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Resumo
Indivíduos similares mantêm relações pois assim o preferem (homofilia em preferências)
ou porque se encontram com mais frequência (homofilia em encontros)? O presente artigo
estuda a identificação e estimação de um jogo dinâmico de formação de redes em que
ambos os mecanismos estão presentes. Nós provemos condições sob as quais os parâmetros
relacionados às preferências e às oportunidades de encontro são identificados. Nós também
estudamos a estimação desse modelo sob as perspectivas frequentista e bayesiana. Como
aplicação, nós estudamos a formação de redes de amizades em escolas públicas do Recife; e
como um tratamento aleatorizado afeta a tecnologia de encontro entre os agentes. Nossos
resultados indicam que os padrões de homofilia observados nos dados se devem sobretudo
às preferências.

Palavras-chave: homofilia; formação de redes; identificação no infinito; métodos de
estimação likelihood-free.



Abstract
Is homophily in social and economic networks driven by a taste for homogeneity (prefer-
ences) or by a higher probability of meeting individuals with similar attributes (opportu-
nity)? This paper studies identification and estimation of a dynamic network game that
distinguishes between both mechanisms. We provide conditions under which preference-
and meeting-related parameters are identified. We then analyse estimation under both
frequentist and Bayesian perspectives. As an application, we study how a treatment affects
the meeting technology between agents in the context of a randomised control trial in
Northeastern Brazil. We find that homophily patterns in our data are mainly driven by
preferences.

Keywords: homophily; network formation; identification at infinity; lilelihood-free esti-
mation.
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1 Introduction

Homophily, the observed tendency of agents with similar attributes maintaining
relationships, is a salient feature in social and economic networks (Chandrasekhar, 2016;
Jackson, 2010, and references therein). Inasmuch as it may drive network formation,
homophily can produce nonnegligible effects in outcomes as diverse as smoking behaviour
(Badev, 2017) and test scores (Hsieh and Lee, 2016; Goldsmith-Pinkham and Imbens,
2013). Perhaps unsurprisingly then, the appropriate modelling of homophily has received
quite a deal of attention in the recent push for estimable econometric models of network
formation (Goldsmith-Pinkham and Imbens, 2013; Chandrasekhar and Jackson, 2016;
Mele, 2017; Graham, 2016, 2017).

A strand of the literature on the topic makes a distinction between homophily that
is due to choice; and homophily that is due to opportunity1. We shall label the former
homophily “in preferences”; and the latter homophily in “meetings”. This distinction has
not only theoretical, but also practical appeal: whereas public policy may be able to
alter the meeting technology between agents (say, by desegregating environments), it may
be less successful in changing preferences. Theoretical models that distinguish between
these mechanisms can be found in Currarini et al. (2009) and Bramoullé et al. (2012)2.
These models have some limitations, though: first, they focus on steady-state or “long-run”
behaviour, which may not be appropriate in settings where transitional dynamics may
matter (as in our applied section); second, they are either purely probabilistic3 (Bramoullé
et al., 2012) or, in the case of Currarini et al. (2009), allow for only a restrictive set of
pay-offs from relationships4. These limitations render these models unfit for some empirical
analyses.

This study aims to fill in the gap by providing an estimable econometric model that
accounts for both homophily in “preferences” and “meetings”. We study a generalisation
of the dynamic network formation model found in Mele (2017) (cf. also Christakis et al.
(2010) and Badev (2017)) where we allow for more general classes of meeting processes
and pay-offs. This model is well-grounded in the theoretical literature of strategic network
formation (Jackson and Watts, 2002) and allows specifications that account for both
“homophilies”. We discuss identification and estimation of meeting- and preference-related
parameters under many-networks asymptotics. By studying identification and estimation
1 Cf. Jackson (2010, p. 68) for a discussion.
2 See also Currarini et al. (2010) for an attempt at estimation.
3 In contrast to strategic models of network formation. See Jackson (2010) and de Paula (2016) for

examples.
4 Pay-offs in Currarini et al. (2009) depend only on the number of relationships with individuals of the

same or different types. There is no role for indirect benefits.
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of matching-related parameters in (possibly) off-stationary-equilibrium settings, we hope
to contribute to the model’s applicability and empirical usefulness, especially in conducting
counterfactual analyses.

As an application, we study how “homophilies” structure network formation in
primary schools and how an early-age intervention may change these mechanisms. For
that, we use data on a randomised control trial (RCT) conducted in Northeastern Brazil
(Pinto and Ponczek, 2017). The experiment took place in 2014 and comprised 30 municipal
elementary schools in Recife, Pernambuco5. Half of these schools were randomly assigned
a treatment which consisted of distributing Lego building blocks and related educational
material to be used with 3rd and 5th graders in daily one-hour activities. The material
was curriculum-based and teachers were trained for its use. In the activities, students
were divided in groups of two to four. Baseline (early 2014) and followup (late 2014)
data on intra-classroom friendship networks was collected. As the description suggests,
parameters related with meeting opportunities may have been altered by the treatment.
Using information collected at the baseline and followup periods, we are able to assess how
changes in the meeting technology impact homophily in friendships. Our results suggest
that observed homophily patterns in our data are mainly driven by preferences, and that
imposing the treatment group’s meeting technology on controls has little to no impact
on these patterns. We also use our estimated model in welfare assessments. We find that
tracking students according to their cognitive skills may lead to welfare losses stemming
from the network formation process, though this evidence is weak due to impreciseness in
our estimates.

In the next sections, we introduce the network formation game under consideration
(Chapter 2); explore identification when information on the network structure is available
in two distinct points of time (Chapter 3); and discuss estimation under both a frequentist
and a Bayesian perspective (Chapter 4). Chapter 5 assesses the small-sample properties of
our proposed estimators via a Monte Carlo study tightly knit to our application. Chapter 6
presents the results of our application. Chapter 7 concludes.

5 These schools in its turn were randomly selected from the universe of municipal elementary schools in
Recife (171 schools).
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2 Setup

The setup expands upon Mele (2017). We consider a network game on a finite set
of agents I := {1, 2 . . . N}. Each agent i ∈ I is endowed with a k × 1 vector of exogenous
characteristics Wi. Agents’ vectors are stacked on matrix X :=

[
W1 W2 · · · WN

]′
.

These exogenous characteristics are fixed throughout the game. We denote the support of
X by X .

Time is discrete. At each round t ∈ N of the network formation process, agents’
relations are described by a directed network. Information on the network is stored on a
N × N adjacency matrix, with entry gij = 1 if i has j as a friend and 0 otherwise. By
assumption, gii = 0 for all i ∈ I. We denote the set of all 2N(N−1) possible adjacency
matrices by G.

Agent i’s utility from a network g is described by a utility function ui : G ×X 7→ R,
ui(g,X). Utility may depend on the entire network and on the entire set of agents’
covariates.

Agents are myopic, i.e. they form, maintain or sever relationships based on the
current utility these bring. At each round, a matching process mt selects a pair of agents
(i, j). A matching processmt is a stochastic process {mt : t ∈ N} overM := {(i, j) ∈ I×I :
i 6= j}. If the pair (i, j) is selected, agent i will get to choose whether to form/mantain
or not form/sever a relationship with j. After the matching process selects a pair of
agents, a pair of choice-specific idiosyncratic shocks (εij,t(0), εij,t(1)) are drawn, where
εij,t(1) corresponds to the taste shock in forming/maintaining a relationship with j at time
t. These shocks are unobserved by the econometrician and enter additively in the utility
of each choice. Given that choice is myopic, agent i forms/maintain a relation with j iff:

ui([1, g−ij], X) + εij,t(1) ≥ ui([0, g−ij], X) + εij,t(0) (2.1)

where [a, g−ij] denotes an adjacency matrix with all entries equal to g except for
entry ij, which equals a.

The next two assumptions constrain the meeting process and the distribution of
shocks.

Assumption 2.1. The meeting process {mt : t ∈ N} is described by a time-invariant
matching function ρ :M×G × X 7→ [0, 1] , where ρ((i, j), g,X) is the probability that
(i, j) is selected when covariates are X and the previous-round network was g. Moreover,
for all g ∈ G, X ∈ X , (i, j) ∈M, ρ((i, j), g,X) > 0.
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So the matching function assigns positive probability to all possible meetings under
all possible values of covariates and previous-round networks. Note that this allows for
dependence on the existence of previous-round links, which was not permitted in Mele
(2017)1.

Assumption 2.2. Shocks are drawn iid across pairs and time from a known distribution
(ε(0), ε(1))′ ∼ Fε which is absolutely continuous with respect to the Lebesgue measure on
R2 and has positive density almost everywhere.

Under Assumption 2.1 and Assumption 2.2 – and specifying some initial distribution
µ0 ∈ ∆(G)2 –, the network game just described induces a Markov chain {gt : t ∈ N ∪ {0}}
on the set of netwotks G. The 2N(N−1) × 2N(N−1) transition matrix Π has entries Πgw,
g, w ∈ G, which prescribe the probability of transitioning to w given the current period
network g.

For each g ∈ G, define N(g) := {w ∈ G \ {g} : ∃! (i, j) ∈ M, gij 6= wij} as the set
of networks that differ from g in exactly one edge. Entries of Π take the form:

Πgw =


ρ((i, j), g,X)Fε(gij)−ε(wij)(ui(w,X)− ui(g,X)) if w ∈ N(g), gij 6= wij∑

(i,j)∈M ρ((i, j), g,X)Fε(1−gij)−ε(gij) (ui(g,X)− ui([1− gij , g−ij ], X)) if g = w

0 elsewhere
(2.2)

where Fε(1)−ε(0) and Fε(0)−ε(1) denote the distribution function of the difference in
shocks.

Remark 2.1. The transition matrix is irreducible and aperiodic. Indeed, by Assumption 2.1
and Assumption 2.2, the first and second cases in (2.2) are always positive for any g ∈ G. We
can thus always reach any other network w starting from any g with positive probability in
finite time (irreducibility). Since the chain is irreducible and contains a self-loop (Πgg > 0),
it is also aperiodic.

Remark 2.2. The Markov matrix is sparse. For each g ∈ G, there are only N(N − 1) + 1
positive entries. The fraction of non-zero entries is thus N(N−1)+1

2N(N−1) , which goes to 0 as N
grows large. We still have 2N(N−1)[N(N − 1) + 1] positive entries, though.

We next look for stationary distributions. Recall that a stationary distribution is
an element π ∈ ∆(G) satisfying π = Π′π.

Remark 2.3. The transition matrix Π admits a unique stationary distribution, which
is a direct consequence of the Perron-Froebenius theorem for nonnegative irreducible
1 Further notice that, differently from Mele (2017), we do not assume utilities admit a potential function.

See Section 3.3 for a discussion.
2 We denote by ∆(G) the set of all probability distributions on G.
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matrices (Horn and Johnson, 2012, Theorem 8.4.4). Moreover, as the chain is irreducible
and aperiodic, we have that, for any π0 ∈ ∆(G), limt→∞(Πt)′π0 = π (Norris, 1997, Theorem
1.8.3), so we may interpret the invariant distribution as a “long-run” distribution.

Remark 2.4. Note that the stationary distribution puts positive mass over all network
configurations. Indeed, first note that there exists some g0 ∈ G such that π(g0) > 0. Fix
w ∈ G. Since the chain is irreducible, there exists k ∈ N such that (Πk)g0,w > 0, where
(Πk)g0,w > 0 denotes the (g0, w) entry of Πk. But π = (Πk)′π =⇒ π(w) > 0.
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3 Identification

In this section, we study identification under many-network asymptotics. In par-
ticular, we assume we have access to a random sample (iid across c) of C networks
{GT0

c , G
T1
c , Xc}Cc=1 stemming from the network formation game described in Chapter 21. In

this context, GT0
c and GT1

c are observations of network c over two (possibly nonconsecutive)
periods2 (labelled first and second); and Xc is the set of covariates associated with network
c. We denote the law of Xc by PX , where we recall that X is a copy of Xc (i.e. a random
variable with the same law as Xc). Realisations of X are denoted by small case letters, i.e.
elements x ∈ X .

Denote by Π(θ0, X) the transition matrix under covariates X; and where θ0 :=
((ui)Ni=1, ρ) are the “true” parameters (functions). Further write τ0 for the number of rounds
of the network formation game taken place between the first and second period. Notice
that we are able to identify Π(θ0, X)τ0 , the transition matrix to the power of the number of
rounds of the network formation game which took place between the first and second period
(τ0), provided that the first-period conditional distribution, π0(X), is such that π0(X) >> 0
PX-a.s. To see this more clearly, suppose X were empty. In this case, we could consistently
estimate (Πτ0)gw, g, w ∈ G, by (Π̂τ0)gw = ∑C

c=1 1{GT0
c = g,GT1

c = w}/∑C
c=1 1{GT0

c = g}3,
provided P[GT0

c = g] > 04. The next assumption summarises this requirement.

Assumption 3.1 (Full support). π0(g,X) > 0 for all g ∈ G PX-a.s.

Since Π(θ0, X)τ0 is identified from the data under Assumption 3.1, the identification
problem subsumes to (denoting by Θ the parameter space5):

∀(θ, τ), (θ̃, τ̃) ∈ Θ× N, (θ, τ) 6= (θ̃, τ̃) =⇒ Π(θ,X)τ 6= Π(θ̃, X)τ̃

where the RHS inequality must hold with positive probability over the distribution
of X (Newey and McFadden, 1994).
1 Under large-network asymptotics, we would have access to a single (a few) network(s) with a large

number of players.
2 In Appendix B, we briefly discuss (non)identification when only one period of data stemming from the

stationary distribution of the network formation game is available.
3 In our setting, an agent is described by her set of exogenous characteristics Wi. Agents in different

networks are “equal” if their covariates agree. Two networks are thus deemed equal if their adjacency
matrices are equal up to symmetric permutations in their rows and columns; and if agents “agree” in
both networks.

4 The case where X has discrete support is similar to the case where no covariates are included. In
the case where X contains continuous covariates, a consistent estimator would be given by a kernel
estimator (Li and Racine, 2006).

5 Abstracting from measurability concerns, this is the set of utilities and matching functions satifying
the assumptions in Chapter 2.
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Observe that, in our statement of the identification problem, the number of rounds
in the network formation game is assumed to be unknown. There is no reason to expect
τ0, the true number of rounds, to be known a priori by the researcher, unless the network
formation algorithm has a clear empirical interpretation. Nonetheless, it is still possible
to identify τ0 under some assumptions. Observe that, for all θ ∈ Θ and x ∈ X , Π(θ, x) is
irreducible and has strictly positive main diagonal. It is then easy to see that the number of
strictly positive entries in Π(θ, x)τ is nondecreasing in τ . Moreover, it is strictly increasing
for τ ≤ N(N − 1)6 and does not depend on (θ, x). Thus, provided that τ0 ≤ N(N − 1),
we can identify τ0 by “counting”7 the number of positive entries in Π(θ0, X)τ0 .

Assumption 3.2 (Upper bound on τ0). The number of rounds which took place in the
network formation game between the first and second period (τ0) is smaller than or equal
to N(N − 1).

Remark 3.1. Under 3.2, τ0 is identified (in {1, 2 . . . N(N − 1)}).

A similar assumption can be found in Christakis et al. (2010), where it is assumed
that τ0 = N(N − 1)/2 (it is an undirected network) and all meeting opportunities
are played (though in an unknown order). In their setting, however, the assumption is
mainly made in order to reduce the computational toll of evaluating the model likelihood
(see Section 4.1.2 for a similar discussion); whereas in our environment we require it
in identification. We also emphasise that the bound in assumption 3.2 will be more or
less restrictive depending on the setting – knowledge of the particular application in
mind should help to assess its appropriability. Finally, it should be noted that our main
identification result (Proposition 3.1) holds irrespective of the bound, provided that τ0 is
identified or known a priori.

Under assumption 3.2, we may thus assume, without loss, τ0 is known.

In the next subsections, we discuss identification of θ.

3.1 Identification without restrictions
To illustrate the difficulty of identification without imposing further restrictions,

let us briefly analyse identification of θ from Π(θ,X). Observe that identification of θ from
Π(θ,X) is a necessary condition for identification of θ from Π(θ,X)τ0 . Indeed, knowledge
of Π(θ,X) implies knowledge of Π(θ,X)τ0 . Thus, in a sense, our analysis in this subsection
provides a “best-case” scenario for achieving identification without additional restrictions.
6 N(N − 1) is the minimum number of rounds required for the probability of transitioning from a “fully

empty” network to a “fully connected” network to be strictly positive.
7 We provide a consistent estimator for τ0 in Section 4.1.1.
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As we do not impose further restrictions in the model, we essentially view X

as nonstochastic throughout the remainder of this subsection. In order to make the
identification problem clearer, define, for all g ∈ G, w ∈ N(g) with gij 6= wij, Fij(g, w) :=
Fε(gij)−ε(wij)(ui(w,X) − ui(g,X)). Observe that Fij(g, w) + Fij(w, g) = 1. Write ρij(g)
for ρ((i, j), g,X). Observe that ∑(i,j)∈M ρij(g) = 1. Let γ := ((ρij(g))g∈G,(i,j)∈M ,

(Fij(g, w))g∈G,w∈N(g),gij 6=wij) be a parameter vector, and γ0 the “true” parameter. Observe
that, under assumptions 2.1 and 2.2, the parameter space, which we denote by Γ, is a
subset of Rdim γ

++ , an open set. Put another way, Γ = {γ ∈ Rdim γ
++ : Fij(g, w) + Fij(w, g) =

1,∑(k,l)∈M ρk,l(g) = 1 for all g ∈ G, w ∈ N(g) with gij 6= wij}. Identification from the
transition matrix thus requires us to show that, for all γ, γ′ ∈ Γ, γ 6= γ′ =⇒ Π(γ) 6= Π(γ′),
where Π(γ) is the matrix in (2.2) constructed under γ. If we can uniquely recover γ from Π,
then we can recover differences in utilities, ui(g,X)− ui(w,X), for all i ∈ I and g, w ∈ G,
as Fε(1)−ε(0) is invertible under assumption 2.2. Levels (and thus θ) are then identified
under a location normalisation on pay-offs (e.g. ui(g0, X) = 0 for all i and some g0).

Observe that dim γ = N(N−1)2N(N−1)+N(N−1)2N(N−1), where the first summand
is the dimension of (pij(g) : g ∈ G, (i, j) ∈M) and the second term is the dimension of
(Fij(g, w) : (i, j) ∈M, g ∈ G, w ∈ N(g), wij 6= gij). Matrix Π(γ) has 2N(N−1)(N(N−1)+1)
strictly positive entries. The parameter space imposes 2N(N−1) restrictions of the type∑

(i,j)∈M ρi,j(g) = 1 and N(N−1)2N(N−1)/2 restrictions of the type Fij(g, w)+Fij(w, g) = 1.
A simple order condition would thus require:

2N(N−1) [2N(N − 1)] ≤ 2N(N−1) [N(N − 1) + 1 +N(N − 1)/2] =⇒ N(N − 1) ≤ 2 =⇒

=⇒ N ≤ 2

and the model would be identified provided that N = 2. The point is that the map
γ 7→ Π(γ) is nonlinear, so the order condition is nor necessary nor sufficient. Nonetheless,
we are able to show directly that the model is identified when N = 2.

Claim 3.1. If N = 2, then γ is identified from Π(γ) under assumptions 2.2, 2.1 and 3.1.

Proof. See Appendix D.

Extending such a direct argument to N > 2 is not feasible, as Π is a 2N(N−1) ×
2N(N−1) matrix. Notice that the rank condition in Rothenberg (1971) for local identification
is not satisfied (recall the previous order condition). The problem is that, for this condition
to be sufficient for local nonidentification, the Jacobian of Π(γ) must be rank-regular (i.e.
it must have constant rank in a neighbourhood of γ) , which is not trivial to show. Of
course, if that were the case, then we would know the model is nonidentified for N > 2.

Given the difficulty of establishing identification without imposing further restric-
tions even when Π(θ,X) is known (or τ0 = 1), in the next subsections we explore the
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identifying power of restrictions on: (i) how covariates affect utilities and the matching
function; and (ii) how the network structure affects pay-offs and meetings.

3.2 Identification with covariates
In this subsection, we explore the identifying power of restrictions on covariates.

We work in the environment where we observe two periods of data and τ0 is assumed to
be identified or known a priori. We will follow an identification at infinity approach in
order to identify θ (Tamer, 2003; Bajari et al., 2010).

In order to make explicit the dependency in covariates, we write Xu
i (g) for the

covariates that enter the utility of agent i under network g, i.e. we shall write ui(g,X) =
ui(g,Xu

i (g)) for all i ∈ I, g ∈ G. We use Xm(g) for the covariates that enter the matching
function under network g, i.e. ρ((i, j), g,X) = ρ((i, j), g,Xm(g)) for all (i, j) ∈ M and
g ∈ G. We also define ui(w,Xu

i (w))−ui(g,Xu
i (g)) =: δij(g, w,Xu

ij(g, w)), the gain in utility
from each choice, for all g ∈ G, w ∈ N(g), wij 6= gij . In this case, Xu

ij(g, w) is the subvector
of [Xu

i (g), Xu
i (w)] with the covariates relevant in the marginal gain of i moving from g

to w. We write Π(X)τ0 = Π(θ0, X)τ0 for the observed transition matrix. Notice that, in
our case, X = [(Xu

ij(g, w))g∈G,w∈N(g),wij 6=gij , (Xm(g))g∈G]. Finally, we will use the notation
A \B for the subvector of A such that A = [A \B,B].

We next impose the following assumptions.

Assumption 3.3 (Location normalisation). There exists some g0 ∈ G, ui(g0, X
u
i (g0)) = 0

for all i ∈ I.

Such a normalisation is required in order to identify utilities in levels.

Our exclusion restriction is as follows:

Assumption 3.4 (Large support exclusion restriction). For all g ∈ G, w ∈ N(g), gij 6= wij ,
there exists a m× 1 subvector Zu

ij(g, w) of Xu
ij(g, w), i.e. Xu

ij(g, w) = [Zu
ij(g, w), X̃u

ij(g, w)],
such that no covariate in Zu

ij(g, w) is an element of Xm(g). Moreover, Zu
ij(g, w) admits a

conditional Lebesgue density f(Zu
ij(g, w)|X̃u

ij(g, w), Xm(g)) that is positive a.e.; and there
exists ~r ∈ Rm s.t. limt→∞ δij(g, w, [Zu

ij(g, w) = t~r, X̃u
ij(g, w)]) =∞.

Assumption 3.4 requires that, for each g ∈ G, large support covariates be included
in the marginal gain of each agent’s choice under g, but excluded from the matching
function under g. These covariates should admit, with positive probability, sufficiently “high”
realisations s.t. the (conditional on X) probability of an agent “accepting” a transition
from g once selected by the matching process can be made arbitrarily close to unity.

In what follows, write Nk(g), k ∈ N and g ∈ G, for the set of networks that differ
from g in exactly k edges. The previous restrictions imply the next result:
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Lemma 3.1. Under Assumptions 2.1, 2.2, 3.1, 3.3 and 3.4, θ0 is identified when τ0 = 1.

Proof. Starting from some w ∈ N(g0), wij 6= g0ij, we can identify ρij(g0, X
m(g)) =

limt→∞(Π(X\Zu
ij(g0, w), Zu

ij(g0, w) = t~rg0w))g0w, which is valid under the (conditional) large
support assumption. We are then able to identify ui(w,Xu

i (w)) thanks to the normalisation
on ui(g0, X

u
i (g0)). Proceeding in a similar fashion iteratively on w′ ∈ N2(g0), N3(g0) . . .,

we identify all objects.

A sufficient condition for identification of θ0 for any τ0 known or identified is
provided in the corollary below.

Corollary 3.1. If θ 7→ Π(θ,X) is a.s. diagonalisable with the appropriate eigenvalue signs
(nonnegative if τ0 even), then, under the assumptions in Lemma 3.1, θ0 is identified for
any τ0 known or identified.

More generally, conditions for the unicity of a stochastic τ0th root of a transition
matrix are quite complicated. See Higham and Lin (2011) for examples and sufficient
conditions.

Remark 3.2. It should also be clear that the result in Lemma 3.1 would similarly hold if
the large suppport variable were included in the matching function (but not in utilities).
This may be more appropriate in some applied settings.

When τ0 ≥ 2 and we do not know if Π(θ,X) is “appropriately” diagonalisable, we
need stronger exclusion restrictions. We state a sufficient version (for all τ0 identified or
krnown) of this assumption below.

Assumption 3.5. The exclusion restriction in 3.4 holds as: no covariate in Zu
ij(g, w)

is included in [Xm(g), Xm(w), (Xu
kl(g, [1− gkl, g−kl]), Xu

kl(w, [1− wkl, w−kl]))(k,l)6=(i,j)]; with
f(Zu

ij(g, w)|X \ Zu
ij(g, w)) positive a.e..

This stronger exclusion restriction requires that the large support covariates included
in agent i’s marginal gain of transitioning from g to w be excluded not only from the
matching function under g; but also from the matching function under w and from all
other agents’ marginal gain of transitioning from g or w.

We next show identification when τ0 = 2 to get an idea of how the general case
would look like. As one will see, the exclusion restriction given by Assumption 3.5 could
be relaxed in this case, though the latter would then be insufficient for identification when
τ0 > 2.

Lemma 3.2. Suppose Assumptions 2.1, 2.2, 3.1, 3.3 and 3.5 hold. Then, if τ0 = 2, the
model is identified.
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Proof. First notice that Π(θ,X)2 takes the form:

(Π(θ,X)2)gw =



ρij(g)Fij(g, [wij , g])ρkl([wij , g])Fkl([wij , g], w)+

+ρkl(g)Fkl(g, [wkl, g])ρij([wkl, g])Fij([wkl, g], w) if w ∈ N2(g), wij 6= gij , wkl 6= gkl

Πggρij(g)Fij(g, w) + ρij(g)Fij(g, w)Πww if w ∈ N(g), wij 6= gij

ΠggΠgg +
∑
s∈N(g) ΠgsΠsg if g = w

0 otherwise
(3.1)

Fix g ∈ G, w ∈ N(g), gij 6= wij. Notice that, by driving Fij(g, w)→ 1 and Fpq(g,m)→ 0
for all m ∈ N(g) \ {w}, gpq 6= mpq, the term (Π2)gg identifies:

lim
t∗

(Π2)gg = (1− ρij(g))2

where limt∗ is shorthand for the appropriate limit8. Since limt∗(Π2)gg ∈ [0, 1], we
can uniquely solve for ρij(g), thus establishing identification of ρij(g).

Next, observe that, by taking Fpq(g,m)→ 0 for all m ∈ N(g)\{w}, Fpq(w,m)→ 0
for all m ∈ N(w) \ {g}, the term Πgw identifies:

lim
t∗∗

Πgw = (1− ρij(g)Fij(g, w))ρij(g)Fij(g, w) + ρij(g)Fij(g, w)(1− ρij(w)Fij(w, g)) =

ρij(g)Fij(g, w)(2− ρij(w) + (ρij(w)− ρij(g))Fij(g, w))

where limt∗∗ is shorthand for the appropriate limit9. Since the right-hand term
is strictly increasing in Fij(g, w), the “true” Fij(g, w) uniquely solves the equation, thus
establishing identification.

The previous argument suggests a procedure for the general case.

Proposition 3.1. Suppose Assumptions 2.1, 2.2, 3.1, 3.3 and 3.5 hold. Then the model
is identified for any τ0 known or identified.

Proof. Fix g ∈ G, w ∈ N(g), gij 6= wij. Observe that:

(Πτ0)gg =
∑

m∈N(g)∪{g}
(Πτ0−1)gmΠmg

We first prove the following claim:

Claim. Under a limit which drives Fpq(w,m) → 0 for all m ∈ N(w), mpq 6= wpq, and
Fkl(g, s)→ 0 for all s ∈ N(g)\{w}, skl 6= gkl, we have limt∗(Πτ0)gg = (1−ρij(g))τ0, where
limt∗ is shorthand for the appropriate limit.
8 I.e. a limit that drives Fij(g, w)→ 1 and Fpq(g,m)→ 0 for all m ∈ N(g) \ {w}, gpq 6= mpq.
9 I.e. a limit that drives Fpq(g,m)→ 0 for all m ∈ N(g) \ {w}, Fpq(w,m)→ 0 for all m ∈ N(w) \ {g}.
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Proof. The case τ0 = 1 is readily verified by driving Fkl(g, s)→ 0 for all s ∈ N(g) \ {w},
skl 6= gkl and Fij(g, w) → 1. For τ0 > 1, we begin by noticing that we may drive
(Πτ0−1)gm → 0 for all m ∈ N(g) \ {w}. Since m and g differ in exactly one edge (say,
mpq 6= gpq), a transition in edge pq must appear in every summand in (Πτ0−1)gm. Indeed,
(Πτ0−1)gm sums over all possible transitions in edge pq from value gpq to mpq in τ0 − 1
rounds. Put another way, for each summand in (Πτ0−1)gm, there exists t ∈ {0, 1 . . . τ0 − 2},
gtpq = gpq and gt+1

pq = mpq
10. Fix a summand in (Πτ0−1)gm. We analyse the following cases:

1. There exists t ∈ {0, 1 . . . τ0 − 2}, gtpq = gpq, gt+1
pq = mpq and gt = g. In this case, by

taking Fpq(g,m)→ 0, we drive the summand to 0.

2. For all t ∈ {0, 1 . . . τ0 − 2} such that gtpq = gpq, gt+1
pq = mpq, we have gt 6= g. Take t∗

to be the smallest t satisfying the above. Observe that t∗ > 0, as g0 = g (we always
start at g). Since gt∗ 6= g, there exists t′ < t∗, gt′ = g and gt′+1 = z, z ∈ N(g). If
there exists some t′ satisfying this property such that z 6= w (with gkl 6= zkl), then
driving Fkl(g, z) → 0 vanishes the term. If, for all such t′, z = w, take t∗∗ to be
the maximum of such t′. Observe that t∗∗ < t∗. If gt∗ = w, we may safely drive
Fpq(w, [mpq, w−pq])→ 0. If not, then t∗∗ + 1 < t∗ and there exists a transition from
w to some element in N(w) which we can safely drive to 0.

Since the above argument holds irrespective of the summand (the common limit will
vanish all terms), we conclude (Πτ0−1)gm → 0. Since Fij(g, w)→ 1, limt∗(Πτ0−1)gwΠwg = 011.
The common limit in the statement of the claim thus leaves us with:

lim
t∗

(Πτ0)gg = lim
t∗

(Πτ0−1)gg lim
t∗

(Π)gg = lim
t∗

(Πτ0−1)gg(1− ρij(g))

Induction then yields the desired result.

Since limt∗(Πτ0)gg ∈ [0, 1], we can uniquely solve for ρij(g), thus establishing
identification.

Next, we proceed to identification of Fij(g, w). Note that:

(Πτ0)gw =
∑

m∈N(w)∪{w}
(Πτ0−1)gmΠmw

We then prove the following claim:
10 Recall gt is the stochastic process on G induced by the game.
11 In all previous arguments, we implicitly use the sandwich lemma to infer that, if one term of the

product goes to zero, the whole product does. This is immediate as we’re working with products of
probabilities.
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Claim. Under a limit which drives Fpq(w,m) → 0 for all m ∈ N(w) \ {g}, mpq 6= wpq,
and Fkl(g, s)→ 0 for all s ∈ N(g) \ {w}, skl 6= gkl:

lim
t∗∗

(Πτ0)gw = lim
t∗∗

(Πτ0−1)ggρij(g)Fij(g, w) + lim
t∗∗

(Πτ0−1)gw(1− ρij(w)Fij(w, g))

where limt∗∗ is shorthand for the appropriate limit. We also have that, under such a limit:

lim
t∗∗

(Πτ0)gw + lim
t∗∗

(Πτ0)gg = 1

Proof. Notice that, for τ0 = 1, we have:

lim
t∗∗

(Π)gw = ρij(g)Fij(g, w)

lim
t∗∗

(Π)gg = (1− ρij(g)Fij(g, w))

These expressions follow directly from the limit being taken and equation (2.2).

Consider next the case τ0 > 1. Observe that the limit in the statement of the lemma
drives (Πτ0−1)gm → 0 for all m ∈ N(w) \ {g}. Indeed, notice that, if m ∈ N(w) \ {g},
then m ∈ N2(g). Recall (Πτ0−1)gm sums over all possible transitions from g to m in τ0 − 1
rounds. Fix a summand in (Πτ0−1)gm. If a transition from g occurs at pair (a, b) ∈ M,
(a, b) 6= (i, j), then the limit vanishes the term. If all transitions from g occur at pair (i, j)
(i.e. g only transitions to w), a transition from w must occur, since m ∈ N2(g). If w only
transitions to g, then either m = g or m = w, which is not true. Therefore, there exists a
transition from w to some z ∈ N(w) \ {g}, so we can vanish the summand. The limit in
the statement thus drives the term (Πτ0−1)gm to zero.

From the above discussion, we thus get:

lim
t∗∗

(Πτ0)gw = lim
t∗∗

(Πτ0−1)ggΠgw + lim
t∗∗

(Πτ0−1)gwΠww =

lim
t∗∗

(Πτ0−1)ggρij(g)Fij(g, w) + lim
t∗∗

(Πτ0−1)gw(1− ρij(w)Fij(w, g))

which establishes the first part of the claim.

Next, we notice that, under the limit in the statement of the claim:

lim
t∗∗

(Πτ0)gg = lim
t∗∗

(Πτ0−1)gg(1− ρij(g)Fij(g, w)) + lim
t∗∗

(Πτ0−1)gwρij(w)Fij(w, g)
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This follows from observation that, in the proof of the previous claim, we can still
drive (Πτ0−1)gm → 0 for all m ∈ N(g) \ {w} even though Fij(g, w) does not vanish12. We
are thus left with the terms related to staying in g or transitioning to w in τ0 − 1 rounds.

Finally, the second part of the claim can be asserted by noticing that limt∗∗(Π)gw +
limt∗∗(Π)gg = 1 and applying this fact inductively on the expression for limt∗∗(Πτ0)gw +
limt∗∗(Πτ0)gg = limt∗∗(Πτ0−1)gw + limt∗∗(Πτ0−1)gg.

To establish identification of Fij(g, w), we need to show that the the expression
for limt∗∗(Πτ0)gw is strictly increasing in (0, 1) as a function of Fij(g, w). Denoting by
DFij(g,w) limt∗∗(Πτ0)gw the derivative of limt∗∗(Πτ0)gw as a function of Fij(g, w), we get:

DFij(g,w) lim
t∗∗

(Πτ0)gw = DFij(g,w) lim
t∗∗

(Πτ0−1)gw(1− ρij(w) + (ρij(w)− ρij(g))Fij(g, w))

+ρij(g)(1− lim
t∗∗

(Πτ0−1)gw) + ρij(w) lim
t∗∗

(Πτ0−1)gw

where we used that limt∗∗(Πτ0)gw + limt∗∗(Πτ0)gg = 1 and Fij(g, w) + Fij(w, g) = 1. By
noticing ρij(g)(1− limt∗∗(Πτ0−1)gw) + ρij(w) limt∗∗(Πτ0−1)gw ≥ min{ρij(g), ρij(w)} > 0 and
applying induction on the fact that DFij(g,w) limt∗∗(Π)gw ≥ 0, we get that the derivative is
strictly positive in (0, 1), thus showing the map is invertible and establishing identification
of Fij(g, w).

In Appendix E, we show that identification would similarly hold if an analagous
exclusion restriction on the matching function were true.

Remark 3.3 (A possible parametrisation). If we take ρ((i, j), Xm(g)) = exp(α′gXm
ij (g))∑

(k,l)∈M exp(α′gXm
kl

(g))

and ui(g,Xu
i (g)) = β′gX

u
i (g), where Xu

i (g) may include other individuals’ characteristics,
then the model is identified under the previous restrictions, provided the usual rank
conditions hold (cf. Amemiya (1985, p.286-292); also McFadden (1974))13.

3.3 Identification via the network structure
In Mele (2017), it is assumed that ρij(g,X) = ρij([1− gij, g−ij], X) for all g ∈ G,

i.e. meeting probabilities do not depend on the presence of a link between ij. No-
tice that this constitutes an exclusion restriction with identifying power in our en-
vironment. Indeed, if τ0 = 1 and this hypothesis holds, Πg,[1−gij ,g−ij ]/Π[1−gij ,g−ij ],g =
12 Suppose g only transitions to w. Since m 6= w, w must transition to some other z ∈ N(w). If w only

transitions to g, then either m = g or m = w, which is not true. Therefore, we can always vanish a
summand in (Πτ0−1)gm, even though Fij(g, w) does not vanish.

13 Specifically. we would require E[(Xu
i (w) −Xu

i (g))′(Xu
i (w) −Xu

i (g))] to have full rank for all i ∈ I,
g ∈ G, w ∈ N(g), with Xu

i (g0) = ~0 for all i ∈ I; and E[X̃m(g)′X̃m(g)] to have full rank for all
g, where X̃m(g)′ =

[
(Xm

1,1(g)− X̄m(g))′ (Xm
1,2(g)− X̄m(g))′ . . . (Xm

N,(N−1)(g)− X̄m(g))′
]
and

X̄m(g) =
∑

(i,j)∈M ρ((i, j), g,Xm(g))Xm
ij (g).
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Fij(g, [1 − gij, g−ij])/(1 − Fij(g, [1 − gij, g−ij])), which establishes identification of utili-
ties (and meeting probabilities thereupon) under a location normalisation. For τ0 > 1,
identification is not that immediate14, but we can rely on a sufficient condition such as
“appropriate” diagonalisability as in Corollary 3.1 to achieve identification.

If we further assume that: (1) taste shocks are independent EV type 1; and (2) utility
functions admit a potential function15 Q : G×X 7→ R; then the model’s (conditional on X)
network stationary distribution is in the exponential family, i.e. π(g,X) ∝ exp(Q(g,X))
(Mele, 2017, also Appendix C). If we assume that {GT0

c }c are drawn from the model’s
stationary distribution, then the model’s potential (and hence marginal utilities) is identified
under standard assumptions (Newey and McFadden, 1994). Provided that utility functions
in the game played before period T0 remain unaltered in the game played between period
T0 and period T1, we can use the period T0 distribution to help identify the model16. A
necessary condition for this equality in utilities, provided that between period T0 and
period T1 the matching function satisfies the restriction in Mele (2017), is that the period
T0 network distribution equals the period T1 distribution17. This is a testable assumption.

More generally, we could try to achieve identification by restricting how pay-offs
are affected by the network structure. This approach is followed by de Paula et al. (2018)
and Sheng (2014), where it is assumed that network observations are pairwise-stable
realisations of a (static) simultaneous-move complete information game. In their setting,
pairwise stability only enables partial identification. We recognise that further restrictions
on how the network structure affects pay-offs may enable point-identification in our setting,
though we do not try to analyse these conditions in a general environment.

14 Notice from (3.1), nonetheless, that (Π2)g,[1−gij ,g−ij ]/(Π2)[1−gij ,g−ij ],g = Fij(g, [1 − gij , g−ij ])/(1 −
Fij(g, [1− gij , g−ij ])), which identifies utilities. Identification of meeting probabilities is not immediate
in this case, though.

15 A potential function is a map Q : G × X 7→ R satisfying Q([1, g−ij ], X) − Q([0, g−ij , X]) =
ui([1, g−ij ], X)− ui([0, g−ij ], X) for all (i, j) ∈M, g ∈ G.

16 Observe we do not need to assume matching functions remain unaltered, just that before period T0
they obeyed the restriction in Mele (2017).

17 If the equality is conditional on X, this is also a sufficient condition, as it is assumed the potential
before period T0 is identified from π0(g,X).
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4 Estimation

In this section, we will analyse estimation. We have access to a sample of C networks,
{GT0

c , G
T1
c , Xc}Cc=1, stemming from the network formation game previously described.

4.1 Frequentist estimation

4.1.1 Estimating τ0

We first propose to estimate τ0 as follows:

τ̂ = max
c
{‖GT1

c −GT0
c ‖1} (4.1)

where ‖·‖1 is the L1 norm (a matrix viewed as its vectorisation). This estimator is intuitive:
it amounts to “counting” in each network the number of differing edges between periods
and then taking the maximum. It turns out that, under iid sampling and the bound in
3.2, τ̂ a.s.→ τ0.

Lemma 4.1. Suppose {GT0
c , G

T1
c , Xc}Cc=1 is a random sample (iid across c). Under as-

sumptions 2.1, 2.2 and 3.2, τ̂ a.s.→ τ0.

Proof. Consider the event {τ̂ → τ0}{. Observe that {τ̂ → τ0}{ = ∩c∈N{‖GT1
c −GT0

c ‖1 < τ0}.
Fix k ∈ N and notice that:

P
[
∩kc=1{‖GT1

c −GT0
c ‖1 < τ0}

]
= φk

where φ is the ex-ante (unconditional) probability that GT1
c differs from GT0

c in
strictly less than τ0 edges. Since P[‖GT1

c −GT0
c ‖1 = τ0] ∈ (0, 1) (which follows from 2.1, 2.2

and 3.2), we have φ ∈ (0, 1). Passing k to the limit and using continuity of P from above,
we conclude the desired result.

We may extend the above result in order to allow for a sequence of independent
observations stemming from a game with common parameters but allowing the distribution
of covariates (and the number of players) to vary. In this case, we must restrict the
distribution of covariates to not shift “too” much to high-probability regions. Formally,
the proof would change as the ex-ante probability would now depend on c, i.e. we would
have ∏k

c=1 φc in the formula. If lim supc→∞ φc < 1, we would get the same result.



Chapter 4. Estimation 26

4.1.2 Estimation of preference and meeting parameters

Let vector β0 ∈ B ⊆ Rl encompass a parametrisation of peferences and meetings,
i.e. ui(g,X) = ui(g,X; β0) and ρij(g,X) = ρij(g,X; β0) for all (i, j) ∈ M, g ∈ G. The
network log-likelihood, conditional on Xc, τ0 and GT0

c is:

lc(GT1
c |GT0

c , Xc; τ0, β) =
∑
g∈G

1{GT1
c = g} ln

(
(Π(Xc; β)τ0)

G
T0
c g

)

and the sample log-likelihood, under an independent sequence of observations, is:

L({GT1
c }Cc=1|{GT0

c }Cc=1; τ0, β) =
C∑
c=1

∑
g∈G

1{GT1
c = g} ln

(
(Π(Xc; β)τ0)

G
T0
c g

)

The second-step MLE estimator will thus be:

β̂MLE ∈ argmaxβ∈BL({GT1
c }Cc=1|{GT0

c }Cc=1; τ̂ , β)

where τ̂ is the estimator discussed in the previous section. Observe that this
formulation can be easily modified to accommodate for observations of networks with
different numbers of players, provided they have common parameters.

Numerically, computation of the likelihood is complicated by the fact we need to
sum over all walks between GT0

c and GT1
c . For small τ0, this is feasible, but for higher values

of τ0, it gets impractical.

Given the above difficulty, an interesting alternative is to work with simulation-based
methods which allow us to bypass direct evaluation of the model likelihood. A simulated
method of moments estimator is a possibility in our case, though the nonsmoothness of the
objective function (which would involve indicators of simulated network observations) as
well as the poor properties of GMM estimators in small samples (Newey and Smith, 2004)
are somewhat unappealing. Instead, we opt for a Bayesian approach, which we describe in
detail next.

4.2 Bayesian estimation
As emphasised in Section 4.1.2, the difficulty of evaluating the model likelihood lies

in computing all walks between GT0
c and GT1

c . For a given τ ∈ N, there are [N(N − 1) + 1]τ

walks starting from GT0
c and ending in some network g ∈ G. Evaluating the model likelihood

would require summing over all walks ending in GT1
c . A “recursive” approach for evaluating

the model likelihood would consist in, for each c ∈ {1, 2 . . . C}, “writing down” the formula
for each walk iteratively, i.e. starting from GT0

c , compute all possible N(N-1) transitions in
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the first round; then, for each of these N(N-1) possible transitions, compute the N(N-1)
transitions in the second round and multiply each of these probabilities by the probability
of the associated transition in the first round, and so on; and then summing over all walks
ending in GT1

c . Walks that “strand off” from GT1
c in some round r < τ can be excluded

from the next steps in the recursion1, which ameliorates the computational toll, but does
not solve it.

An approach in Bayesian estimation that bypasses evaluating the model likelihood
is likelihood-free estimation (Sisson and Fan, 2011), also known as Approximate Bayesian
Computation (ABC)2. This method has a close correspondence with Nonparametric
(Frequentist) Econometrics (Blum, 2010) and Indirect Inference (cf. Frazier et al. (2018)
for a discussion). The methodology basically requires the researcher be able to draw a
sample (or statistics thereof) from the model given the parameters. Algorithm 1 outlines
the simplest accept-reject ABC algorithm in our setting, where S is the maximum number
of iterations and p0(β, τ) is a prior distribution over B× N.

Algorithm 1 Basic Accept-Reject ABC algorithm
define some tolerance ε > 0
define a vector of m statistics T : GC 7→ Rm

compute the observed sample statistics Tobs := T ({GT1
c }Cc=1)

for s ∈ {1, 2 . . . S} do
draw (βs, τs) ∼ p0
generate an artificial sample {G̃T1

c }Cc=1 given {GT0
c , Xc}Cc=1 and (βs, τs)

compute the simulated statistic Ts := T ({G̃T1
c })

if ‖Ts − Tobs‖ ≤ ε, accept (βs, τs)
end for

In practice, a few improvements can be made upon Algorithm 1 (Li and Fearnhead,
2018). First, we can use importance sampling: instead of drawing from the prior, we may
draw from a proposal distribution q0(β, τ) such that supp p0 ⊆ supp q0. Accepted draws
should then be associated with weights ws := p0(βs, τs)/q0(βs, τs). Second, we can use a
“smooth” rejection rule, i.e. we accept a draw with probability K(‖Ts − Tobs‖/ε) , where
K(·) is a rescaled univariate kernel such that K(0) = 1.

In this methodology, there are two crucial choices to be made by the researcher. One
is the tolerance parameter. Here, we can use the recommendations in Li and Fearnhead
(2018): we may choose ε so the algorithm produces a “reasonable” acceptable rate. The
1 By “strand off” we mean a path of realisations of the stochastic process gtc up to round r such that the

probability of reaching GT1
c in τ0 − r rounds is 0.

2 An alternative and well-known approach to simplify, but not bypass, a complicated model likelihood
is data-augmentation (Hobert, 2011). This alternative is not very useful in our setting, though, due
to the dimensionality of the support of the meeting process. Thus, an approach that conditions the
likelihood on the (unobserved) matching process (notice that this reduces the number of walks starting
at GT0

c from [N(N − 1) + 1]τ to 2τ ) is not very useful in our case, since we still have to draw from the
matching process distribution conditional on the data and the model parameters.
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second important choice is the vector of statistics to be used. This is closely related to
identification: for a proper working of the ABC algorithm, it is crucial the binding function
(the map b(βs, τs) := plimC→∞Ts) associated with the chosen vector of statistics identifies
the model.

In Appendix F, we show in our setting that, by taking the vector of statistics
to be the data, if we let ε → 0 as S → ∞, then the mean of the accepted draws h(θs)
converges in probability to the expectation of h(·) with respect to the posterior, where h(·)
is a function with finite first moments (with respect to the prior). This result motivates
computation of approximations to the posterior mean and credible intervals.
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5 Monte Carlo Exercise

We generate samples using baseline data on covariates and networks from our
application (see Chapter 6 below). For a chosen τ0, and for each c ∈ {1, 2 . . . C}, we
generate GT1

c from GT0
c and Xc under the following parametrisation:

ρ((i, j), g,Xc) ∝ exp (β′mWij + δ0gij + δ1(1− gij)Zij) (5.1)

ui(g,Xc) =
∑
k 6=i

β′ud

 1
Wik

 gik︸ ︷︷ ︸
direct links

+
∑
k 6=i

β′ur

 1
Wik

 gki︸ ︷︷ ︸
mutual links

+
∑
k 6=i

gik
∑
l 6=i
l 6=k

β′uc

 1
Wil

 gkl
︸ ︷︷ ︸

indirect links

+

∑
k 6=i

gik
∑
l 6=i
l 6=k

β′up

 1
Wkl

 gli
︸ ︷︷ ︸

popularity

(5.2)

where Wij and Zij are covariates drawn from our baseline data. Variable Zij is
excluded from vector Wij and acts as a large-support “instrument”. The specification
of utilities is a linear parametrisation of Mele (2017) and accounts for gains in direct
links, reciprocity, indirect links and “popularity” (individuals derive utility of serving as
a “bridge” between agents). In generating samples, we set all preference and meeting
parameters equal to 0.1; and we consider τ0 ∈ {2, 5}. We set the difference of idiosyncratic
shocks ε(0)− ε(1) to be drawn from a Logistic distribution.

We analyse the properties of the following two-step estimator. In the first step, we
estimate τ0 through (4.1). We then use the likelihood-free procedure outlined in Section 4.2
and Appendix F to approximate for the posterior of preference- and matching-related
parameters, where we take the first-step estimate of τ0 as given1. Our prior distribution
is a multivariate standard normal, which we also use as the proposal distribution in
our algorithm. We consider a “smooth” rejection rule, where a draw is accepted with
probability φ(‖{G̃T1

c }Cc=1 − {GT1
c }Cc=1‖/ε)/φ(0). with φ being the pdf of a standard normal

(recall {G̃T1
c }Cc=1 corresponds to the artificial dataset). We consider two measures of distance

between datasets: we compute the number of differing edges between each network in
the artificial and “true” datasets; and then we either take an unweighted average across
1 From a frequentist perspective, we can motivate our estimator by appealing to some Bernstein-von-

Mises theorem (Vaart, 1998, chapter 10) which ensures posterior consistency as C → ∞. From a
Bayesian point of view, our estimator imposes a degenerate prior on τ0 at the frequentist estimator
(4.1).
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networks, or we weigh each difference by the inverse of the total number of dyads in the
network (weighted criterion)2.

Figures 1 to 4 plot the posterior distribution which results from applying the ABC
algorithm to a generated sample. We report the posterior of matching parameters under
different acceptance rates (implied by different choices of the tolerance parameter ε). The
number of simulations S in the ABC algorithm is set to 1, 000. The vertical dark line
shows the true value of the parameter. Results indicate our method provides posteriors
that centre around most parameters, though at least visually there does not appear to be a
single preferable acceptance rate that would provide the best prediction for all parameters.

2 An unweighted criterion will reject parameters that fit larger networks poorly more often than a
weighted metric. In other words, relatively to the weighted metric, accepted draws in the unweighted
metric will tend to fit larger networks better.
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Figure 1 – Matching parameters posterior distribution: τ0 = 2 and unweighted criterion
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Figure 2 – Matching parameters posterior distribution: τ0 = 2 and weighted criterion
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Figure 3 – Matching parameters posterior distribution: τ0 = 5 and unweighted criterion

−4 −3 −2 −1 0 1 2 3

0.
0

0.
1

0.
2

0.
3

0.
4

W_ij1

D
en

si
ty

0.05
0.1
0.2
0.3
0.4
0.5
0.6

−3 −2 −1 0 1 2 3

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

W_ij2

D
en

si
ty

0.05
0.1
0.2
0.3
0.4
0.5
0.6

−2 0 2 4

0.
0

0.
1

0.
2

0.
3

0.
4

W_ij3

D
en

si
ty

0.05
0.1
0.2
0.3
0.4
0.5
0.6

−3 −2 −1 0 1 2 3

0.
0

0.
1

0.
2

0.
3

0.
4

W_ij4

D
en

si
ty

0.05
0.1
0.2
0.3
0.4
0.5
0.6

−3 −2 −1 0 1 2 3

0.
0

0.
1

0.
2

0.
3

0.
4

W_ij5

D
en

si
ty

0.05
0.1
0.2
0.3
0.4
0.5
0.6

−4 −2 0 2 4

0.
0

0.
1

0.
2

0.
3

0.
4

g_ij

D
en

si
ty

0.05
0.1
0.2
0.3
0.4
0.5
0.6

−2 0 2 4

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

(1−g_ij)*Z_ij

D
en

si
ty

0.05
0.1
0.2
0.3
0.4
0.5
0.6



C
hapter

5.
M
onte

C
arlo

Exercise
34

Figure 4 – Matching parameters posterior distribution: τ0 = 5 and weighted criterion
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Tables 1 to 4 assess the frequentist properties of our estimator when τ0 = 2. We
compute the root mean squared error (RMSE) and bias across 500 generated samples
obtained from using the posterior mean as a predictor of the true matching parameters.
Results indicate that increasing the acceptance rate leads to a reduction of the RMSEs,
though this marginal gain is decreasing. Reducing the RMSE comes at the cost of a higher
bias: indeed, the bias is lowest at an acceptance rate of 20-30%, after which it begins
to increase. Preferability of one distance criterion over another is not uniform across
acceptance rates.

We also report, in the last column of Tables 1 to 4, the RMSE and bias of
the maximum-likelihood estimator which uses the closed-form expression of transition
probabilities (equation (3.1)). Our method fares well in comparison to MLE, and in one
case (gij) outperforms it with respect to bias.

Table 1 – RMSE of posterior mean across samples. Distance criterion: Unweighted. τ0 = 2
Acceptance rate

0.05 0.1 0.2 0.3 0.4 0.5 0.6 MLE
W_ij1 0.1797 0.1398 0.1207 0.1152 0.1111 0.1071 0.1060 0.0934
W_ij2 0.1710 0.1381 0.1219 0.1164 0.1111 0.1083 0.1076 0.1877
W_ij3 0.1631 0.1323 0.1197 0.1133 0.1104 0.1088 0.1057 1.1830
W_ij4 0.1675 0.1382 0.1188 0.1112 0.1088 0.1097 0.1077 0.1754
W_ij5 0.1732 0.1362 0.1189 0.1124 0.1100 0.1088 0.1072 0.1532
g_ij 0.1775 0.1485 0.1243 0.1167 0.1145 0.1111 0.1097 0.3428

(1-g_ij)*Z_ij 0.1858 0.1085 0.0770 0.0773 0.0824 0.0872 0.0930 0.0133
Sum (all) 1.2178 0.9417 0.8013 0.7626 0.7483 0.7409 0.7370 2.1488

Sum (first five) 0.8545 0.6847 0.6000 0.5686 0.5515 0.5426 0.5343 1.7928

Table 2 – Bias of posterior mean across samples. Distance criterion: Unweighted. τ0 = 2
Acceptance rate

0.05 0.1 0.2 0.3 0.4 0.5 0.6 MLE
W_ij1 -0.1029 -0.1001 -0.0973 -0.0978 -0.0978 -0.0963 -0.0978 0.0113
W_ij2 -0.0970 -0.0961 -0.0993 -0.1005 -0.0989 -0.0985 -0.0992 0.0161
W_ij3 -0.0843 -0.0916 -0.0989 -0.0998 -0.0999 -0.1006 -0.0984 -0.0668
W_ij4 -0.0940 -0.0949 -0.0957 -0.0971 -0.0977 -0.1004 -0.0997 0.0111
W_ij5 -0.1024 -0.0935 -0.0951 -0.0970 -0.0989 -0.1001 -0.1003 0.0143
g_ij -0.1073 -0.1025 -0.1009 -0.0999 -0.1021 -0.1012 -0.1013 0.1842

(1-g_ij)*Z_ij 0.1170 0.0425 -0.0204 -0.0478 -0.0631 -0.0742 -0.0831 -0.0003
Absolute sum (all) 0.7050 0.6211 0.6075 0.6399 0.6584 0.6714 0.6799 0.3041

Absolute sum (first five) 0.4807 0.4762 0.4862 0.4922 0.4932 0.4959 0.4954 0.1196
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Table 3 – RMSE of posterior mean across samples. Distance criterion: Weighted. τ0 = 2
Acceptance rate

0.05 0.1 0.2 0.3 0.4 0.5 0.6 MLE
W_ij1 0.1710 0.1474 0.1229 0.1175 0.1113 0.1078 0.1066 0.0934
W_ij2 0.1772 0.1410 0.1223 0.1156 0.1116 0.1103 0.1077 0.1877
W_ij3 0.1607 0.1305 0.1175 0.1129 0.1107 0.1087 0.1065 1.1830
W_ij4 0.1781 0.1401 0.1213 0.1145 0.1094 0.1091 0.1080 0.1754
W_ij5 0.1748 0.1395 0.1196 0.1124 0.1105 0.1086 0.1081 0.1532
g_ij 0.1870 0.1564 0.1335 0.1245 0.1192 0.1158 0.1125 0.3428

(1-g_ij)*Z_ij 0.2548 0.1726 0.1069 0.0834 0.0721 0.0710 0.0760 0.0133
Sum (all) 1.3036 1.0275 0.8441 0.7807 0.7447 0.7314 0.7254 2.1488

Sum (first five) 0.8617 0.6984 0.6036 0.5729 0.5534 0.5445 0.5369 1.7928

Table 4 – Bias of posterior mean across samples. Distance criterion: Weighted. τ0 = 2
Acceptance rate

0.05 0.1 0.2 0.3 0.4 0.5 0.6 MLE
W_ij1 -0.0990 -0.1053 -0.0977 -0.1002 -0.0983 -0.0976 -0.0979 0.0113
W_ij2 -0.1015 -0.0994 -0.0998 -0.1002 -0.0994 -0.1003 -0.0992 0.0161
W_ij3 -0.0859 -0.0884 -0.0971 -0.0994 -0.0999 -0.0998 -0.0994 -0.0668
W_ij4 -0.1000 -0.0992 -0.0992 -0.0990 -0.0985 -0.0998 -0.1000 0.0111
W_ij5 -0.0990 -0.0973 -0.0953 -0.0976 -0.0993 -0.0999 -0.1011 0.0143
g_ij -0.1255 -0.1175 -0.1123 -0.1089 -0.1072 -0.1059 -0.1039 0.1842

(1-g_ij)*Z_ij 0.1767 0.1086 0.0391 -0.0002 -0.0219 -0.0411 -0.0576 -0.0003
Absolute sum (all) 0.7875 0.7157 0.6405 0.6054 0.6244 0.6444 0.6590 0.3041

Absolute sum (first five) 0.4854 0.4896 0.4892 0.4963 0.4954 0.4974 0.4975 0.1196

Tables 5 to 8 repeat the analysis in the case where τ0 = 5. These results lead to
conclusions broadly in line with our previous discussion.

Table 5 – RMSE of posterior mean across samples. Distance criterion: Unweighted. τ0 = 5
Acceptance rate

0.05 0.1 0.2 0.3 0.4 0.5 0.6
W_ij1 0.1588 0.1267 0.1131 0.1079 0.1054 0.1024 0.1023
W_ij2 0.1665 0.1344 0.1174 0.1098 0.1065 0.1064 0.1056
W_ij3 0.1819 0.1445 0.1245 0.1171 0.1136 0.1099 0.1079
W_ij4 0.1751 0.1363 0.1176 0.1152 0.1125 0.1093 0.1088
W_ij5 0.1702 0.1345 0.1198 0.1125 0.1074 0.1070 0.1066
g_ij 0.1790 0.1442 0.1257 0.1172 0.1127 0.1103 0.1080

(1-g_ij)*Z_ij 0.2242 0.1371 0.0745 0.0617 0.0649 0.0731 0.0816
Sum (all) 1.2558 0.9578 0.7926 0.7414 0.7231 0.7182 0.7208

Sum (first five) 0.8525 0.6764 0.5924 0.5625 0.5454 0.5349 0.5312
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Table 6 – Bias of posterior mean across samples. Distance criterion: Unweighted. τ0 = 5
Acceptance rate

0.05 0.1 0.2 0.3 0.4 0.5 0.6
W_ij1 -0.0786 -0.0795 -0.0864 -0.0902 -0.0926 -0.0922 -0.0939
W_ij2 -0.0841 -0.0886 -0.0932 -0.0930 -0.0941 -0.0968 -0.0979
W_ij3 -0.1131 -0.1022 -0.1036 -0.1022 -0.1018 -0.1002 -0.0999
W_ij4 -0.0998 -0.0965 -0.0947 -0.1002 -0.1015 -0.1003 -0.1015
W_ij5 -0.0937 -0.0886 -0.0968 -0.0962 -0.0956 -0.0974 -0.0979
g_ij -0.0983 -0.1021 -0.1047 -0.1017 -0.1017 -0.1016 -0.1003

(1-g_ij)*Z_ij 0.1752 0.0954 0.0210 -0.0168 -0.0394 -0.0564 -0.0698
Absolute sum (all) 0.7427 0.6529 0.6004 0.6002 0.6268 0.6449 0.6612

Absolute sum (first five) 0.4693 0.4555 0.4747 0.4818 0.4857 0.4869 0.4911

Table 7 – RMSE of posterior mean across samples. Distance criterion: Weighted. τ0 = 5
Acceptance rate

0.05 0.1 0.2 0.3 0.4 0.5 0.6
W_ij1 0.1560 0.1255 0.1180 0.1104 0.1053 0.1048 0.1039
W_ij2 0.1689 0.1365 0.1169 0.1117 0.1089 0.1070 0.1067
W_ij3 0.1838 0.1457 0.1231 0.1160 0.1130 0.1103 0.1072
W_ij4 0.1741 0.1396 0.1226 0.1172 0.1136 0.1107 0.1094
W_ij5 0.1700 0.1342 0.1217 0.1136 0.1092 0.1076 0.1072
g_ij 0.2013 0.1625 0.1378 0.1271 0.1204 0.1163 0.1132

(1-g_ij)*Z_ij 0.3056 0.2169 0.1298 0.0825 0.0612 0.0548 0.0593
Sum (all) 1.3597 1.0609 0.8699 0.7785 0.7316 0.7114 0.7068

Sum (first five) 0.8528 0.6815 0.6023 0.5688 0.5499 0.5403 0.5343

Table 8 – Bias of posterior mean across samples. Distance criterion: Weighted. τ0 = 5
Acceptance rate

0.05 0.1 0.2 0.3 0.4 0.5 0.6
W_ij1 -0.0774 -0.0807 -0.0925 -0.0925 -0.0925 -0.0948 -0.0956
W_ij2 -0.0910 -0.0944 -0.0930 -0.0955 -0.0970 -0.0977 -0.0987
W_ij3 -0.1132 -0.1027 -0.1011 -0.1009 -0.1013 -0.1008 -0.0992
W_ij4 -0.1007 -0.1022 -0.1000 -0.1019 -0.1024 -0.1019 -0.1021
W_ij5 -0.0979 -0.0905 -0.0990 -0.0977 -0.0976 -0.0981 -0.0989
g_ij -0.1370 -0.1270 -0.1183 -0.1136 -0.1105 -0.1079 -0.1057

(1-g_ij)*Z_ij 0.2630 0.1826 0.0950 0.0447 0.0109 -0.0165 -0.0387
Absolute sum (all) 0.8801 0.7800 0.6990 0.6468 0.6122 0.6177 0.6388

Absolute sum (first five) 0.4801 0.4704 0.4857 0.4885 0.4908 0.4933 0.4945

Overall, our Monte Carlo evidence suggests our two-step estimator provides ad-
equate and easy-to-compute estimates in our setting. Our exercise also provides some
guidance in choosing the acceptance rate in our application – an acceptance rate between
20% and 30% leads to the smallest biases at a small cost (vis-à-vis higher acceptance rates)
in terms of variance. In the next section, we use these guidelines in estimating the model
to our data.
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6 Application

In our application, we consider the randomised control trial (RCT) discussed in
Pinto and Ponczek (2017). The experiment randomly selected 30 (out of 171) elementary
schools in Recife, Brazil, and randomly assigned a treatment to 15 of the participating
schools. The treatment consisted in distributing Lego building blocks and related educa-
tional material to 3rd and 5th graders. The material was used in daily one-hour classroom
activities where students would work in groups of two to four in curriculum-based tasks.
Data on students’ traits and intraclassroom friendship networks was collected at the be-
ginning (baseline) and at the end (followup) of the school year. Once missing observations
are removed, our working sample comprises 161 classrooms (networks) totalling 1,589
students1.

As a first step in our analysis, we attest that homophily is indeed a salient feature
of our data. For that, we run regressions of the type:

gij,c,t = β′Wij,c,t + αi + γj + δt + εij,c,t (6.1)

where gij,c,t equals 1 if, in classroom c, individual i nominates j as a friend at
period t ∈ {0, 1} (baseline and followup). Vector Wij,c,t consists of pairwise distances in
gender, age (in years) and measures of cognitive and non-cognitive skills between i and
j at period t2. The specification controls for time effects (δt), as well as sender (αi) and
receiver (γj) fixed effects. We cluster standard errors at the classroom level.

Columns 1, 3 and 5 of Table 9 report estimates obtained from running the above
specification using our entire sample, and separately for treated and control groups. Results
show homophily is widespread, e.g. same-sex classmates are, on average, 19.5 pp more
likely to be friends, relatively to boy-and-girl pairs.
1 Figure 6 in the Appendix plots one such network.
2 Table 12 in the Appendix presents summary statistics of our dyad-level covariates.
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Table 9 – Dyadic regressions

Dependent variable:

edge
All Control Treated

(1) (2) (3) (4) (5) (6)
distance in classlist −0.001∗∗ −0.001∗ −0.001

(0.001) (0.001) (0.001)
distance in age −0.017∗∗ −0.001 −0.029∗∗∗ −0.005 −0.009 0.001

(0.007) (0.004) (0.011) (0.006) (0.008) (0.004)
distance in gender −0.195∗∗∗ −0.180∗∗∗ −0.194∗∗∗ −0.179∗∗∗ −0.197∗∗∗ −0.180∗∗∗

(0.010) (0.008) (0.016) (0.013) (0.012) (0.011)
distance in cognitive skills −0.179∗∗∗ −0.126∗∗∗ −0.123∗∗ −0.143∗∗∗ −0.232∗∗∗ −0.112∗∗

(0.042) (0.034) (0.050) (0.042) (0.067) (0.053)
distance in conscientiousness −0.032∗∗∗ −0.030∗∗∗ −0.028∗∗ −0.033∗∗∗ −0.035∗∗∗ −0.025∗∗∗

(0.007) (0.006) (0.011) (0.009) (0.010) (0.009)
distance in neuroticism −0.011 −0.016∗∗∗ −0.019∗∗ −0.026∗∗∗ −0.005 −0.009

(0.007) (0.005) (0.009) (0.006) (0.009) (0.006)
Sender fixed effects? Yes No Yes No Yes No
Receiver fixed effects? Yes No Yes No Yes No
Time effect? Yes Yes Yes Yes Yes Yes
Observations 35,568 35,568 17,152 17,152 18,416 18,416
Adjusted R2 0.162 0.060 0.166 0.063 0.160 0.058

Note: ∗p<0.1; ∗∗p<0.05; ∗∗∗p<0.01
Standard errors clustered at the classroom-level in parentheses.

As discussed in Chapter 3, nonparametric identification of our model requires a
large-support pair-level covariate which enters a pair’s marginal utility, but is excluded
from other pairs’ marginal utilities and the matching function (in the current and adjacent
networks). Alternatively, we require a large-support pair-level covariate that enters the
matching function, but is excluded from pairs’ marginal utilities. We focus on the latter
case and propose to use the distance between two students in the alphabetically-ordered
classlist, interacted with one minus an indicator of a link between the pair in the current
network, as our “instrument”. The intuition is that the position in the classlist should
affect the odds of a pair meeting, e.g. through class activities in groups, but should not
enter marginal utilities. We also speculate this mechanism is important for pairs that are
not currently friends.

Columns, 2, 4 and 6 provide some reduced-form evidence of relevance of our
classlist distance variable. We run the specification in (6.1), but include our classlist
distance variable and exclude sender and receiver fixed effects. The covariate is statistically
significant at the 5% level and with the expected sign when we use the entire sample, but
is estimated imprecisely in subsamples.

In estimating our network formation model, we follow the specification in (5.1) and
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(5.2) closely, but allow parameters in the matching function to vary between treated and
control networks. In particular, for individuals i and j in classroom c, we specify:

ρ((i, j), g,Xc) ∝ treatc exp (β′m1Wij,c,0 + δ01gik + δ11(1− gij)Zij,c,0)

+(1− treatc) exp (β′m0Wij,c,0 + δ00gij + δ10(1− gij)Zij,c,0)
(6.2)

where Wij,c,0 and Zij,c,0 denote respectively our vector of pair-level covariates and
classlist distance variable at the baseline; and treatc is a treatment indicator for classroom
c. The utility of individual i in classroom c follows a linear parametrisation of Mele (2017),
i.e.

ui(g,Xc) =
∑
k 6=i

β′ud

 1
Wik,c,0

 gik︸ ︷︷ ︸
direct links

+
∑
k 6=i

β′ur

 1
Wik,c,0

 gki︸ ︷︷ ︸
mutual links

+
∑
k 6=i

gik
∑
l 6=i
l 6=k

β′uc

 1
Wil,c,0

 gkl
︸ ︷︷ ︸

indirect links

+

∑
k 6=i

gik
∑
l 6=i
l 6=k

β′up

 1
Wkl,c,0

 gli
︸ ︷︷ ︸

popularity
(6.3)

and the difference in preference shocks is drawn from a logistic distribution.

We estimate our model using the two-step estimator proposed in Chapter 5. Our
first step estimate of τ0 leads to 76 rounds. The estimator violates the bound τ̂ ≤ Nc(Nc−1)
for 80 out of 161 networks in our sample, which is somewhat reassuring3.

In the second step, we use independent zero-mean normals with a one-ninth standard
deviation as priors4; and set the number of simulations to 10, 000. We aim for an acceptance
rate of 30% and use an unweighted metric to compute the distance between networks.

Table 10 summarises our results5. Though imprecisely estimated, we find that most
mean estimates of utility parameters associated with covariates are negative, which seems
to suggest homophily in preferences is pervasive and not restricted to direct links. Mean
estimates of matching parameters are also mostly negative.

Table 10 – Posterior distribution. Unweighted criterion.
Acceptance rate: 0.3. τ̂0 = 76.

3 Identification of τ0 in our setting extends immediately to the case where the number of agents in a
network, Nc, is assumed to be random, provided that P[τ0 ≤ Nc(Nc − 1)] > 0.

4 Our choice of standard deviation is motivated by the magnitude of reduced-form coefficients in Table 9.
5 In Appendix A, we provide similar tables for the weighted criterion and a 20% acceptance rate. Mean

estimates and credible intervals vary little.
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Mean Q .05 Q.95 Prob < 0
Matching parameters

distance in age 0.0021 -0.181 0.1796 0.4873
distance in gender -0.0025 -0.1863 0.18 0.5043

distance in cognitive skills -3e-04 -0.173 0.1741 0.5
distance in conscientiousness 7e-04 -0.181 0.1844 0.4923

distance in neuroticism -0.0013 -0.1861 0.1764 0.5017
g_ij -0.0014 -0.1862 0.18 0.509

(1-g_ij)*distance in classlist -0.0105 -0.1935 0.1734 0.5337
treat*distance in age -7e-04 -0.2556 0.251 0.5067

treat*distance in gender 0.0017 -0.2512 0.2624 0.5007
treat*distance in cognitive skills 0.004 -0.2556 0.2515 0.4917

treat*distance in conscientiousness -0.0018 -0.2591 0.2562 0.5087
treat*distance in neuroticism 0.0016 -0.2579 0.2567 0.4887

treat*g_ij 9e-04 -0.264 0.2646 0.4973
treat*(1-g_ij)*distance in classlist -0.0027 -0.2602 0.2584 0.5063

Utility (direct links)
intercept -0.004 -0.1886 0.1801 0.5073

distance in age -8e-04 -0.1816 0.1742 0.498
distance in gender -0.0033 -0.1871 0.1879 0.5127

distance in cognitive skills 0.0017 -0.1852 0.1863 0.495
distance in conscientiousness -0.0033 -0.1816 0.1785 0.5133

distance in neuroticism -0.0015 -0.1857 0.1799 0.502
Utility (reciprocal links)

intercept 0.0014 -0.1799 0.1849 0.497
distance in age 0.001 -0.1822 0.184 0.495

distance in gender 8e-04 -0.1825 0.1797 0.4883
distance in cognitive skills -0.0023 -0.1846 0.181 0.5107

distance in conscientiousness -0.0011 -0.1795 0.1807 0.498
distance in neuroticism 0.0011 -0.1854 0.1851 0.5

Utility (indirect links)
intercept -0.0091 -0.1877 0.174 0.5363

distance in age -0.0081 -0.1833 0.1781 0.5387
distance in gender -0.0063 -0.1859 0.1748 0.5193

distance in cognitive skills -0.0017 -0.1847 0.1783 0.5037
distance in conscientiousness -0.005 -0.182 0.1764 0.5273

distance in neuroticism -0.01 -0.1961 0.1706 0.5197
Utility (popularity)



Chapter 6. Application 42

intercept -0.0095 -0.1953 0.1775 0.531
distance in age -0.0078 -0.1898 0.1783 0.529

distance in gender -0.0073 -0.1921 0.1744 0.5267
distance in cognitive skills -7e-04 -0.1789 0.1765 0.4997

distance in conscientiousness -0.0112 -0.1898 0.1678 0.541
distance in neuroticism -0.0102 -0.1928 0.169 0.5347

Next, we proceed to counterfactual exercises. We restrict our analysis to treated
classes and consider the evolution of networks, starting from their baseline value, under
four different sequences of matching parameters: (i) when these are kept at their estimated
value (base case); (2) when we swap the meeting technology for the treatment group’s
(swap case); (3) when random unbiased matching is imposed across networks6 (random
case); and (4) when, keeping grade and classroom sizes in schools fixed, we track students
according to their cognitive skills (tracking case).

Table 11 reports posterior means and 90% credible intervals of the projection
coefficients of edge indicators at the followup period (gij,c,1) on an intercept and our main
controls at the baseline7. Comparing the first and second columns, one notices imposing
the treatment group’s matching function on controls barely changes mean estimates and
credible intervals, suggesting the treatment group’s meeting technology does not affect
observed homophily patterns. Imposing random unbiased matching in its turn barely
impacts mean estimates8 (vis-à-vis the base case), further suggesting that it is homophily
in preferences which drives observed patterns. Finally, tracking leads to a weaker reduced-
form estimate of homophily in cognitive skills, which is expected as students now interact
in homogeneous groups. It also leads to a weaker pattern in the gender coefficient, which
may be due to correlation of this attribute with cognitive skills at the baseline9.
6 In other words, for individuals i and j in classroom c, we set ρ((i, j), g,Xc) = 1

Nc(Nc−1)
7 Therefore, these coefficients are not directly comparable to those in table 9. Still, magnitudes are

broadly in line with the frequentist reduced form, which is reassuring.
8 Credible intervals are narrower, which is expected as we shut down parameter variability in the

matching function.
9 Women have, on average, 0.0185 more points in cognitive skills at the baseline than men, and this

difference is statistically significant at the 1% level.
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Table 11 – Homophily measures under base and counterfactual policies. Unweighted crite-
rion. Acceptance rate: 0.3. τ̂0 = 76.

base swap random tracking
distance in classlist -7e-04 -0.001 -0.0021 -0.0087

[-0.0134;0.0184] [-0.0138;0.019] [-0.0038;-6e-04] [-0.0233;0.0102]
distance in age 0.0012 8e-04 0.0012 -0.0084

[-0.0236;0.0311] [-0.0237;0.0294] [-0.0228;0.0267] [-0.0326;0.0183]
distance in gender -0.0991 -0.0987 -0.0998 -0.0439

[-0.1371;-0.0653] [-0.1357;-0.0647] [-0.1256;-0.0745] [-0.0751;-0.0142]
distance in cognitive skills -0.1925 -0.1886 -0.1913 -0.134

[-0.3663;-0.0489] [-0.3685;-0.0429] [-0.3061;-0.0937] [-0.2966;0.0259]
distance in conscientiousness -0.0093 -0.0091 -0.0084 -0.0032

[-0.0393;0.0227] [-0.039;0.022] [-0.0367;0.0202] [-0.0327;0.0287]
distance in neuroticism -0.0075 -0.0076 -0.0068 -0.0154

[-0.0351;0.0225] [-0.0349;0.0215] [-0.0319;0.0189] [-0.0449;0.0131]

Figure 5 compares the evolution of aggregate utility in the base case with each
of our counterfactual scenarios. We plot posterior means and 90% credible intervals of
the aggregate utility index in the control group, ∑C

c=1(1− treatc)
∑Nc
i=1 ui(gtc, Xc), for each

round from the baseline to the followup period. The treatment group’s meeting technology
leads to an indistiguishable utility path (vis-à-vis the base case), and the same is true when
we impose random unbiased matching. Tracking leads to visually lower mean estimates,
and this difference grows larger as time passes by, though credible intervals overlap so we
may not claim our evidence is robust.
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Figure 5 – Aggregate utility under counterfactual trajectories
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7 Concluding remarks

In this article, we studied identification and estimation of a network formation
model that distinguishes between homophily that is due to preferences; and homophily that
is due to meeting opportunities. The model is a generalisation of Mele (2017) where we
allow for rather general classes of utilities and meeting processes. It is also well-grounded in
the theoretical literature of network formation (Jackson and Watts, 2002; Jackson, 2010).
We provided identification results in the case a large-support “instrument” is included in
preferences (meeting process) and excluded from the meeting process (preferences). We
also provided a Bayesian estimation procedure that bypasses direct evaluation of the model
likelihood, a task which can be computationally unfeasible even for a moderate number
of rounds of the network algorithm. Our Monte Carlo evidence suggests our proposed
estimator is adequate in a setting quite close to our application.

In the applied section of our article, we studied network formation in elementary
schools in Northeastern Brazil and how a treatment may affect agents’ meeting opportuni-
ties. Our results suggest that observed homophily patterns in our data are mainly driven
by preferences, and that imposing the treatment group’s meeting technology on controls
has little to no impact on these patterns. We also find that tracking students according to
their cognitive skills may lead to welfare losses, though this evidence is not robust. Our
counterfactual exercise further shows eliminating biases in meeting opportunities does not
seem to substantially alter aggregate welfare.

As emphasised in Section 3.3, analysing how restrictions on the relationship between
the network structure and pay-offs may enable point-identification in our setting is an
open question which may further enhance the model’s applicability – especially if it allows
us to dispense with the exclusion restrictions currently required to identify the model.
Another interesting topic for future research is the study of our model under single-network
asymptotics, which may be more suitable in some applied settings.
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APPENDIX A – Application: auxiliary tables

Figure 6 – Example: a 3rd grade baseline classroom
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Note: The figure presents a 3rd grade classroom network from our baseline data.
Numbered circles represent students. An arrow stemming from circle “x” to “y”
denotes student “x” nominated “y” as a friend in early 2014.
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Table 12 – Dyad-level covariates – Summary statistics

Statistic N Mean St. Dev. Min Pctl(25) Pctl(75) Max
edge 35,568 0.175 0.380 0 0 0 1
distance in classlist 35,568 8.122 5.619 1 3 12 30
distance in age (years) 35,568 0.827 0.907 0.000 0.249 1.039 6.633
distance in gender 35,568 0.502 0.500 0 0 1 1
distance in cognitive skills 35,568 0.109 0.088 0.000 0.039 0.158 0.580
distance in conscientiousness 35,568 0.557 0.457 0.000 0.208 0.793 3.275
distance in neuroticism 35,568 0.698 0.584 0.000 0.257 1.005 8.901
treatment indicator 35,568 0.518 0.500 0 0 1 1

Table 13 – Posterior distribution. Unweighted criterion.
Acceptance rate: 0.2. τ̂0 = 76.

Mean Q .05 Q.95 Prob < 0
Matching parameters

distance in age 0.0041 -0.179 0.1816 0.482
distance in gender -0.0016 -0.1837 0.1818 0.5025

distance in cognitive skills 1e-04 -0.1723 0.1724 0.5005
distance in conscientiousness -0.001 -0.1841 0.1805 0.497

distance in neuroticism -0.0033 -0.1844 0.1721 0.5115
g_ij -0.0025 -0.1847 0.1795 0.513

(1-g_ij)*distance in classlist -0.0134 -0.1962 0.1734 0.5405
treat*distance in age -0.0022 -0.2537 0.2535 0.5215

treat*distance in gender -7e-04 -0.2503 0.2629 0.51
treat*distance in cognitive skills 0.0059 -0.2573 0.2554 0.4835

treat*distance in conscientiousness 0.0017 -0.2521 0.2593 0.5035
treat*distance in neuroticism 0.0032 -0.2576 0.2569 0.4855

treat*g_ij 0.0065 -0.2489 0.2643 0.479
treat*(1-g_ij)*distance in classlist -0.0029 -0.2619 0.2537 0.499

Utility (direct links)
intercept -0.007 -0.1905 0.1792 0.528

distance in age 1e-04 -0.1805 0.1783 0.4905
distance in gender -0.0037 -0.1842 0.1813 0.51

distance in cognitive skills 0.0031 -0.1868 0.1907 0.4945
distance in conscientiousness -0.0053 -0.1819 0.1773 0.5245

distance in neuroticism -0.0024 -0.1847 0.1856 0.505
Utility (reciprocal links)

intercept 8e-04 -0.181 0.1814 0.496
distance in age -0.0016 -0.18 0.179 0.5045

distance in gender -0.0027 -0.1842 0.1835 0.502
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distance in cognitive skills -0.0016 -0.1842 0.183 0.505
distance in conscientiousness -0.0013 -0.1778 0.1774 0.496

distance in neuroticism 0.002 -0.1861 0.186 0.4945
Utility (indirect links)

intercept -0.0122 -0.1908 0.1714 0.5435
distance in age -0.0132 -0.1895 0.1771 0.563

distance in gender -0.0077 -0.1871 0.1752 0.527
distance in cognitive skills -0.0013 -0.1894 0.1782 0.496

distance in conscientiousness -0.008 -0.1836 0.1691 0.54
distance in neuroticism -0.0176 -0.2031 0.1594 0.542

Utility (popularity)
intercept -0.0134 -0.2009 0.1745 0.543

distance in age -0.0099 -0.1893 0.1741 0.541
distance in gender -0.0108 -0.1935 0.1712 0.5415

distance in cognitive skills -7e-04 -0.1773 0.1743 0.5035
distance in conscientiousness -0.0113 -0.1859 0.1669 0.5475

distance in neuroticism -0.013 -0.1998 0.1657 0.5485

Table 14 – Posterior distribution. Weighted criterion. Ac-
ceptance rate: 0.2. τ̂0 = 76.

Mean Q .05 Q.95 Prob < 0
Matching parameters

distance in age 0.0042 -0.1763 0.1796 0.48
distance in gender -9e-04 -0.1827 0.1817 0.496

distance in cognitive skills 2e-04 -0.1698 0.1719 0.503
distance in conscientiousness -2e-04 -0.1828 0.178 0.494

distance in neuroticism -0.0036 -0.186 0.1721 0.512
g_ij -0.0025 -0.1831 0.1798 0.5155

(1-g_ij)*distance in classlist -0.0173 -0.1977 0.1681 0.5574
treat*distance in age -0.0034 -0.2538 0.2512 0.523

treat*distance in gender -8e-04 -0.2511 0.2621 0.5055
treat*distance in cognitive skills 0.0062 -0.2559 0.2538 0.4815

treat*distance in conscientiousness -7e-04 -0.254 0.2591 0.5105
treat*distance in neuroticism 0.0035 -0.2593 0.2554 0.4845

treat*g_ij 0.0069 -0.2495 0.2653 0.477
treat*(1-g_ij)*distance in classlist -0.004 -0.2618 0.2516 0.503

Utility (direct links)
intercept -0.009 -0.1916 0.1785 0.5355
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distance in age -9e-04 -0.1839 0.1782 0.4935
distance in gender -0.0056 -0.1843 0.1813 0.5185

distance in cognitive skills 0.0019 -0.1853 0.1876 0.4995
distance in conscientiousness -0.006 -0.1815 0.175 0.527

distance in neuroticism -0.0025 -0.1847 0.1856 0.5055
Utility (reciprocal links)

intercept -4e-04 -0.181 0.1786 0.5005
distance in age -0.0019 -0.1797 0.1774 0.5035

distance in gender -0.0036 -0.1843 0.1796 0.505
distance in cognitive skills -0.0015 -0.1842 0.1851 0.505

distance in conscientiousness -8e-04 -0.1777 0.177 0.495
distance in neuroticism 0.0015 -0.186 0.1854 0.495

Utility (indirect links)
intercept -0.0099 -0.1899 0.1722 0.536

distance in age -0.0105 -0.1887 0.1778 0.5509
distance in gender -0.006 -0.187 0.1757 0.518

distance in cognitive skills -5e-04 -0.1864 0.179 0.492
distance in conscientiousness -0.0077 -0.1825 0.169 0.5395

distance in neuroticism -0.0143 -0.2011 0.164 0.5295
Utility (popularity)

intercept -0.0109 -0.199 0.178 0.533
distance in age -0.0072 -0.1862 0.1771 0.5295

distance in gender -0.009 -0.1923 0.1722 0.534
distance in cognitive skills -3e-04 -0.1755 0.1754 0.504

distance in conscientiousness -0.0093 -0.1841 0.1678 0.5415
distance in neuroticism -0.012 -0.1962 0.1675 0.5445

Table 15 – Posterior distribution. Weighted criterion. Ac-
ceptance rate: 0.3. τ̂0 = 76.

Mean Q .05 Q.95 Prob < 0
Matching parameters

distance in age 0.002 -0.179 0.1804 0.4895
distance in gender -0.0025 -0.1871 0.1796 0.5035

distance in cognitive skills -1e-04 -0.1731 0.174 0.4998
distance in conscientiousness 8e-04 -0.1808 0.182 0.4928

distance in neuroticism -6e-04 -0.1857 0.1787 0.4972
g_ij -0.0012 -0.1847 0.18 0.5078

(1-g_ij)*distance in classlist -0.013 -0.1935 0.1715 0.5455
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treat*distance in age -3e-04 -0.2549 0.2529 0.5065
treat*distance in gender 0.0019 -0.2506 0.2628 0.4998

treat*distance in cognitive skills 0.0037 -0.2559 0.25 0.4908
treat*distance in conscientiousness -0.0015 -0.2566 0.2591 0.5098

treat*distance in neuroticism 2e-04 -0.2593 0.2543 0.4928
treat*g_ij 0.001 -0.2571 0.2646 0.4988

treat*(1-g_ij)*distance in classlist -0.0034 -0.2614 0.2574 0.5075
Utility (direct links)

intercept -0.0055 -0.1886 0.1775 0.5128
distance in age -0.0013 -0.1819 0.174 0.4995

distance in gender -0.0044 -0.1871 0.1879 0.5178
distance in cognitive skills 0.0011 -0.1852 0.1867 0.4975

distance in conscientiousness -0.0035 -0.1812 0.1777 0.5158
distance in neuroticism -0.0018 -0.1849 0.1788 0.5028

Utility (reciprocal links)
intercept 7e-04 -0.1798 0.1839 0.5002

distance in age 1e-04 -0.181 0.1834 0.4962
distance in gender 3e-04 -0.1824 0.1793 0.4898

distance in cognitive skills -0.0034 -0.1853 0.1801 0.5132
distance in conscientiousness -9e-04 -0.1807 0.1833 0.4985

distance in neuroticism 0.001 -0.1873 0.1845 0.4995
Utility (indirect links)

intercept -0.0075 -0.1863 0.1751 0.5332
distance in age -0.0063 -0.1828 0.1789 0.5308

distance in gender -0.0051 -0.1859 0.1758 0.5155
distance in cognitive skills -7e-04 -0.1836 0.1786 0.5008

distance in conscientiousness -0.0048 -0.1827 0.174 0.5268
distance in neuroticism -0.0089 -0.1956 0.1706 0.5138

Utility (popularity)
intercept -0.0081 -0.1913 0.1775 0.5275

distance in age -0.007 -0.1893 0.1772 0.5248
distance in gender -0.0059 -0.1905 0.1766 0.5232

distance in cognitive skills -7e-04 -0.1785 0.1768 0.4998
distance in conscientiousness -0.0098 -0.1889 0.1701 0.5365

distance in neuroticism -0.0089 -0.1922 0.1696 0.5315
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APPENDIX B – Identification with one
period of data from the stationary distribution

In this Appendix, we explore identification in a context where we have access to a
sample of C networks stemming from the stationary distribution of the game in Chapter 2.
Note from Remark 2.3 that one may interpret the stationary distribution as a long-run
distribution. If one assumes observed data was drawn from the stationary distribution,
then the stationary distribution π is identified. Notice that, in this context, identification
of the transition matrix Π is a necessary condition for identification of ((ui)Ni=1, ρ), the
objects of interest. We thus propose to analyse identification of Π. In particular, we explore
identification of Π without imposing further restrictions. In light of this, and without loss
of generality, we may essentially view X as nonstochastic throughout the remainder of
this section,

In our setting, the identification problem (of Π) reduces to providing conditions
under which no other transition matrix Π̃ ∈ S is observationally equivalent to Π; where S
is the admissible (by the model) set of Markov chains. In other words, Π is identified if:

∀ Π̃ ∈ S (I − Π̃′)π = 0 =⇒ Π̃ = Π (B.1)

If S were the set of all row-stochastic matrices, Π would clearly not be identified, as
I2N(N−1)×2N(N−1) is observationally equivalent. But S is not the set of all Markov matrices.
Indeed, the model imposes restrictions on the set of admissible Markov matrices. These
are summarised by (2.2). As we do not impose further restrictions on utilities and the
matching function, S is the set of all 2N(N−1) × 2N(N−1) row-stochastic matrices with
strictly positive entries Πgw for all g ∈ G, w ∈ N(g) ∪ {g}, and 0 otherwise.

Do the restrictions implied by the model identify Π? The next lemma is a negative
result.

Lemma B.1 (Non-identification). Under Assumption 2.1 and Assumption 2.2, and if
Fε(e0, e1) = exp[− exp(e0) − exp(e1)] (i.e. (ε(0), ε(1)) are independent EV type 1), then
the model is not identified.

Proof. Fix Π0 ∈ S and let π0 be the (unique) solution to (I − Π′0)π0 = 0, π′0ι = 1.
The proof consists in presenting a family of observationally equivalent versions of the
model in Mele (2017), albeit in a more general setting. Consider a family of utilities
(ui)Ni=1 where ui(g,X) = ln(π0(g)) for all i ∈ I and all g ∈ G. These utilities are well
defined, as π0 >> 0 from Remark 2.4. Moreover, fix some arbitrary ρ satisfying (i)
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Assumption 2.1; and (ii) ρ((i, j), [0, g−ij], X) = ρ((i, j), [1, g−ij], X) for all (i, j) ∈ M,
g ∈ G (the matching probability does not depend on the existence of a link between i

and j). These choices satisfy Assumption 2.1 and Assumption 2.2. Therefore, there exists
a unique stationary distribution π̃ associated with the chain Π̃ from this game. Further
notice that the family of utilities admits a potential function Q : G × X 7→ R satisfying
Q([1, g−ij ], X)−Q([0, g−ij, X]) = ui([1, g−ij ], X)− ui([0, g−ij ], X) for all (i, j) ∈M, g ∈ G.
Indeed, Q(g,X) = ln(π0(g)) is a potential function for this class of utilities. But then, this
distribution has a closed form expression: π̃(g) = exp(Q(g,X))∑

w∈G exp(Q(w,X)) = π0(g). To see this, one
can follow the argument in Theorem 1 of Mele (2017) and verify that this distribution
satisfies the flow balancedness condition π̃gΠ̃gw = π̃wΠ̃wg for all g, w ∈ G1. But then the
stationary distribution does not depend on the matching probabilities, so the Markov
matrix is not identified, as it is always possible to choose ρ satisfying (i)− (ii) s.t. Π̃ 6= Π0

(and π0 = π̃ follows, as we saw).

We interpret this result as suggestive of the need to impose further restrictions in
order to identify Π. Note that verification of the flow balancedness condition relies crucially
on the functional form of the distribution function for the error term. One approach would
then be to restrict analysis to different distributions. We do not follow this approach, as it is
not grounded in knowledge regarding the social interactions being analysed (identification
by functional form). Moreover, it is immediate to see the identification at infinity strategy
discussed in Section 3.2 does not bring additional identifying power in the setting of
Lemma B.1 without further restrictions on the matching function and/or utilities. In
particular, it would require restricting ((ui)Ni=1, ρ) to classes where the assumptions in
Mele (2017) regarding the matching function and/or utilities do not hold. Since this would
restrict the generality and applicability of the model, we refrain from further analysing
identification with one period of data from the stationary distribution.

1 See Appendix C.
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APPENDIX C – Flow balancedness
condition

We also show the flow balancedness condition in the model of Mele (2017) holds:

Claim C.1 (Mele (2017)). In the model of Mele (2017), the flow-balancedness condition
π̃gΠ̃gw = π̃wΠ̃wg for all g, w ∈ G holds.

Proof. Fix g, w ∈ G. Note that if g and w differ in more than one node, the condition
trivially holds. This is also the case when g = w. Consider then the case where g and w
differ exactly in one node, say gij = 1 and wij = 0 for some i, j ∈ I. We then have that

π̃gΠ̃gw = exp(Q(g,X))∑
s∈G exp(Q(s,X)) × ρ((i, j), g,X) exp(Q(w,X)−Q(g,X))

1 + exp(Q(w,X)−Q(g,X)) =

= exp(Q(g,X)−Q(w,X) +Q(w,X))∑
s∈G exp(Q(s,X)) × ρ((i, j), g,X) exp(Q(w,X)−Q(g,X))

1 + exp(Q(w,X)−Q(g,X))

= exp(Q(w,X))∑
s∈G exp(Q(s,X)) × ρ((i, j), g,X) 1

1 + exp(Q(w,X)−Q(g,X)) =

= exp(Q(w,X))∑
s∈G exp(Q(s,X)) × ρ((i, j), g,X) exp(Q(g,X)−Q(w,X))

1 + exp(Q(g,X)−Q(w,X))
(ii)=

(ii)= exp(Q(w,X))∑
s∈G exp(Q(s,X)) × ρ((i, j), w,X) exp(Q(g,X)−Q(w,X))

1 + exp(Q(g,X)−Q(w,X)) = π̃wΠ̃gw

(C.1)
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APPENDIX D – Proof of Claim 3.1

Observe that Π(γ) is written as:

Π(γ) =

(0, 0) (1, 0) (0, 1) (1, 1)


ρ12(0, 0)F12((1, 0), (0, 0)) + ρ21(0, 0)F21((0, 1), (0, 0)) ρ12(0, 0)F12((0, 0), (1, 0)) ρ21(0, 0)F21((0, 0), (0, 1)) 0 (0, 0)

ρ12(1, 0)F12((1, 0), (0, 0)) ρ12(1, 0)F12((0, 0), (1, 0)) + ρ21(1, 0)F21((1, 1), (1, 0)) 0 ρ21(1, 0)F21((1, 0), (1, 1)) (1, 0)
ρ21(0, 1)F21((0, 1), (0, 0)) 0 ρ12(0, 1)F12((1, 1), (0, 1)) + ρ21(1, 1)F21((0, 0), (0, 1)) ρ12(0, 1)F12((0, 1), (1, 1)) (0, 1)

0 ρ21(1, 1)F21((1, 1), (1, 0)) ρ12(1, 1)F12((1, 1), (0, 1)) ρ12(1, 1)F12((0, 1), (1, 1)) + ρ21(1, 1)F21((1, 0), (1, 1)) (1, 1)

Now suppose there exists γ 6= γ̃, Π(γ) = Π(γ̃). Suppose ρ21(0, 0) > ˜ρ21(0, 0). The argument is symmetric for the remaining parameters.
Since objects are observationally equivalent, it must be that F21((0, 0), (0, 1)) < ˜F21((0, 0), (0, 1)), which in its turn yields F21((0, 1), (0, 0)) >

˜F21((0, 1), (0, 0)). This implies ρ21(0, 1) < ˜ρ21(0, 1); consequently, ρ12(0, 1) > ˜ρ12(1, 0) and F12((0, 1), (1, 1)) < ˜F12((0, 1), (1, 1)) thereafter.
But then F12((1, 1), (0, 1)) < ˜F12((1, 1), (0, 1)), leading to ρ12(1, 1) > ˜ρ12(1, 1), ρ21(1, 1) < ˜ρ21(1, 1), F21((1, 1), (1, 0)) > ˜F21((1, 1), (1, 0)).
Proceeding analogously, we will get ρ21(1, 0) > ˜ρ21(0, 1), F12((0, 0), (1, 0)) < ˜F12((0, 0), (1, 0)) and finally ρ12((0, 0)) > ˜ρ12(0, 0). But we also
had ρ21(0, 0) > ˜ρ21(0, 0), leading to 1 > 1, a contradiction.
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APPENDIX E – Identification with exclusion
restriction on matching function

In this section, we analyse how our main identification result (Proposition 3.1)
would change if large support variables were included in the matching function (ρ), but
not in utilities. Fix g ∈ G, w ∈ N(g), gij 6= wij. We start by establishing the following
claim:

Claim E.1. Under a limit which drives ρij(g)→ 1 and ρij(w)→ 1; but leaves Fij(g, w)
unaltered, we have:

lim
t∗

(Πτ0)gw = Fij(g, w)

Proof. The case where τ0 = 1 is immediate, since limt∗(Πτ0)gw = Fij(g, w) follows directly
from (2.2). Suppose τ0 > 1. Recall that:

(Πτ0)gw =
∑

m∈N(w)∪{w}
(Πτ0−1)gmΠmw

Using a similar argument as in Proposition 3.1, we can show the limit in the
statement of the Claim is such that limt∗(Πτ0−1)gm → 0 for all m ∈ N(w) \ {g}1. We are
thus left with:

lim
t∗

(Πτ0)gw = lim
t∗

(Πτ0−1)gwΠww+lim
t∗

(Πτ0−1)ggΠgw = (lim
t∗

(Πτ0−1)gw+lim
t∗

(Πτ0−1)gg)Fij(g, w)

Next, we note that, under the limit in the statement of the claim:

lim
t∗

(Πτ0)gg = (lim
t∗

(Πτ0−1)gw + lim
t∗

(Πτ0−1)gg)Fij(w, g)

which follows from (Πτ0)gg = ∑
m∈N(g)∪{g}(Πτ0−1)gmΠmg and an argument similar

to the previous one. We then get:

lim
t∗

(Πτ0)gw + lim
t∗

(Πτ0)gg = lim
t∗

(Πτ0−1)gw + lim
t∗

(Πτ0−1)gg
1 If m ∈ N(w) \ {g}, then m ∈ N2(g). Fix a summand in (Πτ0−1)gm. If a transition from g to m occurs

at pair (k, l) 6= (i, j), the limit in the statement of the Claim drives the summand to 0, If all transitions
occur at pair (i, j), a transition from w to some z ∈ N(w) \ {g} must occur, for, if not, then either
m = g or m = w, which is not true. The limit in the statement of the Claim thus drives the summand
to zero.
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Induction on limt∗(Π)gw + limt∗(Π)gg = 1 then yields the desired result.

The previous argument suggests that, if large support variables included in ρij(g)
and ρij(w) – but excluded from Fij(g, w) – may be shifted in a direction that (simulta-
neously) drives the probability of selecting pair (i, j) under networks w and g to 1; then
marginal utilities are identified.

Identification of the matching process in this setting is more intricate, as we
require the “feasibility” of a different limit. We consider the case where τ0 ≤ N(N − 1)
(Assumption 3.2 holds). Fix some s ∈ N τ0(g) such that gij 6= sij. Denote by D ⊆M be
the set of pairs where g and s differ. We then have:

(Πτ0)gs =∑
(a1,a2...aτ0 )∈P (D)

ρa1(g)Fa1(g, [1− ga1 , g−a1 ])×

ρa2([1− ga1 , g−a1 ])Fa2([1− ga1 , g−a1 ], [1− ga1 , 1− ga2 , g−a1,−a2 ])× . . .

×ρaτ0
([1− ga1 , 1− ga2 . . . 1− gaτ0−1 , g−a1,−a2...−aτ0−1 ])×

Faτ0
([1− ga1 , 1− ga2 . . . 1− gaτ0−1 , g−a1,−a2...−aτ0−1 ], s)

where P (D) is the set of all vectors constructed from permutations of the elements
in D. If there exists a limit that vanishes all summands not starting on ρij(g) (but leaves
the latter unchanged); and if it is further feasible to simultaneously drive ρij(g) to 1, then
a ratio of limits identifies matching probabilities.



61

APPENDIX F – Approximate Bayesian
Computation (ABC) algorithm

In this section, we show our likelihood-free algorithm provides an approximation
of moments of the posterior distribution. As in our main text, we observe a sample
{GT0

c , G
T1
c , Xc}Cc=1 from the model. As our focus lies on the posterior distribution, we

essentially view this sample as fixed (nonstochastic) throughout the remainder of this
section. The model parameters are (β, τ) ∈ B× N. The prior density is p0, and the model
likelihood is P(·|XC ; β, τ), where XC := {Xc, G

T0
c }Cc=1. Approximate Bayesian Computation

requires we be able to draw samples from P(·|XC ; β, τ) and compare it with the data
YC := {GT1

c }Cc=1. In particular, we consider computing (approximations of) moments of
the posterior distribution P(·|XC ,YC) according to Algorithm 2, where K(ỸCs,YC ; ε) is
a rescaled kernel and q0 is a proposal density.

Algorithm 2 Approximating posterior moments
define some tolerance ε > 0
define a function h : B× N 7→ Rm

for s ∈ {1, 2 . . . S} do
draw (βs, τs) ∼ q0
generate an artificial sample ỸCs ∼ P(·|XC ; βs, τs)
accept (βs, τs) with probability K(ỸCs,YC ; ε)

end for
compute the approximation to the posterior mean of h using the accepted draws
according to ĥ := ∑

s:accepted h(βs, τs)ws/
∑
s:accepted ws, where ws := p0(βs, τs)/q0(βs, τs)

The next proposition shows that, if we let ε → 0 as S → ∞, our approximation
will be consistent for the posterior mean EP(·|XC ,YC)[h(·)].

Proposition F.1. Suppose that: (1) the prior distribution admits a density p0 with respect
to some measure µ on B× N; (2) the proposal density q0 is such that supp p0 ⊆ supp q0;
and (3) the map K : GC × GC × R+ 7→ [0, 1] is such that (3.i) K(Y1,Y2, ·) is continuous
at 0 for all (Y1,Y2) ∈ GC × GC; and (3.ii) K(Y1,Y2, 0) = 1{Y1 = Y2}. Then, for any
h : B×N 7→ Rm such that

∫
‖h(β, τ)‖p0(β, τ)dµ <∞, the approximation ĥ in Algorithm 2

is such that ĥ p→ EP(·|XC ,YC)[h(·)] as ε→ 0 and S →∞.

Proof. Observe that ĥ may be written as:

ĥ = S−1∑S
s=1 h(βs, τs)ws1{us ≤ K(ỸJs,YC ; ε)}

S−1∑S
s=1 ws1{us ≤ K(ỸJs,YC ; ε)}

(F.1)
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where {us}Ss=1 are iid draws from a Uniform distribution; independently from
{βs, τs, ỸCs}Ss=1.

We next note the random map a(ε) = h(βs, τs)ws1{us ≤ K(ỸCs,YC ; ε)} is almost
surely continuous at 0, for P[{a is discontinuous at 0}] ≤ P[us = 1] = 0. Moreover, we have
that E[supε≥0‖a(ε)‖] ≤ E[‖h(βs, τs)‖ws] =

∫
‖h(β, τ)‖p0(β, τ)dµ <∞. Then, by applying

Lemma 4.3 in Newey and McFadden (1994), we have that, as S →∞ and ε→ 0:

S−1
S∑
s=1

h(βs, τs)ws1{us ≤ K(ỸJs,YC ; ε)} p→ E[h(βs, τs)ws1{us ≤ K(ỸJs,YC ; 0)}]

(F.2)
But we further have that:

E[h(βs, τs)ws1{us ≤ K(ỸJs,YC ; 0)}] = E[h(βs, τs)ws1{ỸJs = YC}] =

= E[h(βs, τs)wsE[1{ỸJs = YC}|βs, τs]] = E[h(βs, τs)wsP[YC |XC ; βs, τs]] =

=
∫
h(βs, τs)P[YC |XC ; βs, τs]p0(βs, τs)dµ

An analogous argument establishes the denominator converges in probability to∫
P[YC |XC ; βs, τs]p0(βs, τs)dµ, which establishes the desired result.

Examples of maps that satisfy our required property are:

K(Y1,Y2; ε) = 1{‖Y1 −Y2‖ ≤ ε}

which corresponds to the “sharp” rejection rule in Algorithm 1 of the main text. A
“smooth” alternative is:

K(Y1,Y2; ε) =

φ(‖Y1 −Y2‖/ε)/φ(0) ε > 0

1{Y1 = Y2} ε = 0

where φ is the standard normal pdf. This rule is used in our Monte Carlo exercise
(Chapter 5) and our application (Chapter 6).
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