

analytically derive comparative statics, both of which are typically only assessed through a

numeric implementation of the model. We show that an increase, in first-order stochastic

dominance sense, of the public sector wage offer distribution increases tightness in the

private sector, decreases tightness in the public sector and leads to an increase in private

sector wages. We also show that an increase in the size of the public sector increases leads

to an increase in private sector wages as well.

We also discuss formal identification of model parameters. In the spirit of Flinn

(2006), we show that it is possible to identify the matching function parameters provided

we have data from two different steady-states of our model. We intend to build on these

results and proceed with the estimation of the model through a three-step non parametric

procedure as in Bontemps et al. (2000); Shephard (2017).

As this is still work in progress, we now briefly discuss how we intend to proceed

with the paper. From a theoretical standpoint, we will introduce two features to the

model: a minimum wage and worker heterogeneity. The motivation for introducing worker

heterogeneity relies on two facts, documented in Chapter 2. First, for workers with at most

a high school degree, the public-private wage differential was positive and it remained

roughly constant in the 2002-2012 period; while in the same period the public-private
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wage gap increased substantially for workers with at least a college degree. Second, the

public sector started hiring relatively more workers with at least a college degree. The

most straightforward way to introduce worker heterogeneity, and also how we intend to,

at first, do it, is to consider segmented markets à la Van den Berg and Ridder (1998).

The motivation for introducing a minimum wage is the fact that during the 2002-

2012 there was a remarkable increase in real terms of the minimum wage in Brazil.

Engbom and Moser (2018) analyze the effects of this increase using an equilibrium wage

posting model and attribute most of the decline in earnings inequality in Brazil to the

minimum wage policy. We seek to conduct, in our counterfactual exercises, a model-based

decomposition of the effects of the minimum wage increase and the public-private wage gap

increase. To this end, we will treat the distribution of offered wages in the public sector as

an exogenous policy parameter. We believe that the joint comparison of different policies

is important to understand their complementarity, substitutability or, even, potential

offsetting effects.

1.1 Related literature

Perhaps surprisingly, not much work has been done that incorporate a public sector

into equilibrium models of the labor market. One branch of the literature focused on

investigating the impact of the public sector on the volatility of aggregate wages and

employment (Hörner et al., 2007; Gomes, 2015; Quadrini and Trigari, 2007). In turn,

Albrecht et al. (2018) and Gomes (2018) build on the canonical Diamond-Mortensen-

Pissarides model (Pissarides, 2000) and introduce a public sector. Both papers allow for

workers’ heterogeneity in human capital, which permit the comparison of policies across

different types of workers. Cavalcanti and Santos (2018) take a different route and develop

a life-cycle model to analyze how an overpaid public sector may affect occupational choices

of agents and generate misallocation.

More closely related are Burdett (2012) and Bradley et al. (2017). Burdett (2012)

includes a public sector in a Burdett and Mortensen (1998) framework where firms post

wages. In his model, however, the public sector sets an unique wage. Bradley et al. (2017) is

the closest to our paper. Similarly to ours, their model extends the Burdett and Mortensen

(1998) framework with the introduction of an exogenous public sector, and they also
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examine how public sector policies affect the distribution of wages and employment in the

private sector. We differ from their work in two ways. First, from a theoretical standpoint,

in their model workers face simultaneous random search from both sectors and may receive

job offers from either sector while employed. The optimal strategy for an employed worker

to transition between sectors involves a reservation wage that depends on the current wage.

Due to this fact, their model is intractable, and they rely on the numerical implementation

to assess both the existence of equilibrium and their comparative statics results. We believe

our model to be more adequate given the Brazilian institutional setting. Moreover, the

formal results we are able to obtain with our model provide us with discipline for the

empirical implementation we mean to perform. The second difference is empirical. They

use the model to investigate the effects on private sector wages of a fiscal consolidation

in the UK. We will conduct a model-based decomposition of the effects of the minimum

wage and public sector wages, isolating the role of each variable in order to assess their

relative contribution to labor market outcomes – specifically, private sector wages. This is

how we intend to also contribute, upon completion of this paper, to the literature on the

determinants of inequality in Brazil (see Alvarez et al. (2018), Barros et al. (2010) and

references therein).

1.2 Outline

The paper proceeds as follows. Section 2 establishes some facts regarding the public

sector and provides motivation for our modelling assumption of worker search. Section

3 introduces our model. Section 4 defines and characterizes the equilibrium. We provide

a proof of existence and uniqueness of equilibrium and some comparative statics results.

Section 5 presents the identification results for the model. Section 6 concludes.
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2 Motivating facts

In this section we present the facts that motivate our study and provide empirical

support to some modelling assumptions. We use data from a cross-section household survey

(PNAD) to assess the wage differential between the private and public sectors and data

from a household rotating panel (PME) to compute the transitions. The two datasets and

our sample selection are discussed in Appendix E.

2.1 Public-private wage gap

Figure 1 presents the yearly point estimates and confidence intervals of raw wage

differentials and Mincerian wage equations. To account for the fact that the average

number of hours worked is smaller in the public sector, we use as a dependent variable

the log hourly wage. The control variables are schooling dummies, experience, gender and

occupation dummies.1

Figure 1 – Public-private wage gap

(a) Aggregated

0
.1

.2
.3

.4

2002 2004 2006 2008 2010 2012

Raw Controlled

(b) By education

-.1
0

.1
.2

.3

2002 2004 2006 2008 2010 2012

At most EM At least ES

Data: PNAD 2002-2012. Point estimates from Mincerian wage equation. Dependent variable:
log hourly wage. Controls: schooling dummies, experience (plus quadratic), sex and occupation
dummies. Robust standard errors.

As we can see in Figure 1, in the period 2002-2012 there was a large and increasing

aggregated raw public-private wage gap, rising from 29.4 log points in 2002 to 38.4 log
1 There were 16 schooling dummies, each representing the number of completed years of schooling, and

11 occupation dummies.
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points in 2012. A significant part of this wage gap was driven by differences in worker

characteristics, as we can see from the difference in level between the raw and controlled

wage gap. However, even after accounting for observable characteristics, the aggregated

public-private wage gap rose 11.1 log points, going from 4.8 log points in 2002 to 15.9 log

points in 2012. This is a remarkable increase in the wage differential. By decomposing the

results by educational level we obtain a picture of what might be driving this differential.

For workers with at most a high-school degree (Ensino Médio - EM ), we see a large

public-private wage differential, which stayed close to roughly 20 log points over the

period.2 Workers with a college degree (Ensino Superior - ES), in turn, went from a more

favorable wage in the private sector in 2002 to a higher public sector wage differential of

approximately 22.2 log points in 2012. This increase in the wage gap was concomitant to an

increased hiring of workers by the public sector with at least a college degree (see Figure 3

in Appendix D). One of the next steps of our paper is to introduce worker heterogeneity

that can account for this difference.

2.2 Worker flows

To construct the estimates of worker flows, we follow individuals from the first

interview for up to the first four months or until their first move (if sooner). This first

move from the initial state is what we consider to be a transition.3 At the time of the first

interview we observe worker’s employment status. We then use information on employment

status and time in the current state from the subsequent three months to construct the

estimates.

Table 1 presents the estimates of worker flows, pooling data from the period 2002-

2012. As we can see from aggregated transitions in the first column, the direct transitions

between sectors without an intervening unemployment spell are very infrequent. Of all

workers who were initially employed in the public sector only 0.48% of them make a direct

transition to the private sector, while for those initially employed in the private sector,

only 0.08% switch sectors directly. The fact that these transitions are negligible provides

empirical justification for our modelling assumption of job search.
2 The smallest wage differential – approximately 15.2 log points – occured in 2012, while the largest –

approximately 25.1 log points – occurred in 2006.
3 Using the first move to compute transitions minimizes the effects of attrition (Jolivet et al., 2006;

Meghir et al., 2015).
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Table 1 – Labor market flows (percent of workers by initial status)

All At most
EM

At least
ES

Unemployment
Unemployed - Private 29.19 29.50 24.20
Unemployed - Public 1.34 1.12 4.44
Private
Private - Private 5.29 5.56 2.94
Private - Unemployed 1.09 1.15 0.58
Private - Public 0.08 0.07 0.19
Public
Public - Public 1.30 1.32 1.27
Public - Unemployed 0.33 0.39 0.25
Public - Private 0.48 0.57 0.34

Notes: PME 2002-2012. Individuals are active and not do-
mestic workers aged 23-65. Unemployed who were inactive
in the previous 12 months are excluded. EF denotes primary
level, EM denotes secondary level and ES denotes college.

Decomposing the results by educational level do not alter our conclusions regarding

direct transitions between sectors. It does, however, uncover some differences with respect

to other transitions. There is much more mobility from unemployment into public sector

jobs for workers with at least a college degree. Moreover, these workers are less likely to

lose their jobs than those with at most a high-school degree. Again, we intend to introduce

worker heterogeneity into the model so that we can account for these diffences in mobility.
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3 Model

In this section we present our model and make remarks regarding its assumptions.

The economy is composed of a continuum of infinitely lived and risk-neutral workers with

size normalized to unity, a continuum of heterogeneous risk-neutral private sector firms

with mass mp and a public sector with size mg who meet in a frictional labor market.

Throughout, we indicate the sector by using a subscript s ∈ {p, g} for private sector

and public sector, respectively. Time is continuous with infinite horizon and we focus on

stationary equilibria.

3.1 Workers

Workers discount the future at rate ρ and maximize expected lifetime income.

We assume workers search for jobs according to a two-step process. In the first step,

reminiscent of the directed search approach, workers choose the sector, either private or

public, in which to search for jobs. Upon choosing the sector, workers enter the pool of

unemployment in the sector and face random search for jobs. The assumption of a two-step

process search contrasts with the full random search assumption of recent two-sector search

models in which unemployed workers may receive offers from either sector (Meghir et al.,

2015; Bradley et al., 2017; Shephard, 2017) and we discuss it below.

Job offer arrivals follow Poisson processes with arrival rates that differ depending on

the sector and current worker state of unemployment or employment. When unemployed in

sector s, workers receive job offers at rate λus, while employed workers in sector s receive

job offers from the same sector at rate λs. While the workers take arrival rates as given,

they are endogenously determined according to the tightness of each sector’s labor market,

and we postpone the discussion of their determination to Chapter 3.

A job offer in the private sector entails a wage draw from the wage offer distribution

Fp, which arises endogenously as a result of optimal behavior from firms, taking worker’s

behavior and the public sector as given. Job offers in the public sector, in turn, entail wage

draws from the exogenous wage offer distribution Fg, which is assumed to be continuous.

The support of the distribution Fs is [ws, ws].
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Employed workers in sector s face the possibility of layoffs, which occur exogenously

according to a Poisson process with rate δs. Upon layoff, workers become unemployed and

are faced with the decision of which sector to direct their search to. Workers choose the

sector in which they obtain the highest value of unemployment Us, which satisfies

ρUs = bs + λus

[∫
max {Vs(x), Us} dFs(x)− Us

]
.

The first term, bs, is the flow of utility the worker receives if unemployed in sector s. It

is a reduced form variable that encapsulates all other costs and benefits stemming from

not being in the market, such as the cost of searching for a job, the value of leisure and

unemployment benefits. We do not restrict it to be equal across sectors, which is both

flexible from a theoretical and empirical perspective, and realistic, as one may expect

unemployment benefits and search costs to differ. The value of employment in sector s

when receiving wage w, Vs(w), satisfies

ρVs(w) = w + λs

∫ ws

w
[Vs(x)− Vs(w)] dFs(x) + δs [max {Up, Ug} − Vs(w)] .

The term max {Up, Ug} on the right-hand side illustrates the worker’s decision of sector.

The optimal strategy of unemployed workers in sector s involves a reservation wage

Rus, the lowest wage workers will accept to exit unemployment. It takes a similar form

to the standard reservation wage in the presence of on-the-job search (Mortensen and

Neumann, 1988), with a slight modification to account for the decision of which sector to

direct the search to. It is the solution to:1

Rus = bs + (λus − λs)
∫ ws

Rus

1− Fs(x)
ρ+ δs + λs (1− Fs(x)) dx− δs [max {Up, Ug} − Us] . [3.1]

Note that when workers are indifferent between searching in the public and private sectors,

the right hand side term δs [max {Up, Ug} − Us] equals zero, and we return to the standard

case. If, however, U−s > Us, this term will not be zero and will contribute negatively to

the reservation wage. This reflects the fact that, conditional on already having chosen to

search in sector s, if the other sector is more attractive the worker will accept a lower

reservation wage, since the only way to switch sectors is to obtain a job and be laid-off.

For workers employed at wage level w, the optimal strategy also involves a cutoff strategy:

they accept any wage offer larger than w.
1 See Appendix A for a derivation of this expression.
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3.2 Steady-state worker flows

Given the reservation wages, we can now specify the flow of workers into and out of

unemployment and employment. Workers can be in four different states: either employed

in sector s or unemployed in sector s. Let es denote the mass of employed workers in sector

s and us denote the mass of unemployed workers in sector s. Since there is a unit mass of

workers in the economy, aggregate consistency requires

ep + up + eg + ug = 1. [3.2]

Figure 2 illustrates the dynamics of steady-state flows in the economy. The filled

lines are labeled with the rate of the Poisson process associated with the transition, while

the dashed lines are labeled with the proportion of unemployed workers u = up + ug who

direct their search to a particular sector.

u

upug epeg

φ1− φ

λupλug
λp

δp

λg

δg

Figure 2 – Labor market states and transitions

At each instant, there is an instantaneous flow of workers from both sectors into

unemployment, given by epδp + egδg, who must choose the sector to which they will direct

their search. To determine the flow into each sector, let φ ∈ [0, 1] denote the probability a

worker who just became unemployed chooses to search in the private sector. In steady-

state, the flow of unemployed private sector workers into employment, upλup (1− Fp(Rup)),

equals the flow of workers into unemployment in the private sector, φ [epδp + egδg]:

upλup (1− Fp(Rup)) = φ [epδp + egδg] . [3.3]

Analogously, the flow of unemployed public sector workers into employment equals the

flow of workers into unemployment in the public sector:

ugλug (1− Fg(Rug)) = (1− φ) [epδp + egδg] . [3.4]

Let Gs denote the distribution function of wages received by currently employed

workers in sector s.2 Consider employed workers receiving a wage lower than or equal to
2 This is referred in the literature as the earnings distribution.



Chapter 3. Model 21

w. In steady state, we must have for any w ∈ [ws, ws],

usλus max{Fs(w)− Fs(Rus), 0} = esGs(w) [δs + λs (1− Fs(w))] . [3.5]

The left hand side equals the flow of unemployed workers in sector s into employment

at wage level lower than or equal to w. They receive wage offers at rate λus and accept

any offer larger than the reservation wage Rus. The right hand side, in turn, equals the

flow out of employment at wage level lower than or equal to w. It is the sum of layoffs,

δsesGs(w), with the flow of workers into jobs paying more than w, λus [1− Fs(w)] esGs(w).

Evaluating [3.5] at the largest wage ws and using [3.3], we obtain an expression for φ:3

φ = epδp
epδp + egδg

.

Further, using [3.5], we can obtain an expression for the distribution function of cross-

sectional wages in sector s

Gs(w) = δs max{Fs(w)− Fs(Rus), 0}[
δs + λs(1− Fs(w))

](
1− Fs(w)

) = max{Fs(w)− Fs(Rus), 0}[
1 + αsλus(1− Fs(w))

](
1− Fs(w)

) , [3.6]

where κp = λup/δp and αp is the search efficiency parameter.4

We can simplify the previous expression for the private sector. As is well known

since Burdett and Mortensen (1998), in any equilibrium active private sector firms will

not offer wages smaller than the reservation wage Rup; this property is also present in our

model. Thus, Fp(Rup) = 0, and we obtain Gp(w) = Fp(w)
1+αpλup(1−Fp(w)) . For the public sector,

however, since the wage offer distribution is exogenously given, it need not be the case

that the smallest offered wage is the reservation wage Rug.5

Using the two private sector wage distributions we can derive the steady-state size

L(w) of a firm offering wage w, which is given by the following well known expression

(Burdett and Mortensen, 1998; Bontemps et al., 2000).6

L(w) = lim
ε→0

Gp(w)−Gp(w − ε)
Fp(w)− Fp(w − ε)

ep
mp

= ep
mp

1 + αpκp

[1 + αpκp (1− Fp(w))]2
. [3.7]

3 Note that one could arrive at the same expression by combining [3.5] at the largest wage wg and [3.4].
4 See the definition of the matching function.
5 This means that, when taking the model to the data, we only effectively observe a truncation (at

the reservation wage Rug) of the wage offer distribution Fg. This fact gives rise to the recoverability
problem (Flinn and Heckman, 1982), and we will further discuss it in Chapter 5.

6 The expression for L(w) when Fp has mass points is slightly different (Burdett and Mortensen, 1998).
Since any equilibrium wage offer distribution Fp has no mass points, we use this fact to simplify the
exposition.
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3.3 Firms

We assume firms differ in exogenously determined productivity y, with distribution

function denoted by Γ with support [y, y]. We assume Γ is differentiable and has connected

support. A firm with productivity y chooses a wage w to post and commits to pay it through

the duration of any match.7 Moreover, it is subject to an equal treatment constraint: the

firm must pay the same wage to all of its workers. Since we do not explicitly model firm

recruiting intensity, the implicit assumption here is that firms can costlessly post one

vacancy and, upon hiring a worker, can immediately repost the vacancy.

Firm productivity y corresponds to the flow of marginal revenue generated by an

employed worker. We assume firms operate linear production technologies and post wages

to maximize steady-state profit flows π(y, w) = (y − w)L(w).8 The optimal strategy for a

firm with productivity y is an element of the set of optimal wages K(y) = arg maxw π(y, w).

We make the following assumption, which rules out trivial cases in which no job

offer is attractive for the worker.

Assumption 1. bp < y and bg < wg.

Firms face the decision of entry in the market. Denote by ∅ the solution to the

firm’s problem when it chooses not to enter the market. Let Fy(w) denote the proportion

of firms with productivity y offering wage w or less:

Fy(w) =


0 if ∅ = K(y)

1 if ∅ 6∈ K(y) and ∀w′ ∈ K(y), w′ ≤ w.

Therefore, we can define the offer wage distribution as

Fp(w) =
∫ y

y
Fy(w) dΓ(y).

As entry may be binding, we let y0 denote the infimum productivity of firms that decide

to enter and become active in the market and Γ0 denote distribution of productivities of
7 See Coles (2001) for a wage posting model without this commitment constraint.
8 Although this may seem like a behavioral assumption for the firms, in practice, it is not. As stated

in Moscarini and Postel-Vinay (2016), “maximization of steady-state profit flows coincides with full
dynamic maximization of the present discounted value of future profits when firms are infinitely patient.
If not, the two problems yield solutions that produce the same steady-state allocation”. See also the
discussion in Moscarini and Postel-Vinay (2013).
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active firms on the labor market:

Γ0(y) = Γ(y)− Γ(y0)
1− Γ(y0) .

3.4 Matching function

Our model, as it is, does not present a direct link between equilibrium outcomes

in the private and public sectors. Thus, we now specify λus and λs as functions of the

measures of active agents in the private and public sectors.

We assume that the flow of matches in sector s is given by a function Ms(·, ·) of the

effective measure of searching workers and the measure of vacancies. Workers search for

better jobs; however, the effective measure of searching workers may differ from the mass

of searching workers es + us because employed workers may search for jobs with a different

intensity than unemployed workers. Let αs > 0 denote the relative search efficiency of

employed workers relative to the unemployed. Thus, the effective measure of searching

workers is given by us + αses. Active firms seek to expand and thus, since they always

have a vacancy available, the measure of vacancies in the private sector equals the mass

mp of active firms. Since we do not model the public sector’s hiring decision, we consider

the measure of vacancies in the public sector to be equal to its mass mg.9

In line with the empirical literature on matching functions, we assume Ms is

increasing in both its arguments, concave, and exhibits constant returns to scale. In

particular, we assume the matching function is Cobb-Douglas

Ms(us + αses,ms) = (us + αses)1−βsmβs
s . [3.8]

where 0 ≤ βs ≤ 1. Therefore, we are able to determine the arrival rates as

λus := Ms(us + αses,ms)
us + αses

=
[ ms

us + αses

]βs
, [3.9]

and λs = αsλus.
9 One possible way of interpreting this is to think of the public sector as a continuum of offices with

mass mg, with each office behaving like an active firm in that it always posts a vacancy and, upon
hiring a worker, immediately repost it.
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We make the following assumption on αp and αg, which implies unemployed

workers search more efficiently than employed workers and, thus, that the arrival rate

when unemployed, λus, is larger than the arrival rate when employed, λs.

Assumption 2. αs < 1 for s ∈ {p, g}.

Empirical evidence in the literature suggests that, in general, λus > λs. As discussed

in the previous section, the observed proportions job-to-job transitions are, in both

sectors, smaller than the proportions of job-to-unemployment transitions, which seems to

provide some empirical credibility to this assumption.From a theoretical standpoint, it

has implications to the reservation wage equation [3.1], since more efficient search while

unemployed implies Rus > bs. Furthermore, and more crucially, Assumption 2 is relevant

for establishing existence of equilibrium in our model.

3.5 Remarks

The full random search assumption, as assumed in Meghir et al. (2015); Bradley

et al. (2017); Shephard (2017) may be a more accurate description of job search when

sectors have similar hiring procedures; however, the majority of public sector jobs in Brazil

require the applicant be approved in competitive national admissions exams (concurso

público). Modelling the sector choice as directed here implies that workers are unable to

actively search for jobs in both sectors. While we could theoretically allow for simultaneous

search, we refrain from it for an empirical reason. We believe the vast majority of workers

applying for public sector are not actively searching for jobs in the private sector. Moreover,

in the Brazilian institutional setting, assuming that all workers who search for jobs in the

private sector are also searching in the public sector is counterfactual.

The directed search structure of the first step implies sectoral unemployment rates

in our model, rather than an unified rate that arises in multi-sector random search models.

The pool of unemployment in a given sector s corresponds to those workers that directed

their search towards sector s but have not received an acceptable job offer. One can view

this setting as two distinct Burdett and Mortensen (1998) economies with workers choosing

which one to participate. These economies will not, as will become clear, be independent.
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Also differently from Bradley et al. (2017) and Meghir et al. (2015), we do not

allow for transitions between sectors. As we have seen in the previous section, the observed

proportions of job spells ending with a job-to-job transition between sectors are very small.

This modelling choice improves the tractability of the model and allows us to derive formal

results of comparative statics.

The exogeneity of the public sector entails further discussion. The main focus of

this paper is to understand the equilibrium effects that may arise due to changes in some

dimensions of the public sector - specifically, wages and size. In order to attribute these

effects, between different steady states of our model, to changes in public sector wages

and its size, we need to treat these variables as policy parameters. Although consider

that a better understanding of the determinants of public sector wage setting and hiring

decisions is relevant from a policy standpoint, this is outside of the scope of the paper

and we do not pursue it here. Instead, we choose to remain agnostic on the public sector’s

objective function. Of course, this decision is not without drawbacks. Our model is not

well suited for any kind of proper welfare analysis, since we are unable to assess public

sector efficiency.
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4 Equilibrium characterization

4.1 Definition

Having fully described the environment of our model, we can now focus on defining

and characterizing the set of equilibria.

Definition 1. An equilibrium is composed of: reservation wages for the unemployed Rup

and Rug; masses of unemployed and employed workers up, ug, ep and eg; arrival rates λup
and λug; the probability φ an unemployed worker chooses to search in the private sector;

the distribution of productivity y firms offering at least wage w, Fy(w); and the wage offer

distribution Fp(w), such that

Worker optimality

1. The probability an unemployed worker chooses to search in the private sector

satisfies (i) φ = 1 if Up > Ug; (ii) φ = 0 if Up < Ug; (iii) φ ∈ [0, 1] if Up = Ug.

2. For sector s ∈ {p, g}, the reservation wage for the unemployed workers Rus satisfies

Rus = bs+(λus − λs)
∫ ws

Rus

1− Fs(x)
ρ+ δs + αsλus (1− Fs(x)) dx−δs [max {Up, Ug} − Us] ,

while the reservation wage of employed workers at wage level w satisfies Rs(w) = w.

Firm optimality

K(y) maximizes π(y, w) for Γ-almost all y ∈ [y, y].

Market clearing

1. The masses up, ug, ep, eg satisfy aggregate consistency ep + up + eg + ug = 1 and

are consistent with steady-state flows [3.3] and [3.4].

2. The arrival rates λup, λug, λp, λg are consistent with the matching functions and

satisfy [3.9].

3. The distribution of wage offers in the economy satisfies Fp(w) =
∫ y
y Fy(w) dΓ(y).

Our definition of equilibrium is general in the sense that it encompasses the cases

without equality between unemployment values Up and Ug, thus allowing for the possibility
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of either the private sector or the public sector not existing. It is the natural extension

of the equilibrium concept used in Bontemps et al. (2000), since any equilibria in their

model is a special case in ours.1 The limiting cases with only one active sector, however,

are not adequate for our purposes. In our empirical implementation, we seek not only to

understand workers’ response to public sector policy changes but also the optimal reaction

by private sector firms – it is thus necessary that we look at equilibria, both before and

after policy changes, in which both sectors coexist. Thus, it is useful to introduce the

following refinement of our equilibrium concept. In what follows, we will focus on this

restricted class of equilibria.

Definition 2 (Restricted equilibrium). An equilibrium is restricted if Up = Ug.

A key element of our model is that workers decide whether to search in the private

or the public sector. In any restricted equilibrium, workers must be indifferent between

searching in either sector so that the values of unemployment are equal.2 Indifference

between both sectors implies, by Definition 1, any value of φ ∈ [0, 1] is consistent with

a restricted equilibrium. For the purposes of our empirical application, however, we will

further focus on interior equilibria (φ ∈ (0, 1)) in which there is a positive mass of workers

in both sectors. It is immediate from Definition 1 and Definition 2 that any equilibrium

with φ ∈ (0, 1) is a restricted equilibrium. Henceforth, to simplify exposition, when we

refer to an equilibrium we shall mean a restricted equilibrium.

4.2 Characterization

In our model, conditional on choosing the private sector, the worker faces an

environment which is very similar to Bontemps et al. (2000). In fact, their model is a

special case of ours, without the public sector and with exogenous arrival rates. While

the presence of a matching function - which makes the arrival rates endogenous - has

important implications for the construction of equilibrium as we will see below, the main

properties from their environment are also present in any equilibrium of our model.

We start with properties that the private sector wage offer distribution must satisfy

in equilibrium. First, it can be shown that the support of Fp has no mass points. This is
1 Provided, of course, one imposes Assumption 1 and Assumption 2.
2 As we will see below, this property will be central in our construction of a restricted equilibrium.
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a consequence of the fact that a wage offer w that attracts workers is profit-maximizing

for firms of productivity y > w only if no mass of firms offers w. Second, the support of

the wage offer distribution must be connected. Third, the lowest wage offered by firms wp
equals the reservation wage Rup.3

As briefly discussed in Chapter 3, due to the two-step configuration of worker

search, our concept of unemployment rate involves sectoral unemployment rates. Using

the fact that the reservation wage Rup is the lower bound of the wage offer distribution

Fp, one can derive the unemployment rate for the private sector

up
ep + up

= δp
δp + λup

. [4.1]

In a similar fashion, we can obtain the unemployment rate for the public sector. Here,

since the reservation wage Rug need not be the lower bound of the wage distribution Fg,

the expression differs from the private sector:

ug
eg + ug

= δg
δg + λug[1− Fg(Rug)]

. [4.2]

These expressions will be useful in Chapter 5 where we discuss identification of model

parameters.

Turning to firm behavior, it is well known since Burdett and Mortensen (1998) is

that optimal wages K(y) are strictly increasing in firms’ productivities. This is a direct

consequence of the firm’s problem and is established through a straightforward monotone

comparative statics argument. The fact that wages are strictly increasing implies that the

infimum productivity of firms that make nonnegative profit satisfies y0 = max{y,Rup}.

As in Bontemps et al. (2000), continuity of the distribution of productivities Γ

ensures only one wage can be profit maximising for a firm of productivity y.4 This provides

a one-to-one map between wages and productivities that can be used to establish a map

between the wage offer distribution Fp and the productivity distribution Γ: Fp(w) =

Γ(K−1(w)). Moreover, and more importantly, the optimal wage K(y) has a closed form

solution:
3 These three properties of the wage offer distribution are well known since Burdett and Mortensen

(1998).
4 To be precise, continuity of Γ ensures that for almost all y the optimal wage is unique. This suffices

for our purposes, as the behavior of measure zero firms will not affect equilibrium outcomes. See
Appendix B for a proof.
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Proposition 1 (Bontemps et al. (2000)). The wage offer of a firm with productivity y is

K(y) = y−
(

1 + αpκp (1− Γ0(y))
1 + αpκp

)2

[y0 −Rup]−
∫ y

y0

(
1 + αpκp (1− Γ0(y))
1 + αpκp (1− Γ0(x))

)2

dx. [4.3]

This explicit expression is very useful, as, for a given an arrival rate λup, firms’

wage determination is completely pinned down by the infimum productivity y0.

4.3 Existence

We are now ready to establish the existence of an equilibrium. Due to the construc-

tive nature of our argument, it is useful to discuss the proof since it will provide the basis

for our comparative statics results.

In any equilibrium, there are two central conditions that must be satisfied and that

provide the main connection between the private and public sectors. First, both sectors

must coexist, so their values of unemployment must be equalized (Up = Ug). Second,

market clearing must hold. As we shall establish below, the first condition implies a

positive relation between the private sector arrival rate λup and the public sector arrival

rate λug, while the second condition implies a negative relation.

These relations are intuitive. Consider first the coexistence of sectors. An increase

in, say, the public sector arrival rate means unemployed workers in the public sector receive

offers more frequently and, thus, are able to behave more selectively with regard to the

offers they accept. Ceteris paribus, this leads to an increase in the value of unemployment.

In order to sustain coexistence of sectors through changes in the private sector arrival rate,

it must be the case that it increases in order to ensure a larger value of unemployment that

restores the equality. Consider now market clearing. Holding the number of vacancies fixed,

market clearing implies a negative relation between the arrival rates. If, say, the private

sector arrival rate increases, this implies there are less workers effectively searching for

jobs in the private sector and so more workers are effectively searching in the public sector.

Then, this decrease in market tightness in the public sector leads to a smaller arrival rate.

Our proposed construction of an equilibrium involves combining these two relations

into a fixed point problem on the public sector arrival rate λug. Given any λug, there exists

a unique λup which ensures coexistence of sectors. Then, given this λup we can obtain a

unique λug for which the market clears. Any fixed point of this composed map is then
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ensured to satisfy both necessary conditions for an equilibrium. The final step in our

argument involves showing that all other equilibrium objects can be reconstructed from

the arrival rates. Note that both coexistence and market clearing are the only equilibrium

conditions whose determination depend on both the private and public sectors. Given λug
and λup, all other equilibrium objects, such as the reservation wages and the wage offer

distribution in the private sector, are completely determined within each sector.

As will become clear, since for a given λup the private sector in our model is

equivalent to Bontemps et al. (2000), determining the private sector reservation wage

and the wage offer distribution consistent with optimal behavior by both workers and

firms is equivalent to finding an equilibrium in their model. In turn, given λug, recovering

the public sector reservation wage is straightforward, as the wage offer distribution is

exogenous.

In what follows, we proceed with a series of lemmas that will be helpful in the

construction of equilibrium. For this part, however, we modify the order of our argument.

We begin by establishing in Step 1 that we are able to recover the remaining equilibrium

objects given λup and λug. Then, in Step 2 we discuss the conditions that allow us to

establish the map from λug to λup using the coexistence conditions. Step 3 proceeds by

establishing the map from λup to λug using the market clearing conditions. We conclude

in Step 4 by combining the two previous functions into a composition and showing the

existence of a unique fixed point λ∗ug.

Step 1: Reservation wages and arrival rates

To be able to define the reservation wages as functions of the arrival rates, we must

first ensure they exist as solutions to [3.1]. In any equilibrium, the equation defining the

public sector reservation wage is

Rug = bg + (1− αg)
∫ wg

Rug

λug (1− Fg(x))
ρ+ δg + αgλug (1− Fg(x)) dx. [4.4]

In Appendix C, we prove that for any λug ∈ R++ there exists a unique solution Rug (λug)

to [4.4], given the primitive parameters. In other words, given a λug, we are able to recover

reservation wage, the endogenous object governing worker behavior in the public sector.

The existence and uniqueness of a solution is fairly straightforward in the public sector,
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as, for each λug, the public sector environment is equivalent to a partial search model with

exogenous wage offer distribution and on-the-job search.

An important step in our argument is understanding how the solution Rug (λug)

behaves when λug is allowed to vary.5 We also establish in Appendix C that the solution

Rug (λug) is continuous and strictly increasing in λug. The latter property is intuitive: a

larger value of λug means unemployed workers receive wage offers more frequently and,

thus, are able to behave more selectively with regard to the offers they accept.

Establishing a similar result of existence and uniqueness in the private sector case

is more involved. Similarly to the public sector, in any equilibrium, the equation defining

the private sector reservation wage is

Rup = bp + (1− αp)λup
∫ wp

Rup

1− Fp(x)
ρ+ δp + αpλup (1− Fp(x)) dx. [4.5]

The complication, in comparison to the public sector, is that, for a given λup, the reservation

wage equation [4.5] is not recursive: the reservation wage depends directly on the wages

set by active firms but also affects firm entry through the minimum productivity y0 in the

market. Obtaining a solution to [4.5] requires that K(·) satisfies Proposition 1 and that

y0 = max{y,Rup}.6

As we discussed before, for a given λup the private sector environment is equivalent

to the model of Bontemps et al. (2000). Finding an unique solution to [4.5] is equivalent to

finding a unique equilibrium in their model. The assumption that the highest productivity

y is finite - an assumption that we maintain in our model - ensures the existence of a

equilibrium in their model and, thus, is sufficient to ensure the existence of a solution

to the reservation wage equation [4.5]. However, as discussed by Bontemps et al. (2000),

depending on parameter values there could exist multiple equilibria. In Appendix C, we

show that if we assume the flow value of unemployment bp is larger than the minimum

productivity of firms y and assume that the distribution of productivities Γ has an strictly

increasing failure rate7 then, under Assumption 2, we are able to obtain an unique solution

Rup (λup) to [4.5] for each λup ∈ R++, provided the discount rate ρ is small relative to

the layoff rate δp (Van Den Berg, 2003).Analogously to the public sector, we also want
5 As we will compose this function with the unemployment value, the behavior of the function Rug (·)

will ultimately affect the behavior of the self-map on λug we propose to construct.
6 We can use the fact that Fp(w) = Γ0(K−1(x)) and rewrite [4.5] in such way that it only depends on

the minimum productivity y0 (see Appendix C).
7 The failure rate of a distribution Γ is defined as FRΓ(y) := Γ′(y)/ (1− Γ(y)).
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to understand how the solution Rup (λup) behaves when we vary λup. In Appendix C, we

also establish that the solution Rup (λup) is continuous and strictly increasing in λup. The

intuition behind the latter result is equivalent to the public sector case.

We collect these results we discussed in the following lemmas.

Lemma 1. Given bg, ρ, δg, αg, wg and Fg, [4.4] uniquely defines Rug for any λug ∈ R++.

The solution Rug (λug) is continuous and strictly increasing in λug.

Proof. See Appendix C.

Lemma 2. Assume bp ≥ y and assume the distribution of productivities Γ has an strictly

increasing failure rate. If ρ/δp is sufficiently small, [3.1] uniquely defines Rup for any

λup ∈ R++. The solution Rup (λup) is continuous and strictly increasing in λup.

Proof. See Appendix C.

Step 2: Arrival rates and coexistence condition

With the functions mapping the arrival rates to reservation wages being well defined,

we can now turn to the indifference condition. As a by-product of the manipulations to

derive the reservation wage equation [3.1], we obtain a more explicit expression of the

unemployment value in the private sector Up and in the public sector Ug, which do not

depend on value functions.8 Substituting the reservation wages as functions of the arrival

rates defined in Step 1, we are able to define the unemployment values as functions of only

the arrival rates.

Ug (λug) = 1
ρ

[
bg + λug

∫ wg

Rug(λug)

1− Fg(x)
ρ+ δg + αgλug (1− Fg(x)) dx

]
, [4.6]

Up (λup) = 1
ρ

[
bp + λup

∫ y

y0

1− Γ0(y)
ρ+ δp + αpλup (1− Γ0(y))K

′(y) dy
]
. [4.7]

We want to obtain an implicit function mapping λug to λup, which we will denote

by Λgp, using the indifference condition Up (λup) = Ug (λug). To proceed, we first analyse

some properties of the unemployment value as a function of the arrival rate, all of which

we state in Lemma 3.
8 See Appendix A.
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Lemma 3. For each sector s ∈ {p, g}, Us (λus) is continuous and strictly increasing. As

λup → ∞, Up (λup) → y
ρ
; and as λug → ∞, Ug (λug) → wg

ρ
. As λup → 0, Up (λup) → bp

ρ
;

and as λug → 0, Ug (λug)→ bg
ρ
.

Proof. See Appendix C.

First, we establish that Up (λup) is continuous and strictly increasing in λup and

Ug (λug) is continuous and strictly increasing in λug. The intuition for this result is analogous

to the intuition of why the reservation wages were strictly increasing with the arrival

rates: workers are better off with more frequent offers. Second, we look at limiting cases.

When the arrival rates tend to infinity, that is, λup → ∞ and λug → ∞, we establish

that, respectively, Up (λup) → y/ρ and Ug(λug) → wg/ρ. As search frictions vanish with

arrival rates tending to infinity, the monopsonistic private sector converges to a perfectly

competitive labor market in which workers are paid their marginal product (Burdett and

Mortensen, 1998). Workers effectively climb the job ladder instantaneously and, thus,

the value of unemployment equals the present discounted value of receiving the highest

possible wage y. A similar reasoning applies for the public sector: despite the absence

of the competition between firms as in the private sector, due to the fact that workers

instantaneously climb the job ladder, their value of unemployment equals the present

discounted value of receiving the highest wage wg. When the arrival rates tend to zero, that

is, when λup → 0 and λug → 0, we establish that Up (λup)→ bp/ρ and Ug (λug)→ bg/ρ. In

this limiting case we reach Diamond (1971)’s monopsony solution to the wage posting

game.

Given these properties of the unemployment values functions Ug (·) and Up (·)

discussed above, the following assumptions ensure the existence of a well defined implicit

map from λug to λug through the indifference condition.

Assumption 3. bg ≥ bp.

Assumption 4. y > wg.

Under Assumption 3 and Assumption 4, for any given λug ∈ R++, there exists a

unique λup ∈ R++ satisfying Ug (λug) = Up (λup). However, not all values of the arrival

rates are admissible by our model. Specifically, small values of either λug or λup are not
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consistent with market clearing with a positive mass of workers in either sector. As we will

see in Step 3, the market clearing conditions imply a strictly decreasing function that maps

λup to λug. Then, somewhat loosely, if for example λug is too small, even an infinite λup
would not suffice to clear the market of worker flows. Lemma 4 determines the existence

of minimum values λug and λup for which the market clears under coexistence of sectors.

Lemma 4. There exist minimum values λug and λup such that market clearing holds for

any λug > λug and any λup > λup. Moreover, λug ∈
(
mβg
g ,

m
βg
g

α
βg
g

)
and λup > [(1− Γ(αpbp +

(1− αp)y)Mp]βp.

Proof. See Appendix C.

Lemma 4 implies that Assumption 3 can be weakened.Provided Ug
(
λug

)
≥ bp,

we can always find a value of λup such that Ug
(
λug

)
= Up (λup). This condition is both

necessary and sufficient for the existence of a well defined function and, more critically, it

implies Assumption 3 need not hold.

Assumption 4, in turn, is not restrictive. Rather, by ruling out the counterfactual

case in which the highest offered wage in the public sector is larger than the highest

possible offered wage in the private sector, it provides empirical credibility for the model.

From a theoretical perspective, Assumption 4 imposes a restriction on the possible values

for the private sector arrival rate in equilibrium: λup has an upper bound given by

λup := sup{λup : Up (λup) ≤ wg}.

To conclude the definition of Λgp, let λINF
up := inf{λup : Ug

(
λug

)
= Up (λup)}. To

account for the possibility that λup > λINF
up , we also let λ̃up := max{λug, λINF

up }. We can

then define the function Λgp : [λug,+∞)→ [λ̃up, λup], which takes a λug and uniquely maps

it to a λup through the indifference condition, while also ensuring that the values of both

the domain and range are consistent with market clearing. Due to the continuity of both

Ug (·) and Up (·), the map Λgp is continuous. It is also strictly increasing, since Ug (·) is

strictly increasing in λug and Up (·) is strictly increasing in λup.
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Step 3: Arrival rates and market clearing

We now turn to the market clearing conditions to establish a map from λup to λug.

Let Λpg : (λ̃up, λup)→ R++ be defined as follows

Λpg(λup)=
{
λug : (1) ep, eg, up, ug ≥ 0, (2) ep + eg + up + ug=1,

(3) egδg=ugλug[1− Fg(Rug (λug))], (4) epδp=upλup,

(5) λug=
[

mg

ug + αgeg

]βg
, (6) λup=

[
(1− Γ(max{y,Rup(λup)}))Mp

up + αpep

]βp}
.

Lemma 5 shows Λpg is a strictly decreasing function. This is intuitive, as increasing the

tightness of the private sector, marked by an increase in λup, translates into decreased

tightness in the public sector.

Lemma 5. Λpg is strictly decreasing and continuous.

Proof. See Appendix C.

Step 4: Defining the composition

We now construct the composition between Λgp defined with the indifference con-

dition and the function Λpg defined with the market clearing conditions. Let Λλ : Λpg ◦

Λgp : (λug,+∞)→ R++. Since Λpg is continuous and strictly decreasing and Λgp is continu-

ous and strictly increasing, we deduce Λλ is strictly decreasing and continuous. At first

glance, a fixed point λ∗ug = Λλ

(
λ∗ug

)
need not exist, even though uniqueness is assured

whenever it does.9 It turns out we can prove the existence of a fixed point of Λλ. The

following result obtains.

Theorem 1. There exists a unique equilibrium.

Proof. See Appendix C.

The fixed point of Λλ is indeed an equilibrium of our model. This is due to the fact

that the construction of Λgp restricted the possible values of the arrival rates to ensure their
9 The complication arises due to the fact that the range of Λpg does not equal the domain of Λgp,

(λug,+∞). Were it the case, the composition Λλ would provide us with a self map on the arrival rate
of the public sector λug, allowing us to immediately deduce the existence of a unique fixed point. In
fact, the range of Λpg depends critically on whether Ug

(
λug
)
≥ Up

(
λup
)
or not.
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consistency with market clearing. Given a λ∗ug, we can recover the unique λ∗up associated

with it using [4.6] and [4.7] in the coexistence condition Ug(λ∗ug) = Up(λ∗up). Using λ∗ug,

we recover the public sector reservation wage R∗ug = Rug(λ∗ug) with [4.4]. Similarly, with

λ∗up, we can obtain the minimum productivity y0 and the private sector reservation wage

R∗up = Rup(λ∗up) using [4.5]. This pins down firms’ optimal wages through 1 and, thus, the

wage offer distribution Fp. Finally, knowledge of λ∗ug and λ∗up allows us to determine the

worker masses ep, eg, up, ug which, in turn, pin down φ.

4.4 Comparative statics

We now seek to understand how changes in parameters of our model affect outcomes

in an equilibrium. Specifically, we are interested in the effect of public sector wages and its

size mg on private sector wages, unemployment and overall tightness of labor markets.

Consider the effect of an increase, in first-order stochastic dominance sense, of the

public sector wage offer distribution Fg. In what follows, we will say that x is increasing

in Fg if a first-order stochastic dominance increase in Fg leads to an increase in x. An

increase in Fg leads to a increase in λup and a decrease in λug. Intuitively, since both

Rug and Ug are increasing in Fg, as is clear from [4.4] and [4.6], it follows that the public

sector becomes more attractive through a higher unemployment value, which leads to a

higher inflow of workers choosing to search in the public sector. This, in turn, affects the

matching probabilities: the higher inflow of workers will translate into a lower λug and,

consequently, a larger λup. Formally, the increase in Fg translates into a downward shift of

the map Λλ: for any given λug, the associated λup obtained through Λgp - the indifference

condition - must be higher, which leads, through Λpg - market clearing conditions -, to

a lower λug. The changes in matching probabilities affect both sides of the market. The

decrease in λug leads to a decrease in the reservation wage Rug, dampening the initial

increase in the unemployment value Ug. It is unclear, however, whether the reservation

wage Rug increases or decreases from one steady state to the other. The increase in λup, in

turn, leads to an increase in the reservation wage Rup and to an increase in optimal wages

K(y). These findings are intuitive: if the public sector becomes more attractive to workers

due to higher wages, private sector firms will respond optimally through their wage setting

decision to prevent losing workers. They trade-off the intensive margin of price in order to
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prevent losses in the extensive margin.

Consider now the effect of an increase in the size of the public sector mg. From

[3.9], this leads to a direct increase in λug. The increased attractiveness of the public sector

leads to a higher inflow of workers choosing the public sector which decreases tightness in

the private sector, thus increasing λup. Similarly as in the case of changing public sector

wages, the increase in λup leads to an increase in the reservation wage Rup and optimal

wages K(y). The difference here is that λug also increases, which unambiguously leads to

a larger reservation wage Rug. The results are also intuitive: an increase in the size of the

public sector effectively reduces search frictions in the public sector since it increases the

vacancies available for workers, who now receive offers more frequently. This reduction in

search frictions has a positive spillover on the private sector through the market clearing

conditions.

The comparative statics results are collected in the following proposition.

Proposition 2. (i) An increase, in first-order stochastic dominance sense, of the public

sector wage offer distribution: (a) increases λup and decreases λug; (b) increases optimal

wages K(y) for each y ∈ (y0, y). (ii) An increase in public sector size mg: (a) increases

both λup and λug; (b) increases optimal wages K(y) for each y ∈ (y0, y).

Proof. See Appendix C.
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5 Identification

We now discuss formal identification of the model’s parameters (αp, αg, δp, δg, βp, βg,

bp, bg,Mp,mg,Γ, Fg). In what follows, we assume that we have access to longitudinal survey

data that provides information on employment status, spell duration and earnings for

workers. Moreover, we assume this data allow us to determine whether an unemployed

worker has recently applied or subscribed for the qualifying exams for public sector jobs –

in other words, whether the worker has chosen to search in the public sector.

The PME survey data which we used to compute the empirical transitions in

Chapter 2 is an example of a source which satisfies all these requirements. We have a set of

N workers who are initially either employed or unemployed in the private or public sector.

We can follow these workers over time from the date of the first interview until the end of

their current observed spell (or until censoring) and observe their transition, in existent.

5.1 Likelihood function

We start by deriving the individual contributions to the likelihood function. We

note that we do not use information of wages received following a job-to-job transition.

Structural estimation of wage posting models share this common issue of not permitting

job-to-job transitions associated with wage cuts. There are two alternatives that allow for

this type of transitions. The first one involves introducing into the model a reallocation

shock (Jolivet et al., 2006), which is a draw from the wage offer distribution for which

the worker is forced back into unemployment if it chooses not to accept it. The second

one involves introducing measurement error.1 Instead, we choose a partial information

approach, which has been adopted elsewhere in empirical applications of wage posting

models (Bontemps et al., 2000; Shephard, 2017).

The expressions for the individual contributions depend critically on the labor

market state and sector at the date of the first interview. We thus derive the contributions

separately for workers who are unemployed and workers who are employed at that date.
1 See Van den Berg and Ridder (1998) for a complete treatment of the likelihood function when allowing

for measurement error.
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In what follows, for the purposes of the estimation of the likelihood function we treat the

arrival rates λup and λug as parameters even though they are endogenous variables in our

model. They allow us to identify the parameters (αp, αg, δp, δg)

Consider first a worker who is unemployed in the private sector at the date of the

first interview. In any equilibrium, the probability of a worker being unemployed in the

private sector is given by [4.1]. Due to the assumption of a Poisson process governing the

arrival of wage offers, conditional on the worker being unemployed at the date of the first

interview, the distribution of forward (residual) unemployment duration T p0f is exponential

with parameter λup. Letting dp0f denote an indicator variable that equals one if the residual

duration is right-censored, the likelihood contribution of events until (and including) exit

of unemployment or censoring is

Lup = δp
λup + δp

λ
1−dp0f
up exp

(
−λuptp0f

)
fp(w1)1−dp0f . [5.1]

The likelihood contribution for an unemployed public sector worker is similar. The only

difference is that, due to the exogeneity of the wage offer distribution Fg, the reservation

wage Rug need not be the lower limit of Fg. The probability of a worker being unemployed

in the public sector is given by [4.2]. Letting dg0f denote an indicator variable that equals

one if the residual duration is right-censored, the likelihood contribution of events until

(and including) exit of unemployment or censoring is

Lug = δg
λug[1− Fg(Rug)] + δg

[λug(1− Fg(Rug))]1−d
g
0f

× exp
(
−λug[1− Fg(Rug)]tg0f

) fg(w1)
1− Fg(Rug)

1−dg0f
.

[5.2]

Now consider a worker who is employed in the private sector at the date of

the first interview. The probability of a worker being employed in the private sector

equals ep/(ep + up) = λup/(λup + δp). Conditional on the worker being employed in a job

with wage w at the date of the interview, the residual job duration T p1f is exponentially

distributed with parameter δp + αpλup[1− Fp(w)]. Exit into unemployment occurs with

probability δp/(δp + αpλup[1− Fp(w)]) while exit into another job occurs with probability

αpλup[1−Fp(w)]/(δp +αpλup[1−Fp(w)]). Let dp1f denote the indicator variable that equals

one if the residual duration is right-censored and ν denote the indicator variable that

equals one if the observed transition is to unemployment. The likelihood contribution is
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given by

Lp = λup
λup + δp

gp(w)
[

exp
(
−(δp + αpλup[1− Fp(w)])tp1f

)
δνp [αpλup(1− Fp(w))]1−ν

]1−dp1f
.

As with unemployed workers, the likelihood contribution for an employed public sector

worker is similar.

Lg = λug[1− Fg(w)]
λug[1− Fg(w)] + δg

gg(w)

×
[

exp
(
−[δg + αgλug(1− Fg(w))]tg1f

)
δνg (αgλug[1− Fg(w)])1−ν

]1−dg1f
.

The individual contribution to the likelihood function of any worker in our model

is thus given by

L =
[
L1−πp
up Lπpp

]Dp[L1−πg
ug Lπgg

]1−Dp
.

where Dp is an indicator variable that equals one if the worker is in the private sector,

and πs, for s ∈ {p, g}, is an indicator variable that equals one if the worker is employed in

sector s at the date of the first interview.

5.2 Other parameters

We now discuss identification of the parameters (bp, bg,Γ, Fg).2 The identification

result for the distribution of productivities Γ and for the private sector reservation wage

is identical to Bontemps et al. (2000). For the public sector, however, we cannot use an

analogous approach to identification. Since the distribution of wage offers Fg is exogenous,

the empirical distribution we observe in the data is a truncation from Fg. As is well known

since Flinn and Heckman (1982), the underlying distribution of interest is nonparametrically

unidentified, and may be parametrically unidentified if it does not satisfy the recoverability

condition. Thus, we will assume that Fg is a lognormal distribution, which aside from being

a common distributional assumption in the analysis of earnings data, it is recoverable.3

2 The remaining parameters, (βp, βg,Mp,mg), are only identified with data from at least two different
steady-states and we discuss their identification in the following subsection.

3 Of course, the identification result here holds for any other parametric recoverable parametric distribu-
tion with support on R++.
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5.3 Comparing steady-states

We now consider identification issues when we have access data from two periods,

t < t′, before and after a policy change, for which we assume that a steady state equilibrium

approximately holds. The approach presented here is similar to Flinn (2006), but we analyze

a wage posting model instead of a labor market with bargaining. We consider first the

policy with a change in the wage offer distribution Fg and then discuss the case of changes

in the size of government mg. The main assumption in this identification procedure is that

all primitive parameters are considered to be remain unchanged in the two periods. As will

become clear, there are differences as to which parameters we can identify in each case.

Consider an increase, in first order stochastic sense, of the wage offer distribution

Fg. From [3.9], we have, for τ = t, t′

λτug =
[

mg

uτg + αgeτg

]βg
.

We can solve for the mass of the public sector mg and obtain

mg =
(
λτug

) 1
βg
[
uτg + αge

τ
g

]
. [5.3]

Since the primitive parameter mg is assumed fixed over time, we are able to write
(
λtug

) 1
βg
[
utg + αge

t
g

]
=
(
λt

′

ug

) 1
βg
[
ut

′

g + αge
t′

g

]
.

From this, we have

βg =
ln(λt′ug)− ln(λtug)
ln(stg)− ln(st′g ) ,

where sτg = uτg + αge
τ
g . Provided we know sτg and λτug we can identify the Cobb-Douglas

parameter βg. Then, given knowledge of βg, we can determine mg using [5.3] with either

period equilibrium values. Proceeding analogously with the private sector, we can use [3.9]

to obtain an expression for the mass of potential firms Mp, for τ = t, t′

Mp =

(
λτup

) 1
βp
[
uτp + αpe

τ
p

]
1− Γ(max{y,Rτ

up})
. [5.4]

Again, since Mp is assumed fixed over time, we can use information from both periods to

obtain

βp =
ln(λt′up)− ln(λtup)

ln(stp)− ln(st′p ) + ln(1− Γ(max{y,Rt′
up})− ln(1− Γ(max{y,Rt

up})
,
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where sτp = uτp + αpe
τ
p. Provided we know sτp, λτup and Rτ

up, we can identify the Cobb-

Douglas parameter βp, which then allows us to determine Mp using [5.4] with either period

equilibrium values.

The natural continuation would be to propose estimation using plug-in estimators

β̂g =
ln(λ̂t′ug)− ln(λ̂tug)
ln(ŝtg)− ln(ŝt′g ) [5.5]

β̂p =
ln(λ̂t′up)− ln(λ̂tup)

ln(ŝtp)− ln(ŝt′p ) + ln(1− Γ(max{y, R̂t′
up})− ln(1− Γ(max{y, R̂t

up})
. [5.6]

However, we cannot immediately assert that β̂g and β̂p are consistent estimators of βg and

βp. This is due to the fact that the right hand side of [5.5] and [5.6] need not belong to

the unit interval Following Flinn (2006), we can say a valid estimator of βg exists under

the following condition.

Condition 1 (Coherency of estimator). Let λ̂τug, ŝτg be consistent estimators of the rate of

arrival of contacts and the mass of effective searchers, in the equilibrium associated with

the distribution F s
g . Two estimated equilibria are coherent if

(
λ̂tug

) 1
βg
[
ŝtg
]

=
(
λ̂t

′

ug

) 1
βg
[
ŝt

′

g

]
,(

λ̂tup
) 1
βp
[
ŝtp
]

1− Γ(max{y, R̂t
up})

=

(
λ̂t

′
up

) 1
βp
[
ŝt

′
p

]
1− Γ(max{y, R̂t′

up})
.

for some βg ∈ (0, 1) and some βp ∈ (0, 1).

It follows that, under Condition 1, consistent estimators for mg and Mp can be

obtained.

m̂g =
(
λ̂sug

) 1
β̂g

[
ŝsg
]
,

M̂p =

(
λτup

) 1
βp
[
uτp + αpe

τ
p

]
1− Γ(max{y,Rτ

up})
. (τ = t, t′)

Consider now an increase in mg. Clearly, using a similar approach as in the increase

in Fg will fail to work: the primitive parameter the stability of which we relied on to

identify the matching function parameter βg is now being used as a policy instrument and,

thus, is not constant across the steady states. If we impose the restriction βg = βp = β,

we are able to identify the common matching function parameter, as well as the mass of

potential firms Mp.
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6 Conclusion

Concomitant to a number of well documented changes in the Brazilian labor market,

the presence of a positive and increasing public-private wage differential in the period

2002-2012 was largely overlooked as a potential explanatory factor for the income inequality

decline. To investigate the extent to which changes in public-sector pay policy can affect

labor market outcomes, we develop an equilibrium job search model in the spirit of Burdett

and Mortensen (1998) and embed it with a public sector. Differently from recent work on

two-sector search models, workers search for jobs in a two-step process: they first choose

the sector – private or public – in which to search for jobs; then they are faced with

random search for jobs within the chosen sector. We also refrain from allowing direct

transitions between sectors, motivated by the fact these flows are empirically negligible.

These theoretical changes entail more tractability to our model and allow us to establish

existence and uniqueness of equilibrium, as well as analytical comparative statics. We

show that increasing, in first-order stochastic dominance sense, the public sector wage

offer distribution leads to a higher tightness in the private sector but lower tightness in

the public sector, which induces private sector firms to increase their wages. Moreover,

we show that increasing the size of the public sector also leads to an increase in private

sector wages. As a set-up for future work, we also discuss formal identification of model

parameters. Duration data allow us to identify transitional parameters, and, in the spirit

of Flinn (2006), we show that it is possible to identify the matching function parameters

provided we have data from two different steady-states of our model. As the public-sector

wage distribution is exogenous, its identification relies on being recoverable (Flinn and

Heckman, 1982). Estimation and quantitative exploration of the model are important

steps that are left for future work.



44

Bibliography

Albrecht, J., M. Robayo-Abril, and S. Vroman (2018). Public-sector employment in an

equilibrium search and matching model. The Economic Journal 129 (0617), 35 – 61.

Alvarez, J., F. Benguria, N. Engbom, and C. Moser (2018). Firms and the decline in

earnings inequality in brazil. American Economic Journal: Macroeconomics 10 (1),

149–89.

Barros, R., M. De Carvalho, S. Franco, and R. Mendonça (2010). Markets, the state, and

the dynamics of inequality in brazil. In L. F. López-Calva and N. C. Lustig (Eds.),

Declining inequality in Latin America: A decade of progress?, pp. 134–74. Brookings

Institution Press.

Bontemps, C., J.-M. Robin, and G. J. Van den Berg (2000). Equilibrium search with

continuous productivity dispersion: Theory and nonparametric estimation. International

Economic Review 41 (2), 305–358.

Bradley, J., F. Postel-Vinay, and H. Turon (2017). Public sector wage policy and labor

market equilibrium: A structural model. Journal of the European Economic Associa-

tion 15 (6), 1214–1257.

Burdett, K. (2012). Towards a theory of the labor market with a public sector. Labour

Economics 19 (1), 68–75.

Burdett, K. and D. T. Mortensen (1998). Wage differentials, employer size, and unemploy-

ment. International Economic Review 39 (2), 257–273.

Cavalcanti, T. and M. Santos (2018, apr). (mis)allocation effects of an overpaid public.

Working paper available at https://sites.google.com/site/tiagovcavalcanti/.

Coles, M. G. (2001). Equilibrium wage dispersion, firm size, and growth. Review of

Economic Dynamics 4 (1), 159–187.

Diamond, P. A. (1971). A model of price adjustment. Journal of economic theory 3 (2),

156–168.

https://sites.google.com/site/tiagovcavalcanti/


Bibliography 45

Engbom, N. and C. Moser (2018, mar). Earnings inequality and the minimum wage:

Evidence from Brazil. Working paper available at https://doi.org/10.21034/iwp.7.

Flinn, C. and J. Heckman (1982). New methods for analyzing structural models of labor

force dynamics. Journal of Econometrics 18 (1), 115–168.

Flinn, C. J. (2006). Minimum wage effects on labor market outcomes under search,

matching, and endogenous contact rates. Econometrica 74 (4), 1013–1062.

Gomes, P. (2015). Optimal public sector wages. The Economic Journal 125 (587), 1425–

1451.

Gomes, P. (2018). Heterogeneity and the public sector wage policy. International Economic

Review 59 (3), 1469–1489.

Haanwinckel, D. (2018). Supply, demand, institutions, and firms: A theory of la-

bor market sorting and the wage distribution. Job Market Paper. Available at:

https://sites.google.com/view/haanwinckel.

Hörner, J., L. R. Ngai, and C. Olivetti (2007). Public enterprises and labor market

performance. International Economic Review 48 (2), 363–384.

Jolivet, G., F. Postel-Vinay, and J.-M. Robin (2006). The empirical content of the job

search model: Labor mobility and wage distributions in europe and the us. In Structural

Models of Wage and Employment Dynamics, pp. 269–308. Emerald Group Publishing

Limited.

Meghir, C., R. Narita, and J.-M. Robin (2015). Wages and informality in developing

countries. American Economic Review 105 (4), 1509–46.

Mortensen, D. T. and G. R. Neumann (1988). Estimating structural models of unemploy-

ment and job duration. In Dynamic Econometric Modelling, Proceedings of the Third

International Symposium in Economic Theory and Econometrics. Cambridge University

Press Cambridge.

Moscarini, G. and F. Postel-Vinay (2013). Stochastic search equilibrium. Review of

Economic Studies 80 (4), 1545–1581.

https://doi.org/10.21034/iwp.7


Bibliography 46

Moscarini, G. and F. Postel-Vinay (2016). Wage posting and business cycles. American

Economic Review 106 (5), 208–13.

Pissarides, C. A. (2000). Equilibrium unemployment theory. MIT press.

Quadrini, V. and A. Trigari (2007). Public employment and the business cycle. Scandinavian

Journal of Economics 109 (4), 723–742.

Shephard, A. (2017). Equilibrium search and tax credit reform. International Economic

Review 58 (4), 1047–1088.

Van Den Berg, G. J. (2003). Multiple equilibria and minimum wages in labor markets

with informational frictions and heterogeneous production technologies. International

Economic Review 44 (4), 1337–1357.

Van den Berg, G. J. and G. Ridder (1998). An empirical equilibrium search model of the

labor market. Econometrica 66 (5), 1183–1221.



47

APPENDIX A – Reservation wage equation

In this section, we derive the expression for the reservation wage of unemployed

workers in sector s ∈ {p, g}. The value of unemployment for a worker receiving utility flow

bs per period and discounting the future at rate ρ must satisfy

Us = bs + λus
∫

max{Vs(x), Us} dFs(x)
λus + ρ

. [A.1]

The value of employment at wage w, Vs(w), must satisfy

Vs(w) = w + λus
∫

max {Vs(x), Vs(w)} dFs(x) + δs max {Up, Ug}
λs + δs + ρ

. [A.2]

Unemployed workers accept any wage offer w such that Vs(w) ≥ Us. Since Vs is

strictly increasing, the worker accepts the wage offer w if, and only if, w ≥ Rus, where

Rus is the reservation wage, which solves Us = Vs(Rus). Note that∫
max {Vs(x), Us} dFs(x)−Us =

∫
max {Vs(x)− Us, 0} dFs(x) =

∫ ws

Rus
[Vs(x)− Us] dFs(x),

where ws is the upper bound of the support of Fs. Integration by parts yields

∫ ws

Rus
[Vs(x)− Us] dFs(x) =

∫ ws

Rus
V ′(x)
s [1− Fs(x)] dx =

∫ ws

Rus

1− Fs(x)
ρ+ δs + λs (1− Fs(x)) dx.

[A.3]

Substituting [A.3] into [A.1] and rearranging, we obtain

Us = bs
ρ

+ λus
ρ

∫ ws

Rus

1− Fs(x)
ρ+ δs + λs (1− Fs(x)) dx. [A.4]

Substituting [A.3] into [A.2] evaluated at Rus, we obtain

V (Rus) = Rus

ρ
+ λs

ρ

∫ ws

Rus

1− Fs(x)
ρ+ δs + λs (1− Fs(x)) dx+ δs [max {Up, Ug} − Us] . [A.5]

Therefore, combining [A.4] and [A.5], we obtain the desired expression

Rus = bs + (λus − λs)
∫ ws

Rus

[
1− Fs(x)

ρ+ δs + λs (1− Fs(x))

]
dx− δs [max {Up, Ug} − Us] .
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APPENDIX B – Properties of firms’

problem

Claim B.1. K(y) is a singleton for almost all y.

Proof. Let N (y) := {y ∈ [y, y] : K(y) is not a singleton}. We are done if we show that

N (y) is countable. Let us first define the set ordering >s: given two subsets A and B

of R, we say that A >s B, read "A is larger than B", if, and only if, for every x ∈ A

and every y ∈ B, x ≥ y. Due to the properties of the firm’s problem, we know that

y′ > y ⇒ K(y′) >s K(y).

Assume, by way of contradiction, N (y) is uncountable. Let W = ⋃
y∈[y,y] K(y) and

d(y) = maxK(y)−minK(y). Letting w := sup{W} and w := inf{W}, we have that

w − w ≥
∑

y∈[y,y]
d(y) ≥

∑
y∈N (y)

d(y)

Note that N (y) uncountable implies ∑y∈N (y) d(y) diverges. However, since it is not optimal

to offer wages below the reservation wage Rup or above the firm’s productivity y, we know

W is bounded below by Rup and above by y. Thus, as w − w is finite, we arrive at a

contradiction.

Claim B.2. Fp(.) is differentiable almost everywhere.

Proof. Since Fp (·) is increasing, we can apply Lebesgue’s Monotone Differentiation Theo-

rem to deduce that Fp (·) is differentiable almost everywhere
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APPENDIX C – Construction of

equilibrium

Proof of Lemma 1. The reservation wage equation for the public sector was given by

Rug = bg + (1− αg)
∫ wg

Rug

λug (1− Fg(x))
ρ+ δg + αgλug (1− Fg(x)) dx. [C.1]

We now show that, given bg, ρ, δg, αg, wg and Fg, [C.1] uniquely defines Rug for any

λug ∈ R++. To ease notation, let us first define the auxiliary maps:

Qg(x, λug) := λug (1− Fg(x))
ρ+ δg + αgλug (1− Fg(x)) ,

Tg(Rug, λug) := bg + (1− αg)
∫ wg

Rug
Qg(x, λug) dx.

Using these maps, we can rewrite [C.1] as Rug = T (Rug, λug). The left hand side of this

equation is unbounded and increases linearly with Rug. To understand the behavior of the

right hand side, note that

∂T (Rug, λug)
∂Rug

=


− (1− αg)

λug (1− Fg(Rug))
ρ+ δg + αgλug (1− Fg(Rug))

< 0 if Rug < wg

0 if Rug ≥ wg.

Hence, the right hand side is strictly decreasing for Rug < wg and becomes constant for

Rug ≥ wg. This ensures the existence and uniqueness of a solution R∗ug.

We now claim that for any λug ∈ R++, we have Rug ∈ [bg, wg]. Since αg < 1, any

solution to [C.1] must be larger than bg. Note that limRug→wg Tg(Rug, λug) = bg for any

λug ∈ R++. Thus, given our assumption that bg < wg, we deduce that R∗ug < wg.

Finally, we show that any solution to [C.1] must be strictly increasing in λug. Note

that
∂Tg(Rug, λug)

∂λug
= (1− αg)

∫ wg

Rug

∂Qg(x, λug)
∂λug

dx > 0,

since
∂Qg(x, λug)

∂λug
= (ρ+ δg) [1− Fg(x)]

(ρ+ δg + αgλug [1− Fg(x)])2 > 0.

This means that the right hand side of [C.1] is strictly increasing in λug. Combining this

result with the fact that the solution is unique, we deduce ∂Rug
∂λug

> 0.
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Proof of Lemma 2. We divide the proof in two parts. First, we establish existence and

uniqueness of a solution. Second, we establish that this solution is strictly increasing in

λup.

Part 1: Existence and uniqueness

The reservation wage equation for the private sector is given by

Rup = bp + (1− αp)λup
∫ wp

Rup

1− Fp(x)
ρ+ δp + αpλup (1− Fp(x)) dx. [C.2]

Let η := ρ
δp
. Since Fp(w) = Γ0(K−1(x)) we can use κp = λup

δp
and write [C.2] as

Rup = bp + (1− αp)κp
∫ wp

Rup

1− Γ0(K−1(x))
1 + η + αpκp (1− Γ0(K−1(x))) dx.

Performing a change of variable x = K(y), we obtain

Rup = bp + (1− αp)κp
∫ y

y0

1− Γ0(y)
1 + η + αpκp (1− Γ0(y))K

′(y) dy. [C.3]

From [4.3], we obtain

K ′(y) = 2αpκpΓ′0(y) [1 + αpκp (1− Γ0(y))]
[
y0 −Rup

(1 + αpκp)2 +
∫ y

y0

dx

[1 + αpκp (1− Γ0(x))]2

]
.

Plugging back into [C.3], we have

Rup = bp + (1− αp)κp
∫ y

y0

y0 −Rup

(1 + αpκp)2
2αpκpΓ′0(y) [1 + αpκp (1− Γ0(y))] [1− Γ0(y)]

1 + η + αpκp (1− Γ0(y)) dy︸ ︷︷ ︸
:=B1

+(1− αp)κp
∫ y

y0

∫ y

y0

dx

(1 + αpκp[1−Γ0(x)])2
2αpκpΓ′0(y) [1 + αpκp (1−Γ0(y))] [1−Γ0(y)]

1 + η + αpκp (1−Γ0(y)) dy︸ ︷︷ ︸
:=B2

.

Integrating B1 and integrating B2 by parts yields

Rup = bp + (1− αp)κp
y0 −Rup

(1 + αpκp)2 ξ

+ (1− αp)κp
∫ y

y0

αpκp [1− Γ0(y)]2 − 2η [1− Γ0(y)] + 2η(1+η)
αpκp

ln
[
1 + αpκp[1−Γ0(y)]

1+η

]
[1 + αpκp [1− Γ0(y)]]2

dy,

[C.4]

where ξ := αpκp − 2η + 2η(1+η)
αpκp

ln
(
1 + αpκp

1+η

)
.

We now analyze [C.4] dividing into two cases:
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Case 1 : y > Rup

In this case, y0 = y, so we have

∂RHS

∂Rup

= −(1− αp)κpξ
(1 + αpκp)2 ,

which is negative provided η is sufficiently small. Therefore, there exists a unique solution

to [C.4]. In this case, it is possible find an explicit expression for the reservation wage:

Rup = (1 + αpκp)2 bp + (1− αp)κpξy
(1 + αpκp)2 + (1− αp)κpξ

.

Case 2 : y ≤ Rup

In this case, y0 = Rup, so we can rewrite [C.4] to obtain

Rup = bp + (1− αp)κp
∫ y

Rup
αpκp

(
[1− Γ(y)]

[1− Γ(y0)] + αpκp [1− Γ(y)]

)2

dy︸ ︷︷ ︸
:=C1

+ (1− αp)κp
∫ y

Rup

−2η [1− Γ0(y)] + 2η(1+η)
αpκp

ln
[
1 + αpκp[1−Γ0(y)]

1+η

]
[1 + αpκp [1− Γ0(y)]]2

dy︸ ︷︷ ︸
:=C2

.

Differentiating the right-hand side with respect to Rup yields

∂RHS

∂Rup

= (1− αp)κp
[
∂C1

∂Rup

+ ∂C2

∂Rup

]
. [C.5]

We begin with the first term in [C.5]. Note that

∂C1

∂Rup

= − αpκp

(1 + αpκp)2 +
∫ y

Rup

2αpκp [1− Γ(y)]2 Γ′(Rup)
[1− Γ(Rup)] + αpκp [1− Γ(y)]3

dy. [C.6]

Define the function s′(x) := 2αpκpx
(1+αpκpx)3 . We can rewrite [C.6] as

∂C1

∂Rup

= (1− αp)κp
[
− αpκp

(1 + αpκp)2 + Γ′(Rup)
1− Γ(Rup)

∫ y

Rup
s′
(

1− Γ(y)
1− Γ(Rup)

)
1− Γ(y)

1− Γ(Rup)
dy

]
.

[C.7]

We now apply partial integration to the integral in [C.7]. Before proceeding, note that

d

dy

{
s

(
1− Γ(y)

1− Γ(Rup)

)}
= −s′

(
1− Γ(y)

1− Γ(Rup)

)
Γ′(y)

1− Γ(Rup)
,
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where the function s is given by s(x) := αpκpx2

(1+αpκpx)2 . Using this fact, we have

∫ y

Rup
s′
(

1− Γ(y)
1− Γ(Rup)

)
1− Γ(y)

1− Γ(Rup)
dy =

∫ y

Rup
s′
(

1− Γ(y)
1− Γ(Rup)

)
1− Γ(y)

1− Γ(Rup)
Γ′(y)
Γ′(y) dy

= αpκp

(1 + αpκp)2
1− Γ(Rup)

Γ′(Rup)
+
∫ y

Rup
s

(
1− Γ(y)

1− Γ(Rup)

)
d

dy

{
1− Γ(y)

Γ′(y)

}
dy.

Therefore, we deduce that

∂C1

∂Rup

= Γ′(Rup)
1− Γ(Rup)

∫ y

Rup
s

(
1− Γ(y)

1− Γ(Rup)

)
d

dy

{
1− Γ(y)

Γ′(y)

}
dy. [C.8]

Recall that the failure rate of Γ is defined as FRΓ(y) := Γ′(y)/ (1− Γ(y)). We say a

distribution has strictly increasing failure rate if the derivative of the failure rate is

positive in the interior of the support: dFRΓ(y)
dy

> 0, ∀y ∈ (y, y). Note that d
dy

{
1

FRΓ(y)

}
=

− 1
FRΓ(y)2

dFRΓ(y)
dy

. Hence, strictly increasing failure rate implies d
dy

{
1−Γ(y)
Γ′(y)

}
< 0 for all

y ∈ (y, y). We then conclude that ∂C1
∂Rup

< 0.

We now turn to the second term in [C.5]. We have

∂C2

∂Rup

=(1− αp)κp

− 2η
∫ y

Rup

[
2(1− Γ(Rup))− 1

](
1− Γ(y)

)
Γ′(Rup)[

(1− Γ(Rup)) + αpκp(1− Γ(y))
]3 dy + 2η

1 + αpκp

+ 2η(1 + η)
αpκp

∫ y

Rup

αpκp(1−Γ(y))Γ′(Rup)[
(1−Γ(Rup) + αpκp(1−Γ(y))

]2
×

 1
(1 + η)(1− Γ(Rup)) + αpκp(1− Γ(y)) − 2 ln

(
1 + αpκp[1− Γ(y)]

(1 + η)(1− Γ(Rup))

) dy
− 2η(1 + η)

αpκp

ln
(
1 + αpκp

1+η

)
1 + αpκp

.
[C.9]

We now argue that ∂C1
∂Rup

is bounded away from zero and that ∂C2
∂Rup

converges uniformly to

zero as η → 0. Any solution Rup to [C.4] must belong to the interval [bp, αpbp + (1− αp)y].

Note that since bp ≥ y, Γ′(Rup) > 0 for any Rup ∈ [bp, αpbp + (1 − αp)y].Since the

failure rate is strictly increasing over the support of Γ, we deduce ∂C1
∂Rup

< 0 for any

Rup ∈ [bp, αpbp + (1− αp)y] and λup ∈ [λup, λup].1

1 We could technically weaken the assumption of a strictly increasing failure rate over the whole support.
As long as the failure rate is strictly increasing over the subset (αpbp + (1− αp)y) of the support of Γ,
the same conclusion obtains.
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It is straightforward to see that ∂C2
∂Rup

converges pointwise to zero as η → 0. Take a

sequence (ηn) with ηn → 0, and consider the sequence
(
∂C2
∂Rup

)
n
. Note that

∣∣∣∣∣
(
∂C2

∂Rup

)
n

∣∣∣∣∣ < 2ηnκp

1 + (1 + ηn)
∫ y

Rup

κpΓ′(Rup)[
αpκp(1− Γ(y))

]3 dy
.

For any given ε > 0, we can always find N ∈ N large enough such that |
(
∂C2
∂Rup

)
n
| < ε for

any Rup ∈ [bp, αpbp + (1 − αp)y] and any λup ∈ R++. Thus, we conclude ∂C2
∂Rup

converges

uniformly to zero.2

The proposition then follows and the existence of a unique solution to [C.4] obtains.

Part 2: Solution strictly increasing

In this part, it is easier to work with the following expression for the reservation

wage

Rup = bp + (1− αp)κp
∫ wp

Rup

1− Γ0(K−1(x))
1 + η + αpκp (1− Γ0(K−1(x))) dx.

To facilitate the discussion in this section, we let K(y,Rup, λup) denote the the

optimal wage offer of a firm with productivity y, making explicit the dependence on the

reservation wage Rup and the arrival rate λup. Similarly, K−1(w,Rup, λup) denotes the

productivity of a firm that offers a wage w ≥ Rup when the reservation wage in the private

sector is Rup and the arrival rate in the private sector is λup. To simplify notation, let

Λ(x,Rup, λup) := Γ0
(
K−1(x,Rup, λup)

)
=


Γ
(
K−1(x,Rup, λup)

)
if Rup ≤ y

Γ (K−1(x,Rup, λup))− Γ(Rup)
1− Γ(Rup)

if Rup > y,

and define the auxiliary maps

Qp(x,Rup, λup) := λup (1− Λ(x,Rup, λup))
ρ+ δp + αpλup(1− Λ(x,Rup, λup))

,

Tp(Rup, λup) := bp + (1− αp)
∫ K(y,Rup,λup)

Rup
Qp(x,Rup, λup) dx.

Thus, the reservation wage equation for the private sector can be rewritten as

Rup = Tp(Rup, λup) = bp + (1− αp)
∫ K(y,Rup,λup)

Rup
Qp(x,Rup, λup) dx.

2 An alternative way to see this is to apply Dini’s Theorem to each individual term in [C.9] and use the
fact that the sum of uniformly convergent functions converges uniformly
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We now propose to show that Tp(Rup, λup) is strictly increasing in λup. Since we

already established existence and uniqueness of a solution, this suffices to ensure that any

solution is strictly increasing in λup. We begin by showing that K−1 is strictly decreasing

in λup.3 To do this, we first show that K is strictly increasing in λup. To ease exposition,

we rewrite the optimal wage offer for a firm with productivity y:

K(y) = y−
(

1 + αpκp (1− Γ0(y))
1 + αpκp

)2

[y0 −K(y0)]−
∫ y

y0

(
1 + αpκp (1− Γ0(y))
1 + αpκp (1− Γ0(x))

)2

dx.

We divide into two cases:

Case 1: y ≤ Rup

∂K(y)
∂λup

= −2
∫ y

Rup

(1 + αpκp [1− Γ0(y)]) [Γ0(x)− Γ0(y)]
(1 + αpκp [1− Γ0(x)])3 dx > 0,

since Γ0(x) < Γ0(y) for any x ∈ [Rup, y).

Case 2: y > Rup

∂K(y)
∂λup

= −2αp
δp

[
−
(
y −Rup

)1 + αpκp (1− Γ0(y)) Γ0(y)
(1 + αpκp)3

+
∫ y

y

(1 + αpκp [1− Γ0(y)]) [Γ0(x)− Γ0(y)]
(1 + αpκp [1− Γ0(x)])3 dx

]
> 0,

since Γ0(x) < Γ0(y) for any x ∈ [y, y). Therefore, ∂K(y)
∂λup

> 0, that is, K is strictly increasing

in λup.

Now, by definition, we have

K
(
K−1(w,Rup, λup), Rup, λup

)
= w. [C.10]

Consider now an increase in λup. We know that K is strictly increasing in λup. Hence, it

must be the case that K−1(w,Rup, λup) is strictly decreasing in λup, otherwise the equality
3 It is important to note that, in establishing properties of the map Tp, we do not consider any effects

that changing λup would have on any potential solution Rup. We are not performing comparative
statics exercises here, but merely assessing the behavior of Tp as one of its arguments vary. One could
interpret the following results as being valid for each Rup in the domain of Tp.
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in [C.10] would not hold. This is intuitive: an increase the arrival rate reduces firms’

monopsony power, which leads each firm that remains active to increase their offered wage.

This means that a given wage w will now be offered by a firm with lower productivity.

Having shown K−1 to be strictly decreasing in λup, we can now compute the

following quantity:

∂Qp(x,Rup, λup)
∂λup

=
(ρ+ δp)

[
(1− Λ(x,Rup, λup))− λup ∂Λ(x,Rup,λup)

∂λup

]
(ρ+ δp + αpλup [1− Λ(x,Rup, λup)])2 > 0,

since

∂Λ(x,Rup, λup)
∂λup

=


Γ′
(
K−1(x,Rup, λup)

) ∂K−1(x,Rup, λup)
∂λup

< 0 if Rup ≤ y

Γ′ (K−1(x,Rup, λup))
1− Γ(Rup)

∂K−1(x,Rup, λup)
∂λup

< 0 if Rup > y.

This means that

∂Tp(x,Rup, λup)
∂λup

= (1− αp)
∫ K(y,Rup,λup)

Rup

∂Qp(x,Rup, λup)
∂λup

dx > 0.

Therefore, we deduce Rup is strictly increasing in λup.

Proof of Lemma 3. We start by analysing the public sector and then turn to the private

sector. In each sector, we first establish the limiting result for the reservation wages; then,

we show the unemployment value to be strictly increasing in the arrival rate and, finally,

we establish the limiting result for the unemployment value.

Public sector

We start by analysing the limiting behavior of the reservation wage. Let (λnug)∈

(R++∪{+∞})∞ with λnug ↗ +∞ and consider the sequence (Rn
ug) ∈ R∞ with Rn

ug =

Tg(Rn
ug, λ

n
ug). Since

∂Rug
∂λug

> 0, we know the sequence (Rn
ug) is increasing. Since it is bounded

from above by wg, it converges. Denote its limit by R∞ug.

To obtain an expression for R∞ug, we need to compute the following limit:

lim
n→+∞

∫ wg

Rnug

λnug (1−Fg(x))
ρ+δg+αgλnug (1−Fg(x))dx= lim

n→+∞

∫ wg

−∞
1{x≥Rnug}

λnug (1−Fg(x))
ρ+δg+αgλnug (1−Fg(x))︸ ︷︷ ︸

:=Q̃g(x,Rnug ,λnug)

dx.

Note that Q̃g(x,Rn
ug, λ

n
ug) converges pointwise to 1

αg
for all x ∈ (−∞, wg) and that for all

n ∈ N and all x ∈ (−∞, wg), |Q̃g(x,Rn
ug, λ

n
ug)| ≤ 1 . Thus, by the Dominated Convergence
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Theorem, we get

lim
n→+∞

∫ wg

−∞
Q̃g(x,Rn

ug, λ
n
ug) dx =

∫ wg

−∞
lim

n→+∞
Q̃g(x,Rn

ug, λ
n
ug) dx =

∫ wg

R∞
ug

1
αg

dx =
wg −R∞ug

αg
.

Therefore, we deduce

R∞ug = bg + 1− αg
αg

(
wg −R∞ug

)
⇔ R∞ug = αgbg + (1− αg)wg.

Next, we establish that the unemployment value is strictly increasing in λug.

Note that we can substitute the reservation wage as a function of λug and rewrite the

unemployment value as

Ug (λug) = 1
ρ

bg + λug

∫ wg

Rug(λug)

1− Fg(x)
ρ+ δg + αgλug (1− Fg(x))dx

.
A straightforward application of the Dominated Convergence Theorem allows us to conclude

that Ug (·) is continuous. Define the auxiliary map

Pg(x, λug) := 1− Fg(x)
ρ+ δg + αgλug (1− Fg(x)) .

Note that

∂Ug (λug)
∂λug

= 1
ρ

∫ wg

Rug(λug)
Pg(x, λug)dx

+ λug

[∫ wg

Rug(λug)

∂Pg(x, λug)
∂λug

dx−Pg(Rug(λug), λug)
∂Rug(λug)
∂λug

],
∂Rug (λug)
∂λug

=(1− αg)
∫ wg

Rug(λug)
Pg(x, λug)dx

+ (1− αg)λug
[∫ wg

Rug(λug)

∂Pg(x, λug)
∂λug

dx− Pg(Rug(λug), λug)
∂Rug(λug)
∂λug

]
.

Therefore, ∂Ug(λug)
∂λug

= 1
ρ

1
1−αg

∂Rug(λug)
∂λug

> 0 since ∂Rug(λug)
∂λug

> 0.

Finally, we turn to the limiting behavior of the unemployment value. As before,

let (λnug) ∈ (R++ ∪ {+∞})∞ with λnug ↗ +∞ and consider the sequence
(
Ug(λnug)

)
∈ R∞.

Since Ug is strictly increasing in λug, we know the sequence (Ug(λnug) is increasing. Since it

is bounded from above by wg, it converges. Denote its limit by U∞g .

To obtain an expression for U∞g , we need to compute the following limit:

lim
n→+∞

∫ wg

Rnug

λnug (1−Fg(x))
ρ+δg+αgλnug (1−Fg(x)) dx = lim

n→+∞

∫ wg

−∞
1{x≥Rnug}

λnug (1−Fg(x))
ρ+δg+αgλnug (1− Fg(x))︸ ︷︷ ︸

:=Q̃g(x,Rnug ,λnug)

dx.
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An analogous application of the Dominated Convergence Theorem as in the case of the

reservation wage establishes

lim
n→+∞

∫ wg

−∞
Q̃g(x,Rn

ug, λ
n
ug) dx =

∫ wg

R∞
ug

1
αg

dx =
wg −R∞ug

αg
.

Since R∞ug = αgbg + (1− αg)wg, we deduce that

U∞g = 1
ρ

[
bg +

wg −R∞ug
αg

]
= wg

ρ
.

A similar argument can be applied to deduce that Ug(λug)→ bg
ρ
when λug ↘ 0.

Private sector

Let (λnup) ∈ (R++ ∪ {+∞})∞ with λnup ↗ +∞ and consider the sequence (Rup(λnup) ∈

R∞. Since Rup(·) is strictly increasing in λup, we know the sequence (Rup(λnup) is increasing.

Since it is bounded from above by y, it converges. Denote its limit by R∞up.

To obtain an expression for R∞up, we need to compute the following limit: 4

lim
n→+∞

∫ K(y,Rnup,λnup)

Rnup

λnup
(
1− Λ(x,Rn

up, λ
n
up)
)

ρ+ δp + αpλnup
(
1− Λ(x,Rn

up, λ
n
up)
) dx

= lim
n→+∞

∫ y

−∞
1{x∈[Rnup,K(y,Rnup,λnup)]}

λnup
(
1− Λ(x,Rn

up, λ
n
up)
)

ρ+ δp + αpλnup
(
1− Λ(x,Rn

up, λ
n
up)
)

︸ ︷︷ ︸
:=Q̃p(x,Rnup,λnup)

dx.

To proceed, we must first determine the behavior of the sequence
(
K(y,Rn

up, λ
n
up)
)
.

We claim K(y,Rn
up, λ

n
up)→ y as n→∞. Note that

K(y,Rn
up, λ

n
up) = y −

 y0 −Rn
up

1 + αp
δp
λnup

2

−
∫ y

y0

 1
1 + αp

δp
λnup (1− Γ0(x))

2

︸ ︷︷ ︸
:=Kp(x,λup)

dx.

Kp(x, λup) converges pointwise to 0 for all x ∈ [y0, y) and that |Kp(x, λup)| ≤ 1 for all n ∈ N

and all x ∈ [y0, y). Then, since R∞up is finite, by the Dominated Convergence Theorem, we

get K(y,Rn
up, λ

n
up)→ y.

Note that Q̃p(x,Rn
up, λ

n
up) converges pointwise to 1

αp
for all x ∈ (−∞, y) and

that |Q̃p(x,Rn
up, λ

n
up)| ≤ 1 for all n ∈ N and all x ∈ (−∞, y). Thus, by the Dominated

4 The upper limit on the second integral cannot be +∞, since Q̃p(x,Rup, λup) is not defined for x ≥ y.



APPENDIX C. Construction of equilibrium 58

Convergence Theorem, we get

lim
n→+∞

∫ y

−∞
Q̃p(x,Rn

up, λ
n
up) dx =

∫ y

−∞
lim

n→+∞
Q̃p(x,Rn

up, λ
n
up) dx =

∫ y

R∞
up

1
αp

dx =
y −R∞up
αp

.

Therefore, we deduce

R∞up = bp + 1− αp
αp

(
y −R∞up

)
⇔ R∞up = αpbp + (1− αp)y.

Next, we establish that the unemployment value is strictly increasing in λup. Note

that we can plug the reservation wage as a function of λup and rewrite the unemployment

value as

Up (λup) = 1
ρ

[
bp + λup

∫ K(y,Rup(λup),λup)

Rup(λup)

1− Λ(x,Rup, λup)
ρ+ δp + αpλup(1− Λ(x,Rup, λup))

dx
]
.

A straightforward application of the Dominated Convergence Theorem allows us to conclude

that Up (·) is continuous. Define the auxiliary map

Pp(x, λup) := 1− Λ(x,Rup(λup), λup)
ρ+ δp + αpλup(1− Λ(x,Rup(λup), λup))

.

Note that
∂Up (λup)
∂λup

=1
ρ

 ∫ K(y,Rup(λup),λup)

Rup(λup)
Pp(x, λup) dx

+ λup

[∫ K(y,Rup(λup),λup)

Rup(λup)

∂Pp(x, λup)
∂λup

dx− Pp(Rup(λup), λup)
∂Rup(λup)
∂λup

] ,
∂Rup (λup)
∂λup

= (1− αp)
∫ K(y,Rup(λup),λup)

Rup(λup)
Pp(x, λup) dx

+ (1− αp)λup
[∫ K(y,Rup(λup),λup)

Rup(λup)

∂Pp(x, λup)
∂λup

dx− Pp(Rup(λup), λup)
∂Rup(λup)
∂λup

]
.

Therefore, ∂Up(λup)
∂λup

= 1
ρ

1
1−αp

∂Rup(λup)
∂λup

> 0 since ∂Rup(λup)
∂λup

> 0.

Finally, we turn to the limiting behavior of the unemployment value. As before,

let (λnup) ∈ (R++ ∪ {+∞})∞ with λnup ↗ +∞ and consider the sequence (Up(λnup)) ∈ R∞.

Since Up is strictly increasing in λup, we know the sequence (Up(λnup)) is increasing. Since

it is bounded from above by y, it converges. Denote its limit by U∞p .

To obtain an expression for U∞p , we need to compute the following limit:

lim
n→+∞

∫ K(y,Rnup,λnup)

Rnup

λnup
(
1− Λ(x,Rn

up, λ
n
up)
)

ρ+ δp + αpλnup
(
1− Λ(x,Rn

up, λ
n
up)
) dx

= lim
n→+∞

∫ y

−∞
1{x∈[Rnup,K(y,Rnup,λnup)]}

λnup
(
1− Λ(x,Rn

up, λ
n
up)
)

ρ+ δp + αpλnup
(
1− Λ(x,Rn

up, λ
n
up)
)

︸ ︷︷ ︸
:=Q̃p(x,Rnup,λnup)

dx.
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An analogous application of the Dominated Convergence Theorem as in the case

of the reservation wage establishes that

lim
n→+∞

∫ y

−∞
Q̃p(x,Rn

up, λ
n
up) dx =

∫ y

R∞
up

1
αp

dx =
y −R∞up
αp

.

Since R∞up = αpbp + (1− αp)wp, we deduce that

U∞p = 1
ρ

[
bp +

y −R∞up
αp

]
= y

ρ
.

A similar argument can be applied to deduce that Up(λup)→ bp
ρ
when λup ↘ 0.

Proof of Lemma 4. We start by analysing the public sector and then turn to the private

sector.

Public sector

To be consistent with coexistence of sectors and market clearing, any public sector

arrival rate λug must be such that the masses of employed and unemployed workers, eg
and ug, belong to

PG :=
{

(eg, ug) : eg = λug[1− Fg(Rug (λug))]
δg

ug, eg > 0, ug > 0,

eg + ug < 1, λug =
(

mg

ug + αgeg

)βg }
.

Consider first the case with λug = mβg
g . Using eg = λug [1−Fg(Rug(λug))]

δg
ug, we get, since

λug =
(

mg
ug+αgeg

)βg , that ug = δg

δg+αgm
βg
g [1−Fg(Rug(λug))]

. Thus, eg = m
βg
g [1−Fg(Rug(λug))]

δg+αgm
βg
g [1−Fg(Rug(λug))]

.

But this implies ug + eg = δg+mβgg [1−Fg(Rug(λug))]
δg+αgm

βg
g [1−Fg(Rug(λug))]

> 1. This was expected: λug = mβg
g when

we set ug + αgeg = 1 in the denominator. Therefore, we conclude λug > mβg
g .

Let λug = θmβg
g , where θ > 1. Following similar steps, we have

ug = δg(
δg + αgθm

βg
g [1− Fg(Rug (λug))]

)
θ1/βg

,

which implies

eg =
θmβg

g [1− Fg(Rug (λug))](
δg + αgθm

βg
g [1− Fg(Rug (λug))]

)
θ1/βg

.

We must ensure eg + ug < 1, which is equivalent to ensuring δg(θ1/βg − 1) + θmβg
g [1 −

Fg(Rug (λug))](αgθ1/βg − 1) > 0. The first term is clearly positive since θ > 1. To ensure
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the inequality holds, we must have αgθ1/βg − 1 ≥ 0, which is equivalent to θ ≥ 1
α
βg
g

. Note

that we could still satisfy the inequality by choosing θ = 1
α
βg
g

− ε, for ε > 0 sufficiently

small. Thus, λug <
m
βg
g

α
βg
g

.

Private sector

To be consistent with coexistence of sectors and market clearing, any private sector

arrival rate λup must be such that the masses of employed and unemployed workers, ep
and up, belong to

P P :=
{

(ep, up) : ep = λup
δp
up, ep > 0, up > 0, ep + up < 1,

λup =
(

[1− Γ(max{y,Rup (λup)}]Mp

up + αpep

)βp}
.

Consider the case with λup =
(
[1 − Γ(αpbp + (1 − αp)y)]Mp

)βp . To simplify notation,

let R := αpbp + (1 − αp)y. Proceeding similarly as in the public sector case, we have

up = δp[1−Γ(max{y,Rup(λup)})](
δp+αp[1−Γ(R)]βpMβp

p

)
[1−Γ(R)]

, which implies ep = [1−Γ(max{y,Rup(λup)})][1−Γ(R)]βpMβp
p(

δp+αp[1−Γ(R)]βpMβp
p

)
[1−Γ(R)]

. This

implies

up+ep =
1− Γ(max{y,Rup (λup)})

1− Γ(R)
δp + [1− Γ(R)]βpMβp

p

δp + αp[1− Γ(R)]βpMβp
p

>
δp + [1− Γ(R)]βpMβp

p

δp + αp[1− Γ(R)]βpMβp
p

>1.

Therefore, we conclude λup >
(
[1− Γ(αpbp + (1− αp)y)]Mp

)βp .
Proof of Lemma 5. We divide the proof into two steps.

Step 1 : (ep + up) is strictly decreasing with λup

Assume, for now, that the function mapping λup into ep + up is well defined. We

will show it to be the case below. Using the market clearing condition epδp = upλup, we

have ep + up =
(
λup+δp
δp

)
up. Thus,

∂(ep + up)
∂λup

= up
δp

+ λup + δp
δp

∂up
∂λup

.

From the determination of λup by the matching function, we have

up = mp

(1 + αp
δp
λup)λ

1
βp
up

. [C.11]

Since mp =
(
1− Γ(max{y,Rup(λup)})

)
Mp, we divide into two cases.
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Case 1: Rup < y

Note that

∂up
∂λup

= − Mpδp(
(δp + αpλup)λ1/βp

up

)2

[ 1
βp
λ(1−βp)/βp
up (δp + αpλup) + αpλ

1/βp
up

]
< 0. [C.12]

With this result at hand, we now show that ∂(ep+up)
∂λup

< 0. Note that

∂(ep + up)
∂λup

< 0 ⇔ up
δp
< −λup + δp

δp

∂up
∂λup

. [C.13]

Plugging in [C.11] and [C.12] we obtain

1
δp

δpmp

(δp + αpλup)λ1/βp
up

<
λup + δp

δp

mpδp(
(δp + αpλup)λ1/βp

up

)2

[ 1
βp
λ(1−βp)/βp
up (δp + αpλup) + αpλ

1/βp
up

]

1 < λup + δp

(δp + αpλup)λ1/βp
up

[ 1
βp
λ(1−βp)/βp
up (δp + αpλup) + αpλ

1/βp
up

]

1 < λup + δp
βpλup

+ αp(λup + δp)
δp + αpλup

1 < (δp + αpλup)(δp + λup) + αp(δp + λup)βpλup
(δp + αpλup)βpλup

,

which can be simplified to

δpβp − δp − αpλup − αpδp − αpδpβp <
δ2
p

λup

δp ((βp − 1)− αp(1 + βp))︸ ︷︷ ︸
<0

<
δ2
p

λup
+ αpλup︸ ︷︷ ︸
>0

.

Therefore, we deduce ∂(ep+up)
∂λup

< 0.
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Case 2: Rup ≥ y

Note that

∂up
∂λup

= Mpδp

−Γ′(Rup(λup))∂Rup(λup)
∂λup

(
δp + αpλ

1/βp
up

)
(
(δp + αpλup)λ1/βp

up

)2 −

(
1
βp
λ(1−βp)/βp
up (δp + αpλup) + αpλ

1/βp
up

)
[1− Γ(Rup(λup)](

(δp + αpλup)λ1/βp
up

)2



= −Γ′(Rup(λup)
∂Rup(λup)
∂λup

Mpδp

(δp + αpλup)λ1/βp
up︸ ︷︷ ︸

:=A

−

[1− Γ(Rup(λup)]Mpδp(
(δp + αpλup)λ1/βp

up

)2

( 1
βp
λ(1−βp)/βp
up (δp+αpλup)+αpλ1/βp

up

)
︸ ︷︷ ︸

:=B

.

[C.14]

We now show that ∂(ep+up)
∂λup

< 0. As before, we have to plug in [C.11] and [C.14] into [C.13].

But, note that since ∂Rup(λup)
∂λup

> 0, we know A < 0. Thus, to prove the inequality in [C.13]

holds it is sufficient to show

up
δp
< B = λup + δp

δp

mpδp(
(δp + αpλup)λ1/βp

up

)2

( 1
β
λ(1−βp)/βp
up (δp + αpλup) + αpλ

1/βp
up

)
.

This inequality is equivalent to the one proved in the previous case. Therefore, we deduce
∂(ep+up)
∂λup

< 0.

Function is well-defined

We need to show that for each λup there is a unique up and a unique ep consistent

with market clearing. Combining the market clearing condition epδp = upλup with the

determination of λup from the matching function, we obtained an explicit expression for

up as a function of λup in [C.11]. From [C.12] and [C.14] we know up is strictly decreasing

with λup, so we deduce that for each given λup we can find a unique up. But then, using

epδp = upλup, we obtain a unique ep.
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Step 2 : λug is strictly decreasing with (eg + ug) = k

Assume, for now, that the function mapping λug into eg + ug is well defined. We

will show it to be the case below. Using the market clearing condition egδg = ugλug, we

have eg + ug =
(
λug [1−Fg(Rug(λug))]+δg

δg

)
ug. Thus,

∂(eg + ug)
∂λug

= ug
δg

[
(1− Fg(Rug (λug))−λugF ′g(Rug (λug))

∂Rug (λug)
∂λug

]
︸ ︷︷ ︸

:=G

+ λug[1− Fg(Rug (λug))] + δg
δg

∂ug
∂λug

.

Recall that, from the determination of λug, we have

ug = δgmg

(δg + αgλug[1− Fg(Rug (λug))])λ1/βg
ug

. [C.15]

We can then obtain an expression for ∂ug
∂λug

:

∂ug
∂λug

=− mgδg(
(δg + αgλug[1− Fg(Rug (λug))])λ1/βg

ug

)2

×
[

1
βg
λ(1−βg)/βg
ug (δg + αgλug[1− Fg(Rug (λug))]) + αgλ

1/βg
ug ×G

]
< 0.

[C.16]

With this result at hand, we now show that ∂(eg+ug)
∂λug

< 0. Note that

∂(eg + ug)
∂λug

< 0⇔ ug
δg
×G < −λug[1− Fg(Rug (λug))] + δg

δg

∂ug
∂λug

.

Plugging in [C.15] and [C.16] we obtain

G <
λug[1− Fg(Rug (λug))] + δg(

(δg + αgλug[1− Fg(Rug (λug))])λ1/βg
ug

)2

×
[

1
βg
λ(1−βg)/βg
ug (δg + αgλug[1− Fg(Rug (λug))]) + αgλ

1/βg
ug ×G

]

G <
λug[1− Fg(Rug (λug))] + δg

βgλug
+ αg(λug[1− Fg(Rug (λug))] + δg)×G

αgλug[1− Fg(Rug (λug))] + δg

G <
(λug[1− Fg(Rug (λug))] + δg)(αgλug[1− Fg(Rug (λug))] + δg)

βgλug(αgλug[1− Fg(Rug (λug))] + δg)
+

αgβgλug(λug[1− Fg(Rug (λug))] + δg)×G
βgλug(αgλug[1− Fg(Rug (λug))] + δg)

,
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which can be simplified to

δg

[(
1− Fg(Rug (λug))

)
[(βg − 1)− αg(1 + βg)]︸ ︷︷ ︸

<0

+ (αg − 1)︸ ︷︷ ︸
<0

βgλugF
′
g(Rug (λug))

∂Rug (λug)
∂λug︸ ︷︷ ︸
>0

]

<
δ2
g

αg
+ αgλug[1− Fg(Rug (λug))]2︸ ︷︷ ︸

>0

.

Therefore, we deduce ∂(eg+ug)
∂λug

< 0.

Following similar arguments as in the previous step, it is clear that for each λug
there is a unique ug and a unique eg consistent with market clearing. Thus, the function

is well defined. Since it is continuous and strictly decreasing, an inverse exists, which we

denote by λug(k). Therefore, we have

∂(eg + ug)
∂λug

< 0 ⇔ ∂λug(k)
∂k

< 0.

Proof of Theorem 1. We divide the analysis into three cases.

Case 1: Ug
(
λug

)
> Up

(
λup

)
.

In this case, we have Λgp : (λug,+∞) → (λINF
up , λup). Since λINF

up > λup, we know

that Λpg is well defined – all values are consistent with market clearing. Let λLug := Λpg(λup)

and λHug := Λpg(λINF
up ). From the properties of Λpg, we know limλup↘λup Λpg (λug) = +∞

and limλup↗+∞ Λpg (λug) = λug. Since Λpg is strictly decreasing, we deduce λup < +∞

implies λLug > λug and λINF
up > λup implies λHug < ∞. Clearly, λLug < λHug, and we define

Λpg : (λINF
up , λup)→ (λLug, λHug).

Then, the composition is defined by Λλ : (λug,+∞)→ (λLug, λHug). Note that we have

limλug↗+∞ Λλ (λug) = λLug < λHug and Λλ(λug) = λHug > λug. Since Λλ is strictly decreasing

and continuous, we can apply the Intermediate Value Theorem and deduce the existence

of a unique fixed point λ∗ug = Λλ(λ∗ug).

Case 2: Ug
(
λug

)
= Up

(
λup

)
.

In this case, we have Λgp : (λug,+∞)→ (λup, λup), which implies Λpg is well defined.

Using the fact that limλup↘λup Λpg = +∞, we can define Λpg : (λup, λup)→ (λug,+∞).
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Then, the composition is defined by Λλ : (λug,+∞) → (λLug,+∞). Note that we

have limλug↘λug Λλ (λug) = +∞ > λug. Following similar arguments as in the previous

case, we can apply the Intermediate Value Theorem and deduce the existence of a unique

fixed point λ∗ug = Λλ(λ∗ug).

Case 3: Ug
(
λug

)
< Up

(
λup

)
.

In this case, we have λINF
up < λug. Define Λgp : (λug,+∞) → (λINF

up , λup). Since

λINF
up < λup, Λpg is not well defined for the values in the interval (λINF

up , λup]. Define

Λpg : (λINF
up , λup)→ (λLug,+∞) as follows:

Λpg (λup) :=


Λpg (λup) if λup ∈ (λup, λup)

+∞ if λup ∈ (λINF
up , λup].

The composition is defined by Λλ : (λug,+∞)→ (λLug,+∞). Define λINF
ug := inf{λug : Ug(λug) =

Up
(
λup

)
}. Note that Λλ

(
(λug, λINF

ug ]
)

={+∞} and that limλug↘λINF
ug

Λλ (λug)=+∞>λug.

Then, following again similar arguments as in the previous cases, we can apply the Interme-

diate Value Theorem and deduce the existence of a unique fixed point λ∗ug = Λλ(λ∗ug).

Proof of Proposition 2. We begin considering the comparative statics results following

an increase, in first-order stochastic sense, in the public sector wage offer distribution,

from Fg to F̃g. In what follows, denote by x (Fg) the variable x under the distribution Fg.

Increase in FOSD sense of public sector wage offer distribution (a)

We claim that λup(F̃g) > λup(Fg) and λug(F̃g) < λug (Fg). Suppose, instead, that

λup(F̃g) ≤ λup(Fg). As the private sector reservation wage [4.5] only responds to changes in

the arrival rate λup or the wages offered by firms, it must be the case thatRup(F̃g) ≤ Rup(Fg).

This means that optimal wages from firms [4.3] will also not increase, that is, K(y, F̃g) ≤

K(y, Fg) for all y ∈ (y0, y). From [4.7], we deduce that Up(F̃g) ≤ Up(Fg). But, from [4.6],

we know that Ug(F̃g) > Ug(Fg). This implies Ug(F̃g) > Up(F̃g), which is inconsistent with

the indifference condition. Therefore, it must be the case that λup(F̃g) > λup(Fg). Market

clearing then implies that λug(F̃g) < λug(Fg).
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Increase in FOSD sense of public sector wage offer distribution (b)

Since λup(F̃g) > λup(Fg), it must be that case that K(y, F̃g) > K(y, Fg) for all

y ∈ (y0, y), as K(y) is strictly increasing in λup for any y ∈ (y0, y).

We now consider the comparative statics results following an increase in the size of

the public sector, from m̃g to mg. As before, denote by x (mg) the variable x under the

public sector size mg.

Increase in public sector size (a)

We claim that λup(m̃g) > λup(mg) and λug(m̃g) > λug (mg). Suppose that λug(m̃g) ≤

λug (mg). By [3.9], this means that the mass of workers in the public sector must be higher

under m̃g, that is, (eg+ug)(m̃g) > (eg+ug)(mg). This means (ep+up)(m̃g) < (ep+up)(mg),

which implies λup(m̃g) > λup(mg). This implies Up(m̃g) > Up(mg), which, since Ug(m̃g) ≤

Ug(mg), is inconsistent with the indifference condition. Therefore, it must be the case

that λug(m̃g) > λug (mg). But then, this means that λup(m̃g) > λup(mg), otherwise the

indifference condition would not hold.

Increase in public sector size (b)

Since λup(m̃g) > λup(mg), it must be that case that K(y, m̃g) > K(y,mg) for all

y ∈ (y0, y), as K(y) is strictly increasing in λup for any y ∈ (y0, y).
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APPENDIX D – Public sector composition

and wage gap by education

Figure 3 – Public sector composition by educational level
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.8
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Data: PNAD 2002-2012.
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APPENDIX E – Data description

Pesquisa Nacional por Amostra de Domicílios (PNAD)

To assess the existence of a wage differential between the private and public sectors,

we use data from the Pesquisa Nacional por Amostra de Domicílios (PNAD), a nationally

representative cross-section household survey. It is conducted every year by the Brazilian

Census Bureau (Instituto Brasileiro de Geografia e Estatística, IBGE), except for census

years – which is why are is no estimates for 2010. We intend to use PME data for the

estimation of our model and thus are limited to the period of 2002-2012.

The following filters were applied to the data to generate our sample. We included

all workers aged 18-65 who reported positive earnings during the survey’s reference week.

The measure of earnings is monthly earnings from the main job expressed in real values

using the CPI deflator with base-year 2011, which we transform to hourly wages, . Since our

model does not account for the informal sector, the run the regressions in the subsample of

those workers who were reportedly registered, that is, had a booklet (carteira de trabalho)

signed by the hiring firm.

Pesquisa Mensal de Emprego (PME)

In order to obtain estimates of worker flows, we use data from Pesquisa Mensal de

Emprego (PME), a household rotating panel conducted by IBGE in Brazil’s six largest

metropolitan regions. Each individual is interviewed during four consecutive months, then

for another four consecutive months one year after their entry into the sample.

We included all workers aged 23-65 who are found to be either unemployed or

working as an employee.

To construct the estimates of worker flows, we follow individuals for up to the first

four months or until their first transition (if sooner). Using the first move to compute

transitions minimizes the effects of attrition (Jolivet et al., 2006; Meghir et al., 2015).

At the first interview we observe worker’s employment status. We then use information
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on employment status and time in the current job from the subsequent three months to

construct the estimates.
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