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Resumo 

o artigo generaliza uma abordagem para a identificac;ao, na forma estru
tural, dos modelos dinamicos a expectativas racionais, scm rcearrer a hipoteses 
especificas sobre os proceSSQS seguidos pelas end6genas e ex6genas. 0 conccito 
utilizado permite ao econometrista explarar a informac;ao contida em variaveis 
pre-determinadas nao previslveis pelos agcntes. Discute-se modos de operaciona
lizat;;ao desta possibilidade. Em dccorn3llcia, amplia-se 0 espectro de estrategias 
para identificac;ao e ganha-se uma melhor visao dos custos e beneficios advindos 
de hipoteses suplementares sobre 0 conjunto de soluC;6cs 

Abstract 

This paper generalises previous results on the identification of rational ex
pectations (r.e.) models, establishing necessary and sufficient conditions on the 
structural form of static and dynamic models, without specific assumptions on 
the stochastic processes generating the endogenous and exogenous variables. The 
approach allows the econometrician to explore the information in predetermined 
variables not previsible by the agents. Ways of making operational this knowledge 
are discussed. As a consequence, the set of identification strategies is broadened 
and a better insight is gained on the cost/benefit of an early selection on the 
solutions set. 
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Agents, econometricians and the identification 

1. Illtrod lletion. 

General theorems concerning the identification of the structural 
form parameters of linear dynamic rational expectations (r.e.) sys
tems were stated in FlOres and Szafarz (1992). These results, ob
tained without any assumption whatsoever on the processes generat
ing the model variables, show, as previously raised by Salemi (1989) 
and Broze et alii (1987) , that identification can be achieved without 
concern on the solutions set. Before adding further assumptions to 
single out a solution - as stationarity or a transversality condition 
- many models may have their structural parameters already iden
tified. This stood for qualifying as minimal such and approach to 
identification in a l' .e. context. Of course, in practice, estimation 
issues and the proper fit to the existing data of a particular solution 
still have to be faced. It is within this last purpose that developmellts 
like those in Whiteman (1983), Salemi (1989) himself, Pesaran (1988) 
and actually most of the related literature should be viewed, and not 
as general answers to the identification problem. 

Broze and Szafarz (1991) and Flores and Szafarz (1992) also 
pointed out that, even keeping a priori assumptions to a minimum, 
identification can change with the information set available to the 
econometrician. In this paper a complete characterization of this 
situation is given, while hypotheses on the data generating process 
are still kept rather weak. The results generalise recent contributions 
by Turkington and Bowden (1988) and Rayner (1991)\ which share 
similar ideas. The use of different information sets for solving r.e. 
problems is becoming a standard tool, as the volatility test proposed 
by West (1988) exemplifies. 

After presenting the main idea in the next section, a discussion 
follows on how to characterize the econometrician's knowledge. The 
basic identification theorem is stated in section 4. Section 5 pro
vides three examples that set the results in a broader view; section 6 
concludes. 

IThese two papers were apparently developed independently of our work which 
started with Flores and Szafarz (1989). 
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2. T he change in identification. 

As in FlOres and Szafarz (1992) we begin with model: 

AYt + Bay; + B'Y;+1 + .. . + BkYf+k + C Xt + DX�t = Ut (2. 1) 

where A, Bo, . .. ,Bk are n x n matrices and C and D are, resp., n x m 
and n x m2 matrices; column vectors Yb n x 1 and Xt, m x 1 account, 
resp., for the endogenous and exogenous variables, vector Xt being 
equal to the piling up of vectors Xli, m, x 1 and X2t, m2 x 1, m = 

m, + m2, the first being previsible with respect to the information 
set at the beginning of time t, It-l, defined below; Ut accounts for the 
disturbances, a nlultivariate process with zero nleans and (constant) 
contemporaneous dispersion matrix I:u' The disturbances are an in
novation with respect to It-1 and vector Xt is predetermined in (2. 1) , 
in the sense that cov(Xt, Ut+j) = 0, for all j ::0: 0, Engle et alii (1983); 
all r.e. vf, V[+1"'" Yi+k and X�t are conditional on the (same) (J
algebra generated by set It-1 = {Vt-l, Xt-l> Vt-2, Xt-2, . . . }, Xl!, as 
said, being measurable in this algebra. 

Different normalizations may be imposed on matrices A or 
Bi,O :0: i :0: k, depending on how the model is treated. Matrix C 
will sometimes be split into its two components C, and C2, related, 
resp., to Xlt and X2t. 

The rational expectations in (2. 1) are non-observables, in the 
sense of Goldberger (1972) and Griliches (1974), and for i = 0, 1, . . .  , k 
one can write: 

e _ Vt+1 - Vt+1 - et+l 

eHi being orthogonal to the information set It-I' 

(2.2) 

Conditioning model (2. 1) on any information set 0t-l smaller or 
equal to that of the agents, yields: 

AE[YtIOt_l] + BoE[V,]Ot-l] + B,E[Yt+1I0t-l] + . .. + BkE[Vt+kIO]+ 
+ CE[XtIOt_l] + DE[X2tl0t-l] = 0 

which, after collecting the common terms, becomes: 
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(A + Bo)E[Ytlflt-l] + B1E[YtHlfl] + .. .  + BkE[Yt+klflt-l]+ 
C1E[Xltlflt_d + (C2 + D)E[x2tlflt_d = ° 

(2.3) 

If, however, expectations are taken with respect to a larger set 
flt-1, provided that E[ut lflt-1] = 0, this leads to: 

AE[Ytlflt-l]+Boyf+Blyf+l + ... +Bkyf+k+CE[Xt Iflt-l] +DX2t = O. 
(2. 4) 

Now let flt-1 denote the information set available to the econo
metrician and L the set of initial constraints on the structural pa
rameters of (2.1). Identification is defined as: 

DEFINITION: (Flores and Szafarz (1992) ) .  A set of admissible values 
(i.e. satisfying the constraints in L) AO,Bf(i = O,l, ... , k ) , CO, DO is 
fl-identifiable jff for any other admissible values A, Bi(i = 0, 1, . . . , k), 
C, D, and for every j, 0:0; j :0; k :  

E[Yt+;lflt-l] = EO [Yt+;Iflt-1] =}A = AO, Bi = Bf(i = 0, 1, ... ,k), 
C = Co, D = DO. 

This means that, beyond the given a priori conditions L, the 
system is identified if equality2 of all expectations up to time t + k 
entails unicity of the admissible parameters. 

The gist of the minimal identification idea lies in that in the case 
Ot-l <;; It-I, the equalities in the Definition, together with (2.3), bear 
a straight relationship with the corresponding distributed lags model, 
i.e., the One obtained by substituting the values given from (2.2) 

2The right-hand side of the equality means the conditional expectation when 
AO,B?(i = O,I, ... ,k),CO,DO are substituted for the parameters, while in the 
left-hand member the other admissible values A, Bi(i = 0, 1, . . . , k), C, Dare 
considered. 
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for the expectations in (2.1) and equating out the new error term. 
The distributed lags model then provides (a kind of ) reduced form 
parameters that, together with conditions L, allow the establishment 
of identification. 

However, if !1'-1 ::J [t-1 two new things stand out. The first is 
that, as (2.4) shows, overidentification may be a fact: independently 
of set L, application of the definition seemS to allow for a better 
separation of the parameters. But equation (2.4), as (2.3), is not 
estimable, and resorting to the corresponding distributed lags model 
amounts to arrive at the same rearrangement of coefficients as in 
the previous case. The point is then how to translate the additional 
information clearly present into a workable condition. 

The above discussion can also be linked to the exogeneity sta
tus of {Xt}. Indeed, equations (2.3) and (2.4) tell that interest in 
the first-order parameters of the distribution of {Yt} requires weak 
exogeneity of {Xt}. However, the existence of non-observables and 
the role played by set L can change the sit nation, as long as iden
tification is concerned; that is why the whole {x,} process has been 
assumed only to be predetermined in (2.1). For estimation purposes, 
it is likely that at least full weak exogeneity will have to be verified. 

Now, for all exogenous not ['-1 previsible, let w, = X2t - xit 
be the error vector orthogonal to all expectations appearing in (2.1). 
Taking the covariance of both sides of (2.1) with w, yields the follow
ing result: 

A cov(y" wi) + C cov(x" w,) = 0 

or, after rearrangement and consideration of the partitions of x,: 

C2] [ cov(y" w,) ] = 0 

COV(X2', w,) 
(2.5) 

Defining z� = (Y�, X�t), (2.5) asserts the first-order stationarity 
of the multivariate process {[A C2]ZtWa, as 
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irrespectively of the processes followed by the endogenous and exoge
nous. 

The itbove fact suggests that the Ot-1 of interest are those which 
differ from It-1 because some of the imperfectly predicted (by the 
agents) exogenous X2t are measurable in them. The key idea of this 
paper is to explore this fact as a possible translation of (2. 4) .  Ways 
of rendering it operational are the subject of the next section. 

3. The econometrician's knowledge. 

Let us suppose that the econometrician possesses a further 
knowledge on SOme coordinates of process X2t; let x2" p x l, p :s; m2, 
be this subvector. Ideally, such a knowledge would enable her to eval
uate the corresponding w; = X2t -(x2t)C entries in equation (2.5) and 
then the covariances. 

The fact that the latter may not be known in any time point is 
not necessarily a shortcoming. As will be seen, identification can in 
principle be checked by merely examining the structure of the matrix 
of covariances figuring in (2.5). However, if a large sample is available, 
(2.6) suggests a classical approximation through the weak law of large 
numbers. 

Interesting examples, in which the elements in w; can be ex
pressed by simple formulae, are: 

i) X2t is a martingale with respect to the filtration It-1; 
ii) X2t is a VARMA (p,q) process: 8(L)X2t = r(L)et where 8(L) = 

1- 81L - 82L2 - ... - 8pLP, and r(L) = 1+ r1 + r2L2 + . . . + 
rqLq are matrices of lag polynomials. This includes a VAR (p) 
specification and bears relationship with the case in which X2t is 
stationary itnd admits it Wold (possibly infinite) moving average 
representation; 

iii) X2t plus SOme elements of It-1 form a Gaussian process. 

Now, if for a sample of observations Zt, w;, t = 1, . . . , T, one 
defines MT = I:t ZtW;, supposing valid the hyphotheses of the weak 
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law of large numbers3 and (2.5), it follows that: 

plim(1/T)[A CZ]MT = [A Cz] plim(1/T)MT = 0 (3.1) 

The finite version of (3.1) thus provides a workable identity in
corporating the additional information contained in nt-I. It is a 
procedure similar to the one used in the generalised method of mo
ments estimation technique, Hansen (1982). 

Carrying the analogy with estimation procedures a bit further, 
though the discussion was based on a subset of vector X2t, the same 
ideas would be valid if the econometrician had at her disposal a vec
tor process Vt, not previsible by It-I, such that cov(Vt, Ut) = O. This 
suggests an enlargement of the concept of instruments for the identi
fication case. 

4. A basic theorem. 

Though the main concern is with the structural form coefficients, 
we shall include in the a priori restrictions conditions on the (con
stant) contemporaneous covariance matrix of the innovation process. 
Set L is then defined through q initial constraints in the form of 
continuously differentiable functions: 

1::; i ::; q, (4.1) 

which will be stacked as function q, = (q,I, q,z, ... , q,q)'. 
Let 11' be the matrix formed by placing sideways the "pseudo

reduced form parameters" of the minimal case4, i.e.; "-=[P,P,,,,Pk+, 
Pk+'] where: 

Pk = -B'k1Cl Pi = -B'k1 Bk-i, 1::; i ::; k -1, 

Pk+l = -B'k1 (A + Bo) Pk+Z = _B'kl(CZ + D). (4.2) 

3See, for instance, Gnedenko (1969), page 211, for a necessary and sufficient 
condition for the weak law of large numbers for an arbitrarily dependent sequence 
of random variables. 
4These reduced form parameters are obtained from the distributed lags model 
associated to equation (2.3) [see Flores and Szafarz (1992)J. 
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Matrix 11" will be viewed as 11" = [11"111"2J , where 11"1 = [P1P2 • • •  Pi;J 
and 11"2 = [Pk+lPk+2J . 

The two additional equations are: 

(4.3) 

where 
A = [Bk-1'" BI OI (A + Bo) (02 + D)], (4.4) 

and, from (4.4): 
[A 02J H=O (4.5) 

where H is a known (n + m2) x P matrix which can be formed either 
by the actual covariances for a given t or by a suitable approximation 
like the (l/T)MT discussed in the previous section. 

Calling (3k, a and a the vectorizations5 of Bk, I::u (only the 
n(n+ 1)/2 distinct elements) and [Bk-1 ... BI OI], resp.; and (a, C2) 
and (bo, d) those of matrices [A 02J and [Bo D], resp., we have: 

T heorem 1. Let e = ((3k, a, (a, C2) , bo, d), a) be a regular point of 
the parameter space, and suppose the pseudo-reduced form parame
ters in (4.2) are identified. 

A. For locally identifying tIle n2(k + 2) +nm+ nm2 +n(n + 1)/2 
parameters of model (2.1), it is necessary and sufficient that: 

i) if the a-algebra being used is 0'-1 C;; !,-1: 

[ W* Bit! Bit! Bit! 1 2 n( n + 1) 
rank B(bo,d) - B(o,c,) B" = 2n + nm2 + 

2 

* fJiJ> ( p\ , ) 
fJiJ> ( p\' ' ) where W = 

fJ(3k In '61 Bk + fJa* In '61 A 

and a* = (a, (a, C2)) (4.6) 

and the derivatives in the difference are evaluated at correspond
ing entries in matrices A, Bo and O2, D; 

5 All vcctorizations are assumed to be row vectors formed by sequentially placing 
the rows (from the first to the last one) of the corresponding matrices. 

78 R. de Econometria 14(1) abril 1994/outubro 1994 



Flores & Szafarz 

ii) if the O"-algebra being used is ltt-l :> It-1 

rank 
[-lnQ9(BdBo 

W' 

DJ H) , 

2 n(n + 1) 
= 2n + nm2 + -'-�--!. 2 

where W' is as above. 

-lnQ9H' 
ail> ail> 

a(bo,d) - a(a,c,) 
a� ] = 
8a 

(4.7) 

B. If the <Pi are linear functions of the structural parameters, 
then the system is globally identified iff depending on the O"-algebra 
being used, fulfillment of the conditions in i) or ii) above takes place. 

PROOF: See the Appendix. 

Conditions (4.6) and (4.7) reflect how identification changes if 
the econometrician is able to incorporate extra information of the 
kind of (2.5). A more suggestive version is given by the Corollary 
below, which adds two extra hypotheses, not too strong: 

Corollary 2. Under the hypotheses of the Theorem, and calling r 
the rank of H, 1 ::; r ::; min(n + m2,p)6, if the space generated by 
the first np rows of the matrix in (4.7) has a trivial intersection with 
the one generated by the remaining rows then a necessary and 
sufficient condition for the local identification of the structural 
parameters in (2.1) is that: 

rank [w· 8<p 
8(bo, d) 

8<P] 2 n(n + 1) 
8(> = 2n + nm2 + 2 

- nr 

(4.8) 

PROOF: The hypothesis of null intersection between the two spaces 
implies that the rank of (4.7) will be the sum of the dimensions of 
the spaces. As the one generated by the first np rows has dimension 
nr the condition follows immediately from the main Theorem. 

6If only non-previsible exogenous are used as identifying instruments this mini
mum equals p. 
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It is interesting to contrast the "gain" from (2.5), translated 
by the difference in the ranks figuring in (4.6) and (4.7) , with the 
general issue raised by (2.4) . If only the X2t are used as instruments, 
the Corollary says that the most one can get is a reduction in the 
rank condition as great as the number of elements in matrix C2 (or 
D). This sort of upper limit is a consequence of how the general issue 
was made operational, as pointed out in section 2. 

A final remark should also be made regarding the presence of unit 
roots in {y,}. In the case that some {x,} are lagged endogenous and 
the remaining ones are stationary processes, Broze et alii (1990) have 
shown that an Engle-Granger representation can apply, Engle and 
Granger (1990), and that (2.1)1 has the same cointegration properties 
as the corresponding perfect foresight version. 

Therefore, the long run equilibria are common to both models, 
differences lying in the way short-run adjustments take place. Though 
this may give rise to specific estimation strategies, the identification 
problem is not affected. Indeed, either there is a priori knowledge 
about the unit roots - which should then be included in set L -
or there is none. In both cases, the definition of identifiability in 
section 2 holds and the Theorem remains valid. 

5. Examples. 

In order to better qualify the previous results and illustrate the 
strategies opened up by the proposed approach, three examples are 
briefly discussed here. 

I. The static model. 

Consider model AYt + Boyi + CXt = Ut. As known, this model 
allows to solve for the expectation of the endogenous and substitute 
back, giving way to: 

7 Actually, their model is more general as it allows for different information sets 
for computing the expectations. 
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If Xt is previsible, a true reduced form can be obtained, but A 
and Bo continue unidentified. If Xt is not previsible, the pseudo
reduced form will coincide with the (previous) true reduced form, 
but from the error term. The specification by the econometrician 
of a way to compute Xt - x; = Wt will enable her to use the extra 
nm conditions A cov(Yt, wd + G cov(Xt, Wt) = O. Of course, if she 
chooses a VAR (p) representation for the exogenous process, she will 
be able to estimate the pseudo-reduced form and check identification 
along lines proposed since Wallis (1981). The attraction of this case 
is that incorporation of the econometrician's knowledge will many 
times allow for a true reduced form, so that a further treatment of 
the identification is possible. This point is pursued by Thrkington 
and Bowden (1988) , who arrive at classical exclusion restrictions for 
the one-equation case, and is also dealt with in Broze and Szafarz 
(1991). 

However, all this does not preclude the use - if needed - of 
the nm conditions. Moreover, the econometrician's belief may be 
attached to a wider class of processes that will violate Thrkington 
and Bowden (1988) assumptions. In these cases, she still cim estimate 
the pseudo-reduced form and proceed to identification according to 
the lines suggested in the present paper, while the other approaches 
fail to help her. Even in the case that Xt is previsible, if instruments 
Zt 8 are available, she may accordingly use the corresponding extra 
equations. 

II. A stylised version of Sargent (1976)'s model: 

Pt = blZYt + mt + clO(mt -l - Pt- l) + ECljXjt + Ult 
Yt = bZl (Pt -pf) + ECzjxjt + UZt 

with Pt (GNP price deflator) and Yt (real GNP) endogenous, mt 
standing for the money supply and the Xjt for varied previsible ex
ogenous; all variables are in logs. 

This is a classical instance of the identification problem in 
r.e.; the trouble being with bZl, the coefficient of the "surprise" 

SIn the sense defined in the end of section 3, i.e., COV(Ztl tit) = o. 
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term (see Pudney (1982)). If m, is supposed non-previsible and 
the economet,ician has a good way of estimating w, = m, - mf, 
the second row of the matrix equation (2.5) yields immediately 
b21 = cov(y" w, )/  cov(p,, w,) . If this is not the case, and no other 
instruments are available, b21 is not identified as noticed by Wegge 
and Feldman (1983). The interesting point when m, is previsible 
is that if a true instrument z, is at hand, then b21 = b12

1. To see 
this, as the covariance values are not necessarily stationary and (2.5) 
becomes (with, now, w, = z,'- zf): 

cov(p" w,) - b12 cov(y" w, ) = 0 

-b21 cov(p,, w, ) + cov(y" w, ) = 0; 

it must be that: 1 - b21 b12 = O.  
III. A general current "surprise-effect" model. 

The previous example is generalised below, where emphasis is on 
tIle surprise terms: 

A1Ylt + A2Y2, + BlOY1, + Bro(Ylt - yi,) + 01Xlt 
+ 020X2, + 021X2,'-1 + .. , + 02pX2,,-p = U, 

By redefining 

A=[A1+Bio A2 ] , Bo=[ B10-Bio O J  and 

0= [01 020 021 .. .. 02p J 

it clearly becomes a special version of the static model discussed in the 
first example. The problem is that Bio does not appear in the pseudo
Teduced form9, so that additional information is always needed to 
identify it - a point long known in the literature. By exploring the 
characteristics of the above structure, and assuming as the econo
metrician's knowledge that x, is generated by a V AR(p* ), p* > p, 
Rayner (1991) has obtained several rank conditions which can ulti
mately be traced as special forms of (4.7). 

9It obviously disappears when the term A +.Bo is computed. 
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6. Conclusions. 

This paper has stressed the different role played by agents and 
econometricians in the identification of r.e. models. It must be said 
that t here is no consensus on the amount of information either can 
possess. Examples in both directions, Le., one knowing more than 
the other, can be easily found in the literature. We allow for both 
situations but assume that the agents as well as the econometricians 
know the structure of the true model. 

Within this setting, the Theorem in section 4 gives general nec
essary and sufficient conditions for the identification of structural 
parameters. Use is made of the pseudo reduced form coefficients and 
(possibly) of identifying instruments. Conditions (4.6) arid (4.7) en
compass all previous results on the subject. Moreover, as the latter 
and the examples in section 5 show, the Theorem may be translated 
into various specific versions, depending on further simplifications of 
the basic model or on particular ways of characterizing the econome
trician's knowledge. 

Since identification precedes es.timation, it is important to put in 
perspective the scope of the result. In this light, the remarks on weak 
exogeneity, unit roots and the possible models for the predetermined 
variables might reveal themselves crucial in subsequent estimation 
procedures. 

Appendix 

Proof of the main theorem. 

A. Local identification: 

i) The matrix to be analysed at a regular point can be written as: [I.0�' In'(k-l)+nm, 0 

In Q91T� 0 In2+nm2 
81' 81' iJq> 

8(3k 80< o(a,c,) 

where the derivatives of the conditions 

R. de Econometria 14(1) abril 1994/outubro 1994 

0 ,: 1 In2+nm2 (A.1) 
81' 

o( bo ,d) ou 

(4.1) have been taken 
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considering first all those of the entries in the submatrix corre
sponding to the block Bk7fl and only afterwards the ones related 
to the remaining n x (n2 + nm2) matrix10. The mechanics for 
passing from this matrix to the one in the condition of the The
Orem is similar in cases i) and ii). As the latter is a bit more 
involved, the proof will be outlined for it. 

ii) The additional conditions given by (4.5) supply np extra rows for 
the matrix to be investigated; so that the new version of (A.1) 
IS: 

In07f� In'(k-ll+nm, 0 0 0 

In 07f� 0 In2+nm2 In2+nm2 0 

0 0 In0H' 0 0 
(A.2) 

ail> ail> ail> ail> ail> 
a(lk a", a(a,c,) a(bo,d) au 

where the new np rows have been inserted between those correspond
ing to equation (4.3) and those related to the a priori conditions. 

Relying on Rothenberg (1971), the necessary and sufficient con
dition for identification is that the rank of (A.2) be equal to the di
mension of the parameter space. By a permutation of the first three 
columns, (A.2) can be viewed as a four blocks matrix with a n2k+nm 
identity matrix at the upper left corner. Simple rank properties then 
imply that its total rank will be n2 k + nm plus that of the matrix 
formed by subtracting from its lower right block the product of the 

laThe jacobian (A.I), but for a permutation of rows and columns, is equal to the 
corresponding one in FlOres and Szafarz (1992). 
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remaining two. This product is: 

[ 8� 
8" 

In0H'] [In011'1 
8(��,) In011'� 

° 

�] 

= [ 
In 0 H'11'� 

��In011'1 + 8(��,/n011'� 

so that, the matrix to be investigated is: 

[-In 0
([A + Eo G2 + DJH)' 

..!!.2.. + 8iJi 1 !O. A' (E-I), 8(3k 8a+ n I.C:I k 

-In0H' 
8iJi 8iJi 

8(ba,d) - 8(a,c,) 

(A.3) 

80iJi ] 8" 
(A.4) 

The result is obtained by right multiplying this matrix by the 
full rank one: 

[In�
Ek ° ] 

In2+nm2+ n(�+l) 
(A.5) 

and by noticing that (4.5) implies that [A + Eo G2 + DJH = 

[Eo DJH. 
B. The proof follows from a standard reasoning as 2:;" does not 
appear in either (4.2) or (4.5) and the (A + Eo) and (G2 + D) terms 
in (4.2) still contribute with constant terms to the various derivatives. 

(Received July 1993. Revised June 1994) 
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