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Resumo

Os sistemas Hamiltonianos formam uma das classes mais importantes de
equações diferenciais. Além de constituirem o formalismo central da f́ısica
clássica, sua aplicação se estende a uma grande variedade de outros campos
de estudo. Esses sistemas possuem uma caracteŕıstica notória do ponto de
vista da matemática, a saber, que a sua ação sobre seus estados iniciais
preserva uma estrutura geométrica conhecida como simpleticidade. Este
fato tem importantes consequências sobre as caracteŕısticas qualitativas do
comportamento do sistema, em especial no longo prazo. Neste trabalho, são
estudados métodos numéricos para obter soluções aproximadas para sistemas
Hamiltonianos (já que, via de regra, soluções exatas não podem ser encon-
tradas) que preservem a estrutura simplética das equações originais. Para
tal, é feita uma revisão da teoria clássica da integração numérica de equações
diferenciais, bem como de temas mais recentes como os integradores exponen-
ciais. Além de expor a literatura mais recente sobre integradores simpléticos
do tipo Runge-Kutta Exponencial, o trabalho propõe um algoritmo para o
cálculo computacionalmente eficientes de integrais envolvendo exponenciais
de matrizes, que são centrais para a integração simplética estável de ordem
alta.



Abstract

Hamiltonian systems form one of the most important classes of differential
equations describing the evolution of physical phenomena. They are the
backbone of classical mechanics and their application covers many different
areas such as molecular dynamics, hydrodynamics, celestial and statistical
mechanics, just to mention a few of them. A noteworthy feature of Hamil-
tonian systems is that their flow possesses a geometric property -known as
symplecticity- which has a major impact on the long-time behavior of the
solution. Since in general closed-form solutions can be found only in few
particular cases, the construction and analysis of numerical integrators -able
to produce discrete approximations that are also symplecticity preserving- is
crucial for studying these systems.

In this work we present the key ideas about Hamiltonian systems and
their theoretical properties. We also review the main numerical methods and
techniques to design and analyze symplectic integrators. Special attention is
given to the stability and dynamical properties of the methods, as well as their
effectiveness for long-term simulations. Finally, we propose an algorithm to
improve the computational implementation of the family of exponential-based
symplectic integrators recently found in the literature.
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1 Introduction

Differential equations are one of the core tools of Applied Mathematics. Models
based on differential equations are ubiquitous in science, with applications
ranging from physics to economics.

Differential equations are used to understand the behavior of a continuous-
time (as opposed to “discrete”, meaning step-wise) system X(t) by giving a
model of its instantaneous behavior, i.e. by specifying a function a such that

Ẋ(t) = a(X(t), t).

Despite the importance of solving differential equations, techniques for finding
closed-form solutions of differential equations are available only for certain
special cases, and consequently exact trajectories cannot be found in the
general case. The use of numerical integrators is, therefore, indispensable in
applications. This motivates the study, in Applied Mathematics, of numerical
solution techniques.

In many cases, the structure of differential equations determines the qual-
itative behavior of their solutions. For example, linear systems of differential
equations have qualitative features that can be studied, without looking at
their solution, by studying their eigenvalues. The adequacy of simulated tra-
jectories can therefore be assessed without knowledge of the exact trajectory,
merely by verifying the preservation of qualitative features.

The qualitative features of differential equations are particularly interesting
when they match qualitative features of underlying phenomena. If such a
qualitative structure manifests as a time-independent invariant of the real-
world system, then the adequacy of numerical solutions over long periods of
time depends on how well the underlying methods are able to preserve this
long-run structure.

Very often, the geometric structure of a dynamical system has implications
for the qualitative behavior of solutions. This is the case of Hamiltonian
systems, a class of differential equations that can be used to model a wide
range of real-world problems. Knowledge of this geometric structure allows for
the construction of special integrators that preserve the underlying system’s
qualitative dynamics.

Mathematically, a Hamiltonian system is characterized by

• An even-dimensional phase space M ⊆ Rn×Rn with components labeled
(p1, · · · , pn, q1, · · · , qn);
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• A scalar-valued function H : Rn × Rn → R, known as the Hamiltonian
(or simply “energy”);

• A system of differential equations giving the evolution of p, q over time,
obeying the canonical equations

ṗi = −∂H
qi

q̇i = +
∂H
pi

; (1.1)

or, in matrix form, [
ṗ

q̇

]
= J−1 ∇H

([
p

q

])
, (1.2)

where J is the canonical structure matrix defined as[
0n I n

−In 0n

]
, (1.3)

where In, 0n are respectively the (n× n) identity and zero matrices.

1.1 Hamiltonian systems in physics

Hamiltonian systems are a natural class of models for physical problems. A
simple example is the study of the displacement of a particle of unit mass
under Newton’s second law (force = mass × acceleration). Let H be the total
energy of such a system, q be the particle’s position. Then the general form
of such systems is

q̈(t) = −f(q(t)).

Writing the particle’s velocity as p(t) = q̇(t), this becomes

q̇(t) = p(t),

ṗ(t) = −f(q(t)). (1.4)

Some examples of single-particle motion models with this form are:

• Linear oscillator : f(q) = q,

• Single pendulum: f(q) = sin(q),
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• Elastic spring : f(q) = 1
2
q2,

• Free-falling body : f(q) = q−2.

For these models to be Hamiltonian, we must find H such that ∂H/∂p =
q̇(t) = p(t) and ∂H/∂q = f(q(t)). These conditions are satisfied by

H(p(t), q(t)) = 1
2
p(t)2︸ ︷︷ ︸
T

+F (q(t))︸ ︷︷ ︸
V

, (1.5)

where F is such that ∂F/∂q = f . Here T corresponds to kinetic energy (a
function of the momentum the particle has already accrued) and V to the
potential energy.

Because in this model all potential energy is converted into kinetic energy
(without losses such as friction or heat), we expect H to be invariant. This
can be easily verified for (1.5):

∂H
∂t

= p(t) ṗ(t)︸︷︷︸
f(q(t))

−f(q(t)) q̇(t)︸︷︷︸
p(t)

= 0. (1.6)

This shows the applicability of the Hamiltonian formalism for a wide
variety of systems that arise out of the basic laws of mechanics in such a way
that potential energy is converted without unaccounted-for losses into kinetic
energy.

The Hamiltonian approach becomes particularly advantageous in situations
where interactions and constraints complicate the laws of motion for each
particle. In these cases, physical models can be obtained from the expressions
for kinetic and potential energy, which is often relatively straightforward.
Consider, for example, the N -body problem, which generalizes the logic of
single-particle displacement models to account for multiple particles and their
interactions. A Hamiltonian for such a model can be given by H = T + V
where:

T =
N∑
i=1

1

2

‖pi‖2

mi

, (1.7)

V = −
∑
i<j

mimj

‖qj − qi‖
. (1.8)
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where mi is the mass of body i and each pi, qi is a 3-dimensional vector. Here,
T is the natural multidimensional, multi-body analog of the kinetic energy of
particle motion models previously considered, while V reflects the interaction
potential between bodies according to Newton’s inverse square root law of
gravitation.

The N -body problem as posed is a natural mathematical model for real-
world problems in celestial mechanics (the study of how asteroids, planets
and stars move). However, despite its simplicity and the intense attention it
has attracted, this model cannot be solved by “vectorial” Newtonian methods
(such as those used in basic physics and even most engineering) that identify
individual mechanical elements to write their laws of motion. Further natural,
practical problems such as the mechanics of fluids are even less tractable by
vectorial methods. This has motivated the reformulation of physics in terms
of variational principles.

A variational principle is a type of optimization problem where the objec-
tive function is the value of an integral over time. In physics, the idea that
nature itself minimizes a quantity over time goes back to Huygens and Leibniz,
but came to be fully generalized (and thereafter dominant) only in the 19th
century with the work of Lagrange and Hamilton. Due to its connection with
a variational principle, the Hamiltonian formalism also becomes useful in
some settings outside physics, ranging from control theory to Monte Carlo
problems in statistics.

The core of the Hamiltonian formalization of physics can be succinctly
explained as follows. Let

L(q, q̇, t) ≡ T − V,

(a quantity sometimes known as the Lagrangian) be the difference between
kinetic and potential energy. Each component qj is a generalized co-
ordinate, and its corresponding generalized momentum is defined to
be

pj ≡
∂L

∂q̇j
for each j. (1.9)

Define the Hamiltonian action up to time t as

A(q) =

∫ t

0

L(q(s), q̇(s), s)ds. (1.10)
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Hamilton’s principle (a theorem in the Calculus of Variations) states that
q(·) minimizes A(q) if and only if ṗj (for each j) satisfies1

ṗj =
∂L

∂qj
, (1.11)

The canonical equations (1.1) can then be obtained by substituting equa-
tions (1.9) and (1.11) into the general Hamiltonian

H = T + V =

(∑
j

q̇jpj

)
︸ ︷︷ ︸

2T

−L(q, q̇, t)︸ ︷︷ ︸
T−V

. (1.12)

and computing ∂H/∂q, ∂H/∂p. It is also straightforward to obtain conserva-
tion of energy in the general case from this equation.

Ḣ = q̈p + q̇ṗ− L̇ = q̈p + q̇ṗ− ∂L

∂q̇︸︷︷︸
p

q̈− ∂L

∂q︸︷︷︸
ṗ

q̇ = 0 (1.13)

1.2 Geometric properties of Hamiltonian systems

V.I. Arnold [Arnold, 1989] famously states that “mechanics is geometry in
phase space”. This is a far-reaching assertion, and has led to the development
of a mathematical approach to classical mechanics that starts from the
geometrical structure of phase space rather than reaching it from empirical
laws.

Some results from this abstract program are useful in the study of numerical
solutions to differential equations, since the characterization of Hamiltonian
systems given by the geometric approach leads to criteria for numerical
integrators that preserve the deeper qualitative features of physical systems.

This study of phase space is said to be geometric because it focuses on its
invariants with regard to a geometric transform known as the phase flow.
(In comparison, an Euclidean study of space might focus on its invariants
with regard to rotation and translation, such as parallelism).

When a differential equation ẋ(t) = f(x(t), t) is solved as an IVP, an
initial point in phase space x0 is fixed, and the trajectory x(t) depends only

1Appendix 6.1 discusses how this equation can be derived in more detail.
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on time. In contrast, when the same equation is studied as a phase flow, an
instant t of time is fixed in order to define a transformation

ϕt : x0 7→ x(t) (with initial conditions X(0) = x0)

1.2.1 Symplectic flows

A geometric property that phase flows may satisfy is preservation of the
symplectic form defined as

ω(u, v) = u>Jv. (1.14)

Which is to say: u, v are any two vectors of phase space M ⊆ Rn → Rn, a
phase flow ϕt : M→M preserves the symplectic structure if

ω(u, v) = ω(ϕt(u), ϕt(v)) for any t > 0. (1.15)

When u, v are two-dimensional (1.14) coincides with the determinant
of the matrix with u, v as columns – that is, with the preservation of ori-
ented volume. In higher dimensions, where u = (p1, · · · , pn, q1, · · · , qn), u′ =
(p′1, · · · , p′n, q′1, · · · , q′n), this becomes

ω (u, u′) =

∣∣∣∣p1 p′1
q1 q′1

∣∣∣∣+

∣∣∣∣p2 p′2
q2 q′2

∣∣∣∣+ · · ·+
∣∣∣∣pn p′n
qn q′n

∣∣∣∣ .
The word “symplectic” was coined by mathematicians, but its etymological

roots roughly translate to “braided together”[Weinstein, 1981]. This is useful
intuition: while conventional areas and volumes are obtained by combining
all dimensions, the symplectic version of area is built out of braided pairs of
(pi, qi) axes in 2N -dimensional space.

Note that these equations define symplectic “areas” between vectors that
correspond to the area of a parallelepiped spanned by those vectors from the
origin. “Symplectic areas” can be conceived for rectilinear regions away from
the origin by subtracting any intermediary areas (in geometric terms, the
invariance to translation of ordinary areas translate to the sum of pairwise
areas). More generally a symplectic area for a nonlinear region can be
approximated to any desired accuracy level by appropriately small rectangles.
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1.2.2 Symplecticity of exact Hamiltonian flows

Exact Hamiltonian flow maps ϕt preserve the symplectic structure of phase
space. To see this, it’s necessary first to obtain explicit conditions for the
symplecticity of a map. A linear flow map x 7→ Mx,M = ∇ϕt acting on
vectors ε, δ preserves symplectic structure if:

ε>Jδ = (Mε)>J(Mδ) = ε>(M>JM)δ

which is true if

J = M>JM. (1.16)

An argument can be then made that since (a sufficiently smooth) flow map
ϕt can be approximated to any desired level of accuracy by a sufficiently
fine linearization, the claim that (1.16) works (i.e. must be true if and
only if symplecticity is preserved) for any nonlinear map. A slightly more
rigorous version of this argument is that the derivative of ϕt towards the initial
conditions must be zero. The variational equation [Griffiths and Higham,
2010] gives the following condition:

d

dt

∂ϕt
∂x0

=
∂ϕt
∂x0

J−1∇H︷︸︸︷
dϕt
dt︸ ︷︷ ︸

J−1∇2H

= 0.

Since (J−1)>J = − I , computing M>JM will lead to:

M>(∇2H)(J−1)>M +M>(∇2H)M = 0.

Therefore, (1.16) holds generally: a flow map ϕt preserves the symplectic
form if M>JM = J, where M = ∇ϕt.

1.2.3 Symplecticity of discrete flow maps as a criterion for numer-
ical methods

Seen from a geometric perspective, flow maps are simply functions (trans-
formations) from phase space to itself. Exact flow maps, which have been
discussed so far, are transformations that correspond to the exact behavior of
a differential equation. A discrete flow map, written for example as ψn, in
turn, is a transformation of phase space that is defined for integer n.
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A crucial insight is that numerical methods for ODEs are discrete-time
dynamical systems that correspond directly to discrete flow maps by trans-
forming points or regions of phase space to their future correspondents. And
since symplecticity is defined for geometric transformations, condition (1.16)
also applies to discrete flow maps.

Thus, the goal of symplectic integration is to devise a method for obtaining
discrete flow maps ψn that are consistent (such that ψn − ϕnh → 0 when
h→ 0) for a flow map ϕt and symplectic. That is,

ψn(x0) ≈ ϕnh(x0), (maybe up to some order O(hk))

ω(ψn(x0), ψn(x1)); = ω(x0, x1) (exactly)

1.3 A numerical example

In this section we will study the behavior of the following numerical methods
for equations with the form of (1.1), which can be seen in references such as
[Leimkuhler and Reich, 2005]. In each case, pn, qn stand for the approximation
of the exact solution at time t = nh.

• Forward (or Explicit) Euler:

pn+1 = pn − hHq(p
n, qn)

qn+1 = qn + hHp(p
n, qn),

• Backward (or Implicit) Euler:

pn+1 = pn − hHq(p
n+1, qn+1)

qn+1 = qn + hHp(p
n+1, qn+1),

• Euler-A:

pn+1 = pn − hHq(p
n+1, qn)

qn+1 = qn + hHp(p
n+1, qn),
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• Euler-B:

pn+1 = pn − hHq(p
n, qn+1)

qn+1 = qn + hHp(p
n, qn+1),

The first two are known not to be symplectic, while the latter two are
known to be symplectic (as will be proven later in this dissertation)

A simple physical system whose simulations can be qualitatively discussed
is the simple pendulum with Hamiltonian

H(p, q) = 1
2
p2 + cos(q),

where, as in other Newtonian displacement problems, q denotes a positional
coordinate (here, the horizontal angle of the pendulum) and p denotes the
momentum, which if the pendulum’s bob has mass 1 translates to velocity.

Energy conservation implies that a trajectory that starts at an energy
level (a contour level of the Hamiltonian function H(q, p)) is constrained to it
for the long run. Physically, the periodic motion of the pendulum exchanges
kinetic energy T due to the velocity of the bob for potential energy V due to
the height of the bob. At angles ±π, the bob’s altitude (and therefore V ) is
a maximum, while its velocity (and therefore T ) is zero. This constraint is
reflected on the contour lines of the pendulum’s Hamiltonian, shown as the
gray background lines in Figures 1 and 2.

Also in both figures, shapes with a red contour and transparent interior
represent, respectively, a set X0 of initial states of the system and its image
ϕt(X0) = {ϕ(x) | x ∈ X0} under the phase flow ϕt. Physically, each initial
state can be understood as a separate, non-interacting pendulum.

The figures also present the results of numerical experiments2, which we
now describe.

The results of two conventional methods (namely, explicit and implicit
Euler methods) are shown in Figure 1. As the numerical experiments show,
both conventional methods fail to preserve the qualitative physical properties
of the pendulum just described. Indeed, the phenomenon reproduced by the

2For these experiments, a relatively large value (h = π/6 ≈ 0.52) for the step size was
chosen. A direct reason is that exacerbating the characteristics of each method makes
visualization easier. A more important motivation is that although in practice simulations
use smaller values for h in order to obtain higher precision, the choice of step size presents
a computational trade-off, particularly when long-run predictions are desired (for example,
decades-long simulations of global climate).
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Figure 1: Simulations of the simple pendulum with conventional methods
(Explicit and Implicit Euler, respectively, in green and purple tones); for
reference, the exact solution is shown as a red outline.

explicit Euler scheme achieves a physically meaningless (p, q) state already in
its second step.

These specific features of the pendulum are closely related to the more
general issue of symplecticity: as graphically shown, these methods fail to
preserve the symplectic area (which in two dimensions is equivalent to area
in the conventional sense). This means they fail to preserve the geometry of
the underyling physical phenomenon.

In contrast, numerical integrators that have been explicitly designed
to preserve symplecticity have much better results. First, although the
symplecticity of numerical methods does not guarantee the exact conservation
of H, the methods depicted have better energy conservation characteristics,
neither collapsing nor exploding like conventional methods did. Second,
although the numerical result does not reproduce the exact solution (in large
part because a large value for h was chosen), the ranges of values for q and p

(the angle of the pendulum and its velocity) are roughly comparable to the
exact solution, whereas with conventional methods they were much larger or
much smaller.

It is worth mentioning that since the system in question is separable (i.e.
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Figure 2: Simulations of the simple pendulum with symplectic methods
(Euler-B and Euler-A, respectively). As before, the exact solution is shown
for reference in a red outline

its Hamiltonian is the sum of a function of p and a function of q), explicit
methods were available. Explicit methods require knowledge only about the
simulation’s previous steps, while implicit methods require the solution of
an equation that has the next simulation step on both sides. This means
that implicit methods are considerably more costly in terms of computation,
particularly in high dimension. Despite this, implicit methods are often
preferred for their better numerical stability. Symplecticity-preservation is a
powerful idea here, as the explicit symplectic methods in Figure 2 lead to a
significantly better approximation than the implicit conventional method in
Figure 1.

These simulations showcase the usefulness of symplectic methods in simu-
lating systems that have the geometric properties implied by Hamiltonian
dynamics – and, by extension, the utility of symplectic numerical integrators
in dealing with problems that have a real-world physical structure worth
preserving.
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1.4 Methodological framework and literature review

The goal of the research project leading up to this dissertation is to study
numerical methods for Hamiltonian systems that have good properties re-
garding the (exact) preservation of symplectic structure and the (qualitative)
adequacy of long-run simulations. These goals are very closely aligned to the
research program known as geometric numerical integration, which
emphasizes the design of methods that preserve geometric properties. In
addition to this, our goals are concerned with the stability of numerical
methods, which led to the study of exponential methods ([Hochbruck and
Ostermann, 2005]), and with their computational efficiency.

[Sanz-Serna and Calvo, 1994] and [Blanes and Casas, 2016] summarize
the main goals of geometric numerical integration by contrasting them with
the “classical paradigm”3 for numerically solving ODEs.

As described by the aforementioned authors, the classical “paradigm” can
be characterized as follows:

1. The goal is to obtain a sequence y1 ≈ x(t1), · · · , yn ≈ x(tn) that
approximates the IVP ẋ(t) = a(t, x(t)), x(t0) = x0 at a given sequence
of instants t1, · · · , tn to an order of accuracy that can be prescribed
beforehand;

2. The tools used to achieve this goal are general-purpose methods that
achieve said order of accuracy at the lowest computational cost;

3. The theoretical framework is able to make rigorous claims about error
and accuracy bounds for finite time intervals. Simulated trajectories are
understood to increasingly deviate from exact solutions over long time
periods, and therefore error bound analysis will recommend smaller
values of h = max(tn+1 − tn) in order to achieve the prescribed order of
accuracy.

In addition to such traditional concerns, the geometric “paradigm”, still
following those authors, has the following main characteristics:

3The cited authors’ notion of a “paradigm” corresponds, in the more conventional jargon
of the philosophy of science, to the concept of “research programs” – that is, classical
and geometric numerical integration are seen as lines of research stemming from different
concerns. Readers should therefore not be confused by the Kuhnian notion of a “paradigm
shift”, which would imply that the latter (geometric) “paradigm” supersedes the former by
better solving the research problems in the classical paradigm. Still, this dissertation’s text
uses the terminology in use in the mathematical literature.
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1. The goal is to obtain simulated trajectories that reproduce key quali-
tative features (which often reflect physical constraints on real-world
phenomena) of systems under consideration. Such features translates
to geometric properties of the exact solutions that must be preserved
(not to a certain degree of accuracy, but exactly) in numerical approxi-
mations.

2. These geometric properties are built into the employed numerical meth-
ods used. Therefore geometrical numerical integrators are not conceived
as fully generic, but rather derive their usefulness from their geometric
affinity with classes of differential equations.

3. Numerical methods are studied as structure-preserving transformations
from phase space into itself. Because geometric constraints hold regard-
less of time (in the exact problem) or number of simulated steps (in the
numerical solution), rigorous claims about the qualitative structure of
solutions can be made for arbitrarily long periods of time.

In the interest of studying methods that are good for long-run simulations,
we have also paid attention to additional criteria:

4. Simulations should preserve the recurrent characteristic of cyclical
systems; this is evaluated (for example in [Leimkuhler and Reich, 2005])
by studying the stability of numerical methods as applied to the linear
oscillator ẍ(t) = ω2x(t).

5. The computations required by methods with the desired stability prop-
erties should be made as efficiently as possible.

1.5 Materials and methods

This dissertation has a theoretical nature, being an investigation into the
methodologies that can be used to numerically solve Hamiltonian systems;
therefore, it hasn’t depended on obtaining or producing data related to real
phenomena. The methodology used during research was a combination of
in-depth study of noted materials, mentioned in the literature review, and
independent attempts to verify some key ideas through either mathematical
proof or numerical experiment.
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Numerical experiments were conduced with consumer-grade computing
equipment and programmed in MATLAB. The choice of programming lan-
guage was motivated by convenience, since it remains one of the reference
tools in academic research. A good introduction and reference for MATLAB
can be found in [Brandimarte, 2013]; reading the codes published in tandem
with books and papers is also helpful.

It should be noted, therefore, that virtually any general-purpose program-
ming language that has good numerical libraries can be used to replicate
and/or extend the numerical experiments presented; these include Python
(which is perhaps second only to MATLAB in convenience), Fortran (which in
recent versions provides for matrix notation in the style of MATLAB, which
makes it very readable) and C++. Objective comparison studies (including
context-specific studies such as [Eichhorn et al., 2018], who focuses on celes-
tial mechanics simulations) might be useful, but collaboration, programming
style and objectives (readable, proof-of-concept programs for research versus
high-performance scalable projects) are usually key determinants of the choice
of a programming language.

1.5.1 Literature review

Analytical mechanics
On its own, analytical mechanics is both a theory of physics derived from

least-action principles (see e.g. [Lanczos, 1970]) and a field of mathematics
that happens to formalize classical physics but is interesting for its own
reasons. In the contemporary view, mathematical mechanics is an abstract
theory that starts from symplectic structure as first principles (and not from
forces or action principles); a historical review of this process can be found in
[Gotay and Isenberg, 1992]. A very well-known starting point for learning this
abstract theory [Arnold, 1989]’s textbook Mathematical Methods of Classical
Mechanics.

More practically, not all of the theory involved in Hamiltonian dynamics is
directly involved in the development of a numerical integration framework, and
books about numerical geometrical integration tend to present an overview
of Hamiltonian mechanics both as motivation and as preliminary material.
For example, chapters 1 and 3 of [Leimkuhler and Reich, 2005] develop
in an extensive manner the physical motivations for studying Hamiltonian
mechanics numerically, while [Sanz-Serna and Calvo, 1994] takes a deeper
mathematical incursion into the dynamic properties of Hamiltonian systems
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and how they relate to symplectic structure.

Classic numerical integration Since classical numerical integration is
a core topic in the training of scientists, engineers and mathematicians, there
are numerous learning materials at varying levels of complexity and detail,
including textbooks, lecture notes, interactive demonstrations and source
codes. Within this wide range of materials, [Hairer et al., 1993] and [Hairer
and Wanner, 1996] are worth mentioning as reference resources.

Geometric and long-run integration
A number of books have been published in the past few decades specifically

focusing on geometric integration, probably beginning with [Sanz-Serna and
Calvo, 1994]. Some of these, like [Leimkuhler and Reich, 2005], emphasize
applications more, and could conceivably be useful to scientists (such as those
working in rigid body dynamics and molecular dynamics); others, like [Hairer
et al., 2006], are much more mathematical and develop advanced subjects
such as numerical methods on manifolds and Butcher trees. The treatment in
[Blanes and Casas, 2016] strikes a balance in the sense that it doesn’t focus
on specific applications but still presents the subject on a more accessible
level.
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2 Classical approaches for numerically solv-

ing Ordinary Differential Equations

Differential equations are continuous-time models whose exact solutions are
likewise continuous. Computers, however, have a finite amount of memory
with which to represent solution trajectories, and cannot therefore work
with “continuous time”. Therefore, solving a differential equation numerically
entails the construction of a discrete-time process that logically relates to the
original system and quantitatively approximates it.

Because Hamiltonian systems are presented as ordinary differential equa-
tions, conventional methods with general applicability can be straightforwardly
be used on them. The main drawback of such conventional methods is, of
course that the resulting solutions no longer have the qualitative geometric
structure of Hamiltonian systems.

Numerical solutions are associated with specific Initial Value Prob-
lems (IVP), that is, with pairs (vector field, initial state). To write this
mathematically, let M ⊂ R2d be the space of possible states of a system and
Λ = [0, T ] a time interval. Then an IVP is

ẋ(t) = f(t, x(t)) for each t ∈ Λ

x(0) = x0 for a constant x0 ∈M

A numerical (i.e. discrete-time) solution relates to an IVP as follows.
Let t0 < t1 < · · ·Tn be an increasing sequence of points in Λ; this defines
a discretization of time to which corresponds a discrete sequence of values
X0 = x(t0), X

1 = X(t1), · · · , XN = X(tn). The task is, therefore, to obtain
an approximated solution

Y 1 ≈ x(t1), · · · , Y N ≈ x(tn) starting from Y 0 = x0

There is a very wide variety of conventional numerical methods – that is,
methods whose design is not concerned with any specific structural features of
the equation to be solved. This section is concerned with the main conceptual
and practical issues related to the application of such methods, whether to
Hamiltonian or non-Hamiltonian systems.
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2.1 Preliminary considerations

2.1.1 Autonomous versus non-autonomous systems

A differential equation is said to be autonomous if its vector field is time-
independent. Mathematically, this implies that for any choice of s, t such that
s+ t ∈ Λ,

ϕt+s(x0) = ϕt(ϕs(x0))

Many conventional methods can be defined for autonomous and non-autonomous
systems alike. In practical terms, dealing with non-autonomous systems is
not much more complicated than working only with the autonomous case;
however, restricting discussion of conventional methods to the autonomous
case greatly simplifies notation and general discussion without major losses
in generality. Furthermore, Hamiltonian systems in the classical sense are
all autonomous for deeper philosophical reasons – namely, that the laws of
physics must have been the same at any period of time.

It is is possible to define time-dependent (that is, non-autonomous) Hamil-
tonian systems by the following differential equations:

ṗ(t) = −∂H
∂q

(p, q, t)

q̇(t) =
∂H
∂p

(p, q, t),

p(t0) = p0, q(t0) = q0.

A key difference between this system and the autonomous one is that the
energy is no longer conserved. However, its flow still defines a symplectic
transformation ([Sanz-Serna and Calvo, 1994]). It is possible to construct an
extended autonomous Hamiltonian system for any non-autonomous Hamilto-
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nian by defining a new energy function H̃ = H(p, q, q̃) + p̃; this implies

ṗ = −∂H̃
∂q

p(t0) = p0,

˙̃p =
∂H̃
∂q̃

p̃(t0) = 0,

q̇ =
∂H̃
∂p

q(t0) = q0,

˙̃p =
∂H̃
∂p̃

q̃(t0) = t0.

By defining the extended vectors

P =

(
p

p̃

)
, Q =

(
p

q̃

)
,

it is now possible to define a Hamiltonian system in higher dimension:

Ṗ = −∂H̃
∂Q

P (t0) =

(
p0
0

)
, (2.1)

Q̇ =
∂H̃
∂P

Q(t0) =

(
p0
t0

)
. (2.2)

which satisfies the conditions used to arrive at (1.16) in the Introduc-
tion, and therefore is symplectic. With these modifications, time-dependent
Hamiltonian systems can be handled with methods aimed at autonomous
ones.

2.1.2 One-step versus multistep methods

Following the discussion in the previous paragraphs, a numerical method
for an IVP is given generically by a time-discretization t0 < · · · < tn and a
discrete map

Y n = ψn(Y n, Y n−1, · · · , Y n−d) for d < n

Y 0 = x0, · · ·Y d = xd
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It is possible to obtain “multi-step” methods where d > 1 (see, for example,
[Griffiths and Higham, 2010]). However, this dissertation will focus mainly
on “one-step” (d = 1) methods where the discrete map ψn is also a discrete
analog of the continuous flow map associated with the IVP, that is,

ψn : Y n 7→ Y n+1 approximates ϕhn : x(tn) 7→ x(tn+1)

(where hn = tn+1 − tn) and, therefore, can be interpreted as a transformation
map on phase space.

2.1.3 Explicit and implicit methods

Consider the following methods [Hairer et al., 1993]:

Y n+1 = Y n + hn · a(Y n), (Forward Euler)

Y n+1 = Y n + hn · a(Y n+1), (Backward Euler)

(where hn = tn+1 − tn). The key difference between these methods is that
Forward Euler is given directly as a recurrence relation where Y n+1 can be
obtained from knowledge of Y n (and the vector field a(·)). It can therefore
be easily programmed on a computer as a single for-loop.

In contrast, Backward Euler appears to depend on Y n, Y n+1 alike. To use
Backward Euler in practice one must, therefore, solve a system of nonlinear
equations,(for example, by bisection, Newton’s method or fixed-point iteration,
depending on specifics of the problem at hand). This means implicit methods
are generally more complicated to use, and also more computationally costly.

2.2 Convergence

The word “convergence” stands for the idea that a numerical solution (say,
Y n) should become arbitrarily close to the exact value x(tn) it wants to
approximate, when the time-discretization of the finite interval [0, tn] given
by t0, t1, · · · , tn becomes arbitrarily fine – i.e. maxm(tm − tm−1) → 0 =⇒
Y n → x(tn) for every tn.

Obviously, numerical methods that do not converge at all are useless; still
it’s often interesting to study whether some methods converge faster than
others.
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Definition 2.1 (Order of convergence) Consider a numerical method that
makes approximations (Y0, · · · , Yn) of (x(t0), · · · , x(tn) with h = maxn(tn+1−
tn). If

max
n
‖x(tn)− Y n‖ ≤ C · hp+1, (2.3)

for some scalar C then the method converges with order p.

Sometimes the term consistency is used to indicate the idea that a method
converges with order p ≥ 1 – which is to say, that it is able to reproduce the
exact system to any desired degree of accuracy provided h can be made small
enough. Of course, for some equations this can be prohibitively expensive, in
terms of computation and time, or even lead to numerical issues (for example,
with how real numbers are represented as floating-point numbers). For these
reasons, developing methods with high order of convergence is one of the
major concerns of Applied and Computational Mathematics.

What follows is an example of a proof of convergence. Many sources
present such proofs for standard methods, including [Hairer et al., 1993],
[Hairer and Wanner, 1996]. After this, a more general result is stated without
proof.

Proposition 2.1 (Convergence of Euler’s method) Let a be differen-
tiable and Lipschitz, i.e. such that there is a finite real L for which ‖f(x1, t)−
f(x2, t)‖ ≤ L‖x1 − x2‖ for some finite L. Then Euler’s method for the
differential equation

ẋ(t) = f(x(t)) for t ∈ Λ = [0, T ]

converges with order 1.

Proof. Let ek = x(tk)− Y k. Then, writing the Taylor expansion for ek up
to O(h2) and taking norms,

‖ek+1‖ =

∥∥∥∥ek +
[
f(x(tk), tk)− f(Y k, tk)

]
h+

ẍ(ξ)

2!
h2
∥∥∥∥

≤ ‖ek‖+ ‖f(x(tk), tk)− f(Y k, tk)‖︸ ︷︷ ︸
≤L‖x(tk)−Y k‖=L‖ek‖

h+
‖ẍ(ξ)‖

2!
h2. (2.4)
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Therefore for some constant C

‖ek+1‖ ≤(1 + Lh)‖ek‖+ Ch2 (2.5)

≤(1 + Lh)
[
(1 + Lh(‖ek−1‖+ Ch2)

]
+ Ch2

≤(1 + Lh)2‖ek−1‖+ [(1 + Lh) + 1]Ch2

...

≤����
���(1 + Lh)k+1

��
�*0

‖e0‖+

[
k∑
i=1

(1 + Lh)i

]
Ch2. (2.6)

Using the formula for geometric series
∑k

i=1 x
i = (xk+1 − 1)/(x− 1) and

the inequality exp(Lh) ≥ (1 + Lh),

‖ek+1‖ ≤
(1 + Lh)k+1 − 1

Lh
· Ch2 = 1

L
((1 + Lh)k+1 − 1) · Ch

≤ 1
L

(exp(Lhk+1)− 1) · Ch = 1
L

(exp(L(k + 1)h− 1) · Ch
≤ 1

L
exp(L(k + 1))Ch2. (2.7)

This is ultimately a constant times h; therefore, Forward Euler converges
with order one.

Proofs of convergence for numerical integrators of this type can be obtained
with the following general theorem (see [Hairer et al., 1993]):

Proposition 2.2 Let Xn+1 = Xn + hφ(tn, X
n, h) be a numerical integrator

for an ODE. Assume the following condition on the local error holds:

‖x(t+ h)− x(t)− hφ(t, x(t), h)‖ ≤ Chp+1

for some constant C, and that the function φ satisfies (in a neighborhood of
the solution)

‖φ(t, z1, h)− φ(t, z2, h)‖ ≤ L‖z1 − z2‖.

Then, the global error satisfies

max
k
‖x(tk)−Xk‖ ≤ C

L

(
eL(T−t0) − 1

)
· hp = O(hp)

and therefore the method has order p.

30



Example 2.1 An alternative proof of convergence for the Euler method
(φ(tn, X

n, h) = f(tn, X
n) using this theorem can be succintly given as fol-

lows: since the local error (from the Taylor expansion) satisfies ‖x(t+ h)−
x(t)− hf(tn, X

n)‖ ≤ Ch2 and, from the Lipschitz assumption, ‖φ(t, z1, h)−
φ(t, z2, h)‖ = ‖f(t, z1)− f(t, z2)‖ ≤ L‖z1− z2‖, the conditions of the theorem
are satisfied and the method converges with order 1.

2.3 Stability

Convergence means that a method can produce an arbitrarily good approx-
imation if a suitably small h is chosen. It does not mean, however, that a
value of h chosen arbitrarily (or by practicalities regarding computational
resources and time) is appropriate.

Broadly speaking, a numerical method is said to be stable with regard to
a test equation if it preserves some known qualitative feature independently
of the value chosen for h. Two such stability criteria will be presented here.

2.3.1 Type I (asymptotic) stability

This criterion, also known as A-stability, is based on the asymptotic
behavior of the linear system

ẋ(t) = Rx(t), x(0) = x0

The exact solution of this differential equation is known to be x(t) = x0e
Rt

for a finite t. A numerical method (giving values Y n ≈ x(tn)) is said to be
Type I-stable (or A-stable) if

lim
n→∞

Y n = 0 for linear systems where lim
t→∞

x(t) = 0

If R is diagonalizable, it is enough that for each λ eigenvalue of R it holds
that Re(λ) < 0; if R is a scalar r, it suffices that Re(r) < 0.

Example 2.2 (Type I stability of the Forward Euler method) For a
scalar linear system, the Forward Euler method is given by:

Y k+1 = Yk+h·rYk = (1+hr)Y k = (1+hr)(1+hr)Y k−1 = · · · = (1+hr)kx(0)

In order to have Y k →∞ as k →∞, it must be the case that |(1 + hr)| < 1.
This constrains the choice of h. For example if r = −6, it must be the case
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that |(1− 6h)| < 1 =⇒ h < 1
3
. Forward Euler is therefore unstable (even for

one-dimensional systems).

Example 2.3 (Type I stability of the Implicit Euler scheme) The im-
plicit Euler scheme for the test equation is given by

Y k+1 = Y k + hR(Y k+1)

=⇒ Yk = ( I − hR)Y k+1

=⇒ Y k+1 = ( I − hR)−1Y k

=⇒ Y k = [( I − hR)−1]kx0

As before, in order to have Y k → 0 it must be the case that [( I −hR)−1]k → 0.
Assume R is diagonalizable by the standard eigendecomposition R = QDQ−1.
Then,

I − hR = QQ−1 − h(QDQ−1 = QQ−1 −Q(hD)Q−1

= Q( I − hD)Q−1

which means that the eigenvalues of ( I − hR) must be 1− λ1, 1− λ2 where
λ1, λ2 < 0 are eigenvalues of R. Therefore the eigenvalues of ( I − hD) are
all > 1, and the eigenvalues of ( I − hD) are all < 1. Thus, Y k → 0, which
shows the Implicit Euler scheme is Type I stable.

2.3.2 Type II (oscillator) stability

This stability criterion is concerned with the long-term behavior of the
harmonic oscillator

ẋ(t) =

(
ṗ(t)
q̇(t)

)
=

(
0 1
−ω2 0

)(
p(t)
q(t)

)
. (2.8)

The exact solution of this linear system is

ẋ(t) = exp

[(
0 1
−ω2 0

)]
x(0) =

(
cos(ωt) 1

ω
(sinωt)

−ω sin(ωt) (cosωt)

)
x(0). (2.9)
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This is a system that neither explodes (x(t)→ ±∞) neither collapses (x(t)→
0) because its eigenvalues eiωt, e−iωtω are equal to 1 in absolute value. A
numeral method is type II stable if it’s able to reproduce this behavior. For
methods that can be expressed as Y n+1 = MY n for some matrix M , it is
enough that the eigenvalues of M are also equal to 1 in absolute value.

Example 2.4 (Type II stability of Forward Euler) The Forward Euler
method applied to the linear oscillator gives

(
pn+1

qn+1

)
=

(
1 h
−hω2 1

)
︸ ︷︷ ︸

M

(
pn

qn

)
.

The eigenvalues of M are 1 + ihω and 1− ihω, neither of which are 1 if h > 0.
Therefore Forward Euler is not type II stable.

Example 2.5 (Type-II stability of the Implicit Midpoint method) The
Implicit Midpoint method is given by:

yn+1 = yn + a(1
2
yn + 1

2
yn+1). (2.10)

Applied to the linear oscillator, this becomes

(
pn+1

qn+1

)
=

(
pn

qn

)
+

(
0 h/2

−hω2/2 0

)
︸ ︷︷ ︸

M

(
pn

qn

)
+

(
0 h/2

−hω2/2 0

)(
pn+1

qn+1

)
.

(2.11)

Rearranging, this means that(
pn+1

qn+1

)
= ( I −M)−1M

(
pn

qn

)
(2.12)

With the aid of computer algebra software, the eigenvalues of ( I −M)−1M
can be found to be

λ1,2 =
2(2± ihω)

h2w2 + 4
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both of which have absolute value

|λ1,2| =
2√

h2 + w2 + 4
. (2.13)

The term under the square root sign is > 4 necessarily (unless h = ω = 0);
therefore the ratio is < 1; this means the Implicit Midpoint method is not
type-II stable.

2.4 Techniques for constructing conventional methods

2.4.1 Taylor methods

It’s not difficult to expand the idea of the Forward Euler method to higher-
order Taylor expansions

x(t+ h) = x(t) + hẋ(t) +
h2

2!
ẍ(t) + · · ·+ hr

r!
x(r)(t) +O(r + 1)

It is also not difficult to modify the proof of convergence used for the Forward
Euler method and find that the method associated with the truncated Taylor
expansion up to order r has an order of convergence equal to r.

This is a very general strategy for obtaining high-order methods, but has
the disadvantage of requiring r derivatives to be either given analytically or
numerically estimated.

2.4.2 Quadrature methods

An Initial Value Problem is directly equivalent to an equation involving
integrals:

x(0) = x0, ẋ(t) = f(x(t)) ⇐⇒ x(t) = x(0) +

∫ t

0

f(x(s))ds

This suggests that methods that are already used to numerically approximate
integrals might be useful for solving differential equations. For example,
Forward and Backward Euler methods can be derived from the quadrature
methods shown in Figure 3. For example, Forward Euler corresponds to the
following rule for approximate integration∫ b

a

f(x)dx ≈ (b− a)f(a)
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Figure 3: Forward and Backward Euler as quadrature methods

while Backward Euler corresponds to the following approximation∫ b

a

f(x)dx ≈ (b− a)f(b)

These ideas can be generalized into a methodology that approximates
(definite) integrals using the Newton-Côtes quadrature

∫ b

a

f(x)dx ≈
n∑
i=0

wi(xi)f(xi),

that is, as a weighted sum of a certain number of points xi ∈ [a, b].
Moreover, the weights wi can be chosen, through the use of Lagrange basis
polynomials, so that they do not depend on which vector field f is being
approximated. Specifically, let L(x) be the Lagrange interpolation that
passes through the points (x0, f(x0)), · · · , (xn, f(xn); it’s known that such a
polynomial is a linear combination of basis vectors (in the space of degree n
polynomials) li(x). Then, an approximation of f by a polynomial is

∫ b

a

f(x)dx =

∫ b

a

L(x) =

∫ b

a

n∑
i=0

f(xi)li(x)dx =
n∑
i=0

f(xi)

∫ b

a

li(x)dx︸ ︷︷ ︸
wi

,

where wi is now clearly independent of f . Formulas derived from this philoso-
phy can be found in numerical analysis textbooks such as [Burden and Faires,
2001]; the two most popular, besides the forward and backward rectangular
approximations, are:
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• Trapezoidal rule: ∫ b

a

f(x)dx ≈ (b− a) · f(a) + f(b)

2
;

• Simpson’s rule:∫ b

a

f(x)dx ≈ (b− a) ·
f(a) + 4f(a+b

2
) + f(b)

6

2.4.3 Runge-Kutta methods

A Runge-Kutta method with s stages (for the IVP ẋ(t) = f(x(t)), x(t0) = x0)
and step size h is given by the following set of equations4 (see [Burden and
Faires, 2001]):

Xn+1 = Xn + h ·
s∑
i=1

biKi,where: (2.14)

K1 = f(Xn + h(a11K1 + · · ·+ a1sKs)),

K2 = f(Xn + h(a21K1 + · · ·+ a2sKs)),

...

Ks = f(Xn + h(as1K1 + · · ·+ assKs)).

Runge-Kutta methods can be seen as a generalization of quadrature
methods based on Newton-Côtes interpolation. To see this, consider a generic
quadrature-type approximation of Xn ≈ x(tn):

x(tn+1) ≈ Xn +

∫ tn+1

tn

f(x(s))ds,

≈ Xn + h (b1f(x(tn + c1h)) + · · ·+ bsf(x(tn + cs(h)))) ,

where b1 + · · ·+ bs = 1. This same procedure could be used to approximate
x(tn + c1h), · · · , x(tn + csh) as follows: for each i = 1, · · · , s,

4For non-autonomous differential equations, each stage Ki evaluates f at point f(xn) +∑
j aijKj and time tn + cih where ci =

∑
j aij ; therefore, the methods for non-autonomous

equations are completely determined by the coefficients for autonomous equations
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x(tn + cih) = x(tn) +

∫ tn+cih

tn

f(x(s)ds

= x(tn) + cih

∫ cih

0

f(x(tn + uh))du

Again, the integral can be approximated by a quadrature whose coefficients
sum to 1 (in order to correctly approximate the constant function z 7→ 1).
Multiplying each of these coefficients by ci, the approximation up to the first
stage (internal quadrature) is:

Xn+1 ≈ Xn + hb1

K1︷ ︸︸ ︷
f(Xn + h(a11 f(x(tn + c1h)︸ ︷︷ ︸

K1

+ · · ·+ a1sf(x(tn + csh)) + · · · bsKs

Expanding this procedure for all s stages leads to (2.14). Methods taking
the form of (2.14) are most commonly notated by the use of Butcher tableaus,
which for the general method described above are written as follows:

a11 a12 · · · a1s

a21 a22 · · · a2s
...

as1 as2 · · · ass

b1 b2 · · · bs

(2.15)

Example 2.6 (Second-order Runge-Kutta methods) A second-order ex-
plicit Runge-Kutta method must be given by

Xn+1 = Xn + h(b1f(Xn) + b2K1)

K1 = f(Xn + h(a1f(Xn)).

To obtain coefficients leading to a consistent method, consider the Taylor
expansion of x(tn+1) around x(tn):

x(tn+1) = x(tn) + hẋ(tn) +
h2

2
ẍ(tn) +O(h3)
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Because ẋ(tn) = f(x(tn)), the chain rule gives that ẍ(tn) = f ′(x(tn))ẋ(tn) =
f ′(x(tn))f(x(tn)). Replacing x(tn) with Xn, this gives

Xn+1 = Xn + hf(Xn) +
h2

2
(f ′(Xn)f(Xn)) +O(h3) (2.16)

Similarly expanding K1 gives K1 = f(Xn) + haf ′(Xn)f(Xn) +O(h3); substi-
tuting this on the equation for the Runge-Kutta method,

Xn+1 = Xn + h(b1f(Xn) + b2(f(Xn + haf ′(Xn)) +O(h3))

Comparing this equation with eq. (2.16), the following must be the case:
b1 + b2 = 1, b2a = 1

2
. Therefore, a one-parameter family of second-order

explicit Runge-Kutta is given by

0 0

a 0

1− 1/2a 1/2a

Some classical methods which can be obtained in this way are the modified
Euler method (a = 1/2), the improved Euler method (a = 1) and Heun’s
method with (a = 2/3).

Example 2.7 (RK4) The order conditions for a 4-stage fourth-order meth-
ods are [Butcher, 2007]:

b1 + b2 + b3 + b4 = 1,

b2c2 + b3c2 + b4c4 = 1/2,

b2c
2
2 + b3c

2
3 + b4c

2
4 = 1/3,

b3a32c2 + b4a42c2 + b4a43c3 = 1/6,

b2c
3
2 + b3c

3
3 + b4c

3
4 = 1/4,

b3a32c
2
2 + b4a42c

2
2 + b4a43c

2
3 = 1/12

(where ci =
∑

j aij). A set of coefficients that solves these equations gives
a famous method known as RK4, with Butcher tableau given by:
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0 0
1
2

1
2

1
2

0 1
2

1 0 0 0 1
1
6

1
3

1
3

1
6

2.4.4 Exponential methods

Exponential methods are based on the idea of exactly solving a linear system
closely related to the original IVP. Two families of exponential methods will
be discussed here: Local Linearization methods and Exponential Runge-Kutta
methods.

2.4.5 Local Linearization methods

Local Linearization methods (LL) [De La Cruz et al., 2006] work by linearizing
the Initial Value Problem’s vector field (that is, the right-hand side of the
ODE that takes points in phase space to their tangent vector).

Consider the generic problem given by

ẋ(t) = f(x(t)) for t ∈ Λ

x(0) = x0 (2.17)

where Λ = [0, T ] and f is (for standard technical reasons) Lipschitz-continuous
and (required by the method) has a first derivative. The standard Local
Linearization method is follows.

Define an increasing sequence (tn) = t0, · · · , tN where t0 and tN = T and
a corresponding sequence of disjoint intervals Λn = [tn, ti+1). We can then
decompose the IVP (2.17) in a sequence of N local IVPs

ẋ(n)(t) = f(x(n)(t)) for t ∈ Λn

x(n)(tn) = x(n−1)(tn)

Clearly, the solutions (whether exact or numerically approximated) to
each local IVP can be reassembled into a solution for the original IVP by
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concatenation. The Local Linearization method consists of solving, for each
local IVP defined in Λi, the following related linear IVP:

ẏ(n)(t) = f(y(n)(tn)) + fx(y
(n)(t)− y(n)(tn)) for t ∈ Λn

y(n)(tn) = y(n1−1)(tn)

The following convention is used from now on to avoid overburdening
notation: f(t) is the “piecewise IVP” such that y(t) = y(n)(t) when t ∈ Λn.
The local linearization IVP is written less noisily as:

ẏ(t) = f(y(tn)) + fx(y(t)− y(tn)) for t ∈ Λn (2.18)

y(tn) = y(tn). (2.19)

where fx is ∂a/∂x so that (2.18) is the first-order approximation of
f(y(n)(t)) around y(n)(ti−1); and (2.19) is the initial condition that comes
from the (i − 1)-th local IVP. Being linear, each local IVP for y(n) can be
exactly solved (for example, by variation of constants; for details, see [De La
Cruz et al., 2007]).

To avoid notation overload, define y as the function that returns y(n)(t)
when t ∈ Λn for all i = 1, · · · , N and write Xn = y(tn). Then, the standard
LL method can be given as the following iteration:

Xn+1
LL = y(tn+1). (satisfying the piecewise equation (2.18)) (2.20)

Note that this method is exact for linear differential equations of the form
x(t) = Mx(t), it is both type I and type II stable for linear test equations.

Equation (2.18) can be solved exactly in the case where fx is invertible by
using the variation of constants formula. This yields the following explicit
formula5

Xn+1
LL = Xn + [f−1x (Xn)][ehnfx(X

n) − I ][f(Xn)], (2.21)

where Xn = Xn
LL. This gives an explicit stable method.

5Equivalent formulas that have better numerical stability properties have been proposed
by [De la Cruz et al., 2007]).
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New numerical methods can be based on the standard LL method with
the following recipe: let r(tn+1) = x(tn+1)− y(tn+1) be an auxiliary equation
to be approximated as Rn+1 other numerical methods. Then, the following
iteration describes an LL(+) method:

Xn+1 = xn+1
LL +Rn+1 (2.22)

= y(tn+1) +Rn+1. (2.23)

To be precise, r is defined in the same piecewise fashion as y, which gives
the following differential equation defined at each interval Λn:

ṙ(t) = f |y(t)+r(t)) − fx|Xn · [y(t)−Xn
LL]− f |Xn

LL
(2.24)

r(tn) = 0 (2.25)

For example, [De La Cruz et al., 2007] develops a method that uses
Runge-Kutta techniques for the residual equation.

2.4.6 Exponential Runge-Kutta

Exponential Runge-Kutta (ERK) methods ([Hochbruck and Ostermann,
2005]) are defined for differential equations of the form

x′(t) = Mx(t) + g(x(t)). (2.26)

Similarly to standard Runge-Kutta methods, the basic idea revolves around
approximating a term under an integral with an interpolating polynomial.
Specifically, in the variation-of-constants formula

x(tn + h) = ehMx(tn) +

∫ h

0

e(h−u)Mg(x(tn + u))du,

the function g is replaced by a weighted sum of polynomials

g(tn + u) = ĝ(u) =
s∑
i=1

g(Ki)li(u),

where Ki ≈ x(tn + cih) and li is the (s− 1) order interpolating polynomial

li(u) =
1

hs−1

∏
m 6=i

u− hci
ci − cm

.
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Substituting back into the variation-of-constant formula and making
x(tn+1) ≈ Xn+1, this gives

Xn+1 ≈ ehMXn + h
∑
i=1

bi(hM), g(tn + cih,Ki)

where bi is the matrix-valued function

bi(hM) = 1
h

∫ h

0

ehM li(u)du.

Similarly to the derivation of the Runge-Kutta method, the remaining
step is to obtain each approximation Ki, which is done by writing out its
variation-of-constants formula and replacing the term under the integral sign
with its polynomial approximation. This gives the following structure

Xn+1 = ehMXn + h · (b1(hM)K1 + · · · bs(hM),

K1 = g(ec1hMXn + h · (a11(hM)K1 + a1s(hM)Ks),

...

Ks = g(ec1hMXn + h · (as1(hM)K1 + ass(hM)Ks).

where b1, · · · , bs are defined as above and a11, · · · , ass are similarly

aij(hM) = 1
h

∫ c1h

0

e(c1h−u)M li(u)du

Like classical Runge-Kutta methods, this system can also be expressed as
a Butcher tableau, with the difference that now the coefficients are matrix-
valued functions evaluated at hM :

a11(hM) a12(hM) · · · a1s(hM)

a21(hM) a22(hM) · · · a2s(hM)
...

as1(hM) as2(hM) · · · ass(hM)

b1(hM) b2(hM) · · · bs(hM)

(2.27)
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These formulas can be further expressed in a simpler manner by giving
bi, aij as linear combinations of the ϕ-functions, defined as

ϕk(hM) =

∫ 1

0

e(1−θ)hM
θk+1

(k − 1)!
,

ϕj,k(hM) = ϕj(ckhM).

Besides notational convenience, ϕ-functions expose a computational advantage,
since hM is a constant throughout the numerical solution and therefore each
ϕ-function only needs to be computed once.

Example 2.8 (Four-stage exponential Runge-Kutta methods) The fol-
lowing four-stage method was given originally by [Cox, 2002]:

0
1
2
ϕ1,2

0 1
2
ϕ1,3

1
2
ϕ1,3(ϕ0,3 − 1) 0 ϕ1,3

ϕ1 − 3ϕ2 + 4ϕ3 2ϕ2 − 4ϕ3 2ϕ2 − 4ϕ3 4ϕ3 − ϕ2

where all ϕ-functions are understood to be evaluated at hM .
An ERK method of order 3 is given by [Krogstad, 2005] with the tableau

0
1
2
ϕ1,2

1
2
ϕ1,3 − ϕ2,3 ϕ2,3

ϕ1,4 − 2ϕ2,4 0 2ϕ2,4

ϕ1 − 3ϕ2 + 4ϕ3 2ϕ2 − 4ϕ3 2ϕ2 − 4ϕ3 −ϕ2 + 4ϕ3

3 Symplectic numerical methods for Hamil-

tonian systems

In the last section we consider numerical integrators for general ODEs. In
what follows, numerical methods specifically devised for Hamiltonian systems
will be considered.
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3.1 Techniques for proving the symplecticity of meth-
ods

3.1.1 The matrix formalism

First, let us briefly recapitulate some definitions given in the Introduction.

Definition 3.1 (Symplectic form) Let V be an even-dimensional vector
space with a basis given by {e1, · · · , en, f1, · · · fn}. The symplectic form is a
bilinear map ω : V× V→ R obeying the following properties:

• ω(u, v) = −ω(v, u)

• ω(u, v) = 0 if and only if u = 0 or v = 0.

• ω(ei, ej) = ω(fi, fj) = 0

• ω(ei, fj) = 1 if i = j and 0 otherwise.

Fixing the basis6 of V to be the canonical basis in R2n, the symplectic form
can be explicitly given by the following matrix expression:

ω(u, v) = u>Jv, (3.1)

where J is the canonical structure matrix, given in block form as

J =

[
0n I n

− I n 0n

]
,

with 0n representing the (n × n) matrix of zeros and I n representing the
identity matrix. Note that this is the same canonical structure matrix used
to define Hamiltonian systems as those obeying ẋ = J(∇H(x)).

Definition 3.2 A symplectic transformation (or symplectomorphism) is a
function f that satisfies

ω(u, v) = ω(f(u), f(v)).

This leads, as previously argued, to the following definition:

6See the Appendix for further detail
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Definition 3.3 (Symplectomorphism) A function f preserves symplectic
structure (i.e. it is a symplectomorphism) if

[∇f ]>J[∇f ] = J

Example 3.1 (The Euler-like family of discrete flow maps) Consider
the following 2-parameter family of discrete flow maps:

ψ(pn, qn) =

{
pn+1 = pn − hHq(αpn+1 + (1− α)pn, βqn+1 + (1− β)qn)

qn+1 = qn + hHp(αpn+1 + (1− α)pn, βqn+1 + (1− β)qn)

Let us focus, to make calculations simpler, on the 2-dimensional case.
Write ∇ψ = ( a bc d ); this implies

(
a b
c d

)>
J

(
a b
c d

)
=

(
0 ad− bc

−ad+ bc 0

)
=

(
0 det∇ψ

−det∇ψ 0

)
(3.2)

It’s enough for symplecticity in this case that the determinant of ∇ψ is 1.
Let us compute the elements of this matrix:

∂pn+1

∂pn
= 1− hαHpq

∂pn+1

∂pn
− h(1− α)Hpq

�
�
��7

1
∂pn
∂pn

+ hβHqq
∂qn+1

∂pn
+ h(1− β)Hqq

�
�
��7

0
∂qn
∂pn

=
(
−hαHpq hβHqq

)(∂pn+1/∂pn
∂qn+1/∂pn

)
+ 1− h(1− α)Hpq (3.3)

∂qn+1

∂pn
= hαHpp

∂pn+1

∂+n
(1− α)hHpp

�
�
��7

1
∂pn
∂pn

+ hβHqp
∂qn+1

∂pn
+ h(1− β)

�
�
��7

0
∂qn
∂pn

=
(
hαHpp hβHqp

)(∂pn+1/∂pn
∂qn+1/∂pn

)
+ 1− h(1− α)Hpq (3.4)

∂qn+1

∂pn
= −hαHqp

∂pn+1

∂qn
− h(1− α)

�
�
��7

0
∂pn
∂qn

+ hβHqq
∂qn+1

∂qn
+ h(1− β)Hpq

�
�
��7

1
∂qn
∂qn

=
(
−hαHpq hβHqq

)(∂pn+1/∂qn
∂qn+1/∂qn

)
+ h(1− β)Hqq (3.5)

∂qn+1

∂qn
= 1 + hαHpp

∂pn+1

∂qn
+ h(1− α)Hpq

�
�
��7

0
∂pn
∂qn

hβHqp
∂qn+1

∂qn
+ h(1− β)

�
�
��7

1
∂qn
∂qn

=
(
hαHpp hβHpq

)(∂pn+1/∂qn
∂qn+1/∂qn

)
(3.6)
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These equalities can be reconstructed in matrix form:

∇ψ =

(
−hαHpp hβHqq

hαHpp hβHqp

)
︸ ︷︷ ︸

B1

∇ψ +

(
1− h(1− α)Hpq h(1− β)Hqq

h(1− α)Hpp 1 + h(1− β)Hpq

)
︸ ︷︷ ︸

B0

(3.7)

from which follows that

( I −B1)ψ = B0 =⇒ ψ = ( I −B1)
−1B0 (3.8)

Because (∇ψ)>J(∇ψ) = J if and only if det∇ψ = 1 (in the 2× 2 case), it’s
enough that

det(( I −B1)
−1B0) = 1 ⇐⇒ det(( I −B1)

−1) detB0 =
detB0

det( I −B1

) = 1

=⇒ detB0 = det( I −B1) (3.9)

Expanding this condition, we find that ψ is symplectic if the equality holds:

(I)− (II) = (III)− (IV)

where

(I) = [1− h(1− α)Hpq][1 + h(1− β)Hpq] (3.10)

(II) = [h(1− β)Hqq][h(1− α)Hpp] (3.11)

(III) = [1− hαHpq][1− hβHpq] (3.12)

(IV) = h2αβHppHqq (3.13)

A sufficient (not necessary) condition is that (I)=(III), (II) = (IV).
For the (I)-(III), continue expanding

(I) = 1 + h(1− β)Hpq − h(1− α)Hpq − h2(1− α)(1− β)H2
pq

= 1 + [(1− β)− (1− α)]Hpq − h2(1− α)(1− β)H2
pq (3.14)

(III) = 1 + h2βHpq − hαHpq + h2αβH2
pq (3.15)

= 1 + h[β − α]Hpq + h2αβH2
pq (3.16)

Two conditions arise from the equality (I) = (II): first, that (1−β)− (1−
α) = α− β (which is always true); and second that

(1− α)(1− β) = αβ, (3.17)
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which is true if and only if
α + β = 1.

Further substituting α = 1 − β, β = 1 − α, (II)=(IV), confirming that this
condition is sufficient. (But note that the symplecticity of this discrete flow
map does not mean that it’s a valid (consistent) method,)

From this proof, it can be seen that the following known methods are not
symplectic:

• α = 0, β = 0: Forward Euler

• α = 1, β = 1: Backward Euler.

At least three symplectic methods (that are known to converge) fall out of
this general proposal:

• With α = 1: Euler-A (a method that updates velocities first)

• With α = 0: Euler-B (a method that updates positions first)

• With α = 1
2
: implicit midpoint method

3.1.2 Symplectic structure in the differential form approach

Because calculations in the matrix formalism can sometimes become very
impractical (particularly in high dimensions), it’s useful to introduce an
alternate approach to defining and verifying symplecticity.

Most people are familiar with differential forms due to the introduction of
total derivatives in calculus: for example, the total derivative of some function
(x, y) 7→ g(x, y) is:

dg =
∂g

∂x
dx+

∂g

∂y
dy

In the formalism of differential forms, dg is understood to be a linear
functional (a 1-form). Two 1-forms can be combined through the wedge
product; in two dimensions, this is given by

dp ∧ dq = dp1dq2 − dq1dp2 (3.18)

which corresponds to the determinant
∣∣ dp1 dp2
dq1 dq2

∣∣. The wedge product of two
tensors in higher dimensions can be, in general, a complicated combinatorial
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expression (see [Spivak, 1965]). Fortunately, such expressions significantly
simplify for the case of Hamiltonian vector fields thanks to a result in symplec-
tic geometry known as Darboux’s theorem, which states that for vector
fields admitting a symplectic form7,

dp ∧ dq = dp1 ∧ dq1 + dp2 ∧ dq2 + · · · dpn ∧ dqn. (3.19)

To recapitulate: in the Introduction, we had defined the symplectic form
ω(·, ·) as a sum of 2x2 determinants across matching (pi, qi) dimensions. In
this chapter, we started by giving a list of properties for the symplectic
form on vectors which implied that ω(u, v) = u>Jv. Finally, by invoking a
technical8 result from symplectic geometry, the original definition as a sum of
areas projected on matching (pi, qi) pairs of dimensions is recovered.

These definitions are, of course, equivalent; but the upshot is that dp∧ dq
is an invariant only if for each i = 1, · · · , n it holds that dpi ∧ dqi is also
an invariant. Therefore proofs of symplecticity in high dimensions reduce
to proofs in two dimensions for each i. Therefore the following restatement
holds.

Definition 3.4 (Symplectomorphism (alternate definition) A function
ψ : (pn, qn) → (pn+1, qn+1) is a symplectomorphism (preserves symplectic
structure) if (for every pair of matching p, q dimensions)

dpn+1 ∧ dqn+1 = dpn ∧ dqn (3.20)

This is useful because the properties of the symplectic form can be directly
used, which gives us some rules of calculation.

• By skew-symmetry and bilinearity:

du ∧ dv = −dv ∧ du, (du+ dw) ∧ dv = du ∧ dv + dw ∧ dv

du ∧ Adv = A>du ∧ dv

• By Darboux’s theorem:

dpi ∧ dpj = dqi ∧ dqj = 0, dpi ∧ dqj = 1 if i = j
7See the appendix for a discussion of vector spaces admitting a symplectic form presenting

the details for a simple special case
8A textbook-length treatment of symplectic geometry culminating on Darboux’s theorem

can be seen in [Da Silva and Takens, 2001].
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3.1.3 Euler-like methods

Consider Backward Euler, which for Hamiltonian systems is (see [Leimkuhler
and Reich, 2005]):

qn+1 = qn + hHp(pn+1, qn+1), (3.21)

pn+1 = pn − hHq(pn+1, qn+1), (3.22)

(where Hp,Hq denote partial derivatives). Taking total differentials,

dqn+1 = dqn + hHpp(pn+1, qn+1)dpn+1 + hHpq(pn+1, qn+1)dqn+1,

dpn+1 = dpn − hHq,p(pn+1, qn+1)dpn+1 − hHq,q(pn+1, qn+1)dqn+1. (3.23)

We need to prove that dpn+1∧dqn+1 = dpn∧dqn. But, thanks to Darboux’s
theorem, it’s enough to compute dpn+1 ∧ dqn+1 for some unspecified (but
matching) pair of dimensions (p, q):

dqn+1 ∧ dpn+1 = dqn+1 ∧ dpn − dqn+1 ∧ hHqpdpn+1 (3.24)

(where a term in dpn+1 ∧ dpn+1 was dropped). Expanding the term in red
above,

dqn+1 ∧ dpn = dqn ∧ dpn + hHpqdqn+1 ∧ dpn (3.25)

Substituting (3.25) into (3.24), we find the following expression for dqn+1∧
dpn+1:

dqn ∧ dpn + hHpqdqn+1 ∧ dpn − hHpqdqn+1 ∧ dpn+1, (3.26)

and therefore the Implicit Euler method is not symplectic. Note, however,
that if we could make the blue and brown terms in (3.25) and (3.24) agree,
they would cancel out, giving a symplectic method. From this idea we can
formulate a numerical method that is implicit in q but explicit in p, so that

qn+1 = qn + hHp(pn, qn+1),

pn+1 = pn − hHq(pn, qn+1). (3.27)
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and

dqn+1 ∧ dpn+1 = dqn+1 ∧ dpn − dqn+1 ∧ hHqpdpn (3.28)

Noting that the blue term is equal to hHpqdqn+1 ∧ dpn, we may expand
dqn+1 ∧ dpn as before, which will make the blue terms cancel so that dqn+1 ∧
dpn+1 = dqn ∧ dpn. This is, therefore, a symplectic method, known as
Euler-B. A similar calculation will show that the Euler-A method given
by

qn+1 = qn + hHp(pn+1, qn),

pn+1 = pn − hHq(pn+1, qn). (3.29)

is also symplectic.

Example 3.2 (Explicit symplectic Euler schemes) In the particular case
where a Hamiltonian system is separable – that is, a sum of two terms

H(p, q) = T (p) + V (q),

both the Euler-A and Euler-B schemes become explicit. The Euler-B scheme
becomes

qn+1 = qn + hT ′(pn),

pn+1 = pn − hV ′(qn + hT ′(pn)). (3.30)

where T ′ = ∂T/∂p, V ′ = ∂V/∂q. The Euler-TV scheme is then obtained
by first calculating at each step a new value qn+1 and then obtaining the
corresponding pn+1. In physics, T is identified with kinetic energy, while V is
identified with potential energy; Euler-TV is therefore a scheme where kinetic
energy is updated first. Its symmetric variant is Euler-VT, given by

qn+1 = qn + hT ′(pn − hV ′(qn))

pn+1 = pn − hV ′(qn) (3.31)

in which case potential energy is updated first.
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Example 3.3 (Störmer-Verlet integration) The popular Störmer-Verlet
integrator is similarly derived by calculating a “half-step” qn+1/2 :

qn+1/2 = qn +
h

2
Hp(qn+1/2, pn),

qn+1 = qn+1/2 +
h

2
Hp(qn+1/2, pn),

pn+1 = pn −
h

2
Hq(qn+1/2, pn)− h

2
Hq(qn+1/2, pn+1). (3.32)

This method can also be shown to be symplectic with calculations similar as
those shown above.

3.2 Symplectic Runge-Kutta methods

As seen in the numerical examples of the introduction, methods such as
Euler-A and Euler-B improve significantly on non-symplectic (Forward and
Backward) Euler methods by maintaining the symplectic structure even with
large h (and therefore large local error); however, they have very low order.

Applying the general definition of Runge-Kutta schemes (2.14) to a Hamil-
tonian system leads to the following candidate method:

pn+1 = pn − h
s∑
i=1

biHq(P i,Qi) (3.33)

pn+1 = qn + h
s∑
i=1

biHp(P i,Qi) (3.34)

Pi = pn − h
s∑
j=1

aijHq(Pj,Qj) for i = 1, · · · , s (3.35)

Qi = pn + h

s∑
j=1

aijHp(Pj,Qj) for i = 1, · · · , s (3.36)

In principle, obtaining valid Runge-Kutta methods from these relations
should be very difficult, whether through the matrix formalism or the differ-
ential forms formalism. Fortunately, the following theorem is known to be
true:
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Proposition 3.1 Assume the coefficients (aij, bi) of a Runge-Kutta method
satisfy

biaij + bjaji − bibj = 0 for i, j = 1, · · · , s
then the method is symplectic.

Proof. (Adapted from [Sanz-Serna and Calvo, 1994]) Let ki = −Hq(Pi,Qi), li =
Hp(Pi,Qi); expanding dpn+1 ∧ dqn+1 from (3.36):

dpn+1 ∧ dqn+1 =dpn ∧ dqn + h
s∑
i=1

bidki ∧ dqn

+ h
s∑
j=1

bjdp
n ∧ dlj

+ h2
s∑

i,j=1

bibjdki ∧ dlj

Now expanding dki ∧ dqn, dli ∧ dpn, the outcome is that

dpn+1 ∧ dqn+1 − dpn ∧ dqn (3.37)

= h
s∑
i=1

bi(dki ∧ dQi + dPi ∧ dli) (3.38)

− h2
s∑

i,j=1

(biaij + bjaji − bibj)dki ∧ dlj (3.39)

Due to the hypotheses of the theorem, the last term is zero; it is therefore
sufficient that

dki ∧ dQi + dPi ∧ dli = for each stage i = 1, · · · , s (3.40)

Dropping the subscript numbering the stages and expanding over the m
dimensions of p and q,

dk ∧ dQ+ dP ∧ dl =
m∑
d=1

(dkd ∧ dQd + dPd ∧ dld)

=−HpqdPd ∧ dQd −Hqq(((
(((dQd ∧ dQd

+Hpp(((
(((dPd ∧ dPd

+HqpdPd ∧ dQd (3.41)
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Because Hpq = Hqq, the remaining terms in dPd∧dQd cancel, which concludes
the proof.

Example 3.4 (Characterization of symplectic Runge-Kutta methods of order 4)
The following equations, which include order conditions and the condition for
symplecticity, give the nonlinear systems which must be solved to obtain a
symplectic fourth-order method:

b1 + b2 + b3 + b4 = 1,

b2c2 + b3c2 + b4c4 = 1/2,

b2c
2
2 + b3c

2
3 + b4c

2
4 = 1/3,

b3a32c2 + b4a42c2 + b4a43c3 = 1/6,

b2c
3
2 + b3c

3
3 + b4c

3
4 = 1/4,

b3a32c
2
2 + b4a42c

2
2 + b4a43c

2
3 = 1/12,

b1a12 + b2a21 − b1b2 = 0,

b1a13 + b3a31 − b1b3 = 0,

b1a14 + b4a41 − b1b4 = 0,

b2a21 + b1a12 − b2b1 = 0,

b2a23 + b3a32 − b2b3 = 0,

b2a24 + b4a42 − b2b4 = 0,

b3a31 + b1a13 − b3b1 = 0,

b3a32 + b2a23 − b3b2 = 0,

b3a34 + b4a43 − b3b4 = 0,

b4a41 + b1a14 − b4b1 = 0,

b4a42 + b2a24 − b4b2 = 0,

b4a43 + b3a34 − b4b3 = 0,

(where ci =
∑

j aij)

Example 3.5 (An implicit three-stage symplectic Runge-Kutta method)
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The method given by the tableau

α/2 0 0

α (1− 2α)/2 α

α 1− 2α α/2

α 1− 2α α

, α =
2 +
√

3 + 1/
√

3

3

is symplectic (follows from theorem 8.1 in [Sanz-Serna and Calvo, 1994],
which in turn follows from theorem 3.1 with a short proof) and has order 4.

3.2.1 Symplectic exponential Runge-Kutta methods

It is known that not all Runge-Kutta methods are stable, which of course
extends to symplectic Runge-Kutta methods. On the other hand, exponential
Runge-Kutta (ERK) methods are stable, which motivates the characterization
of which ERK methods are symplectic.

Section 2.4.6 presented the idea of ERK methods for ODEs of the form

ẋ(t) = Mx(t) + g(x(t))

There are many Hamiltonian problems that fit this formulation by taking Q,
a symmetric matrix such that

M = J−1Q,

and V , typically a smooth potential field, such that

g(x) = J−1∇V (x).

Many problems that both have great physical significance and pose signif-
icant challenges to numerical analysis, such as Fermi-Pasta-Ulam problems
([Fermi et al., 1955],[Berman and Izrailev, 2005]), fit this framework.

The following theorem by [Mei and Wu, 2017] gives sufficient conditions
for an exponential Runge-Kutta method to be symplectic.

Proposition 3.2 Let S = ehM , Si = ecihM for stages i = 1, · · · , s, and for
simplicity bi = bi(hM), aij = aij(hM). If

b>i JSS
−1
i = (S−1i )>S>Jbi, γ ∈ R

b>i Jbj = b>i JSS
−1
i aij + aij

>(S−1j )>S>Jbj

where γ can be any real number. Then the exponential Runge-Kutta method
is symplectic.
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Example 3.6 (Duffing equation) Like the Fermi-Pasta-Ulam problem, the
Duffing equation models a certain class of nonlinear driven oscillators. This
equation is originally posed as a second-order IVP

q̈ + ω2q = k2(2q3 − q)

q(0) = 0, q̇(0) = ω

By the procedure used in the introduction to convert second-order IVPs
on q into Hamiltonian problems with p = q̇ as generalized momentum, this
can be shown to be equivalent to

H(p, q) =
1

2

(
p2 + ω2q2 + k2(q2 − q4)

)
.

Example 3.7 (Fermi-Pasta-Ulam problem) This model considers a lat-
tice of 2m coupled oscillators with the following second-order behavior:

q̈(t) = −Aq(t)−∇V (q),

where A is the block matrix given by[
0m 0m
0m ω2Im

]
,

and

V (q) =
1

4

(
q1 − qm+1)

4 +
m−1∑
i=1

(qi+1 − qm+i−1 − qi − qm+i)
4 + (qm + q2m)4

)
.

Again making p = q̇, this system is associated with the Hamiltonian

H(p, q) = 1
2

2m∑
i=1

p2i +
ω2

2

m∑
i=1

q2m+i + V (x).

3.3 Implementation issues

The practical implementation of symplectic ERK methods is predicated on
the solution of a multidimensional system of equations of the form

K1 = g(ec1hMXn + h · (a11(hM)K1 + a1s(hM)Ks, )

...

Ks = g(ec1hMXn + h · (as1(hM)K1 + ass(hM)Ks).
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(for g = J−1Qx+ J−1∇V ). Explicit evaluation of the stages Ki is not, in
general, possible for any Implicit ERK. As is the case with standard implicit
RK methods, under mild assumptions on the smoothness of H. the values
K1, · · · , Ks and hence the output from a step exist.

Defining the metric ρ(x, x′) = max1≤i≤S ‖xi− x′i‖ (on Rsd), the conditions
for the contraction mapping principles are satisfied for sufficiently small step
size h. Consequently, Ki can be approximately computed by fixed point
iteration.

Another crucial point for the efficient computational implementation of
the ERK methods in general (and specifically symplectic ERK) is the effective
evaluation of integrals involving matrix exponentials, namely aij(hM) and
bi(hM), as well of linear combinations of these functions times a vector.

As noted in the discussion of general ERK methods, the calculation of
these functions can be reduced to the calculation of the ϕ-functions

ϕk(z) =

∫ 1

0

e(1−θ)z
θj−1

(j − 1)!
dθ.

An algorithm that is typically used for this is based on the following recurrence
(see [Berland et al., 2007] for further details)

ϕk+1(z) =
ϕk(z)− 1

k!
I

z
. (3.42)

In what follows we propose an alternative algorithm based on ideas from
the recent (upcoming) work [De la Cruz and Jiménez, ]. The proposed
algorithm allows for the simultaneous evaluation of various ϕ-functions which
we combined with the ERK formulation to improve the symplectic ERK
method of this dissertation.

This algorithm is based on the approximation of a suitable matrix via
a modified Padé method with scaling-squaring strategy. For completeness,
before introducing the algorithm, we first review Padé methods. Then, the
algorithm is explained.

3.3.1 The Padé method

Given a function f , assumed to be analytic and non-null at zero, and given
non-negative integers l and m, it is sometimes possible to approximate f by
a ratio of polynomials:

f(z) ≈ N(z)

D(z)
,
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with N of degree l and D of degree m. With m = 0, this is the Taylor
approximation of f around 0, and when l = 0, this corresponds to the
expansion of 1/f(z). When such an approximation exists and

f(z) =
N(z)

D(z)
+O(zl+m+1),

it is known as the (l,m) Padé approximation to f . The array of Padé
approximations with l,m = 0, 1, 2, · · · is known as the Padé table of f .

3.4 The Padé algorithm for computing the matrix ex-
ponential

The (p, q) rational Padé approximation to eC is defined by

Pp,q(C) = [Dp,q(C)]−1Np,q(C),

where

Np,q(C) =

p∑
j=0

(p+ q − j)!p!
(p+ q)!j!(p− j)!

Cj,

and

Dp,q(C) =

q∑
j=0

(p+ q − j)!q!
(p+ q)!j!(q − j)!

(−C)j.

Diagonal approximation (that is, p = q) are preferred, since Pp,q with p > q
(p < q) is less accurate than Pp,p (Pq,q), and Pp,p (Pq,q) can be evaluated at
the same cost. In addition, it is a numerically stable algorithm. From now on,
we denote Dq,q(C), Nq,q(C), Pq,q(C) by Dq(C), Nq(C), Pq(C) respectively.

eC can be well approximated by Padê only near the origin, that is, for
small ‖C‖. For this reason eC is approximated by

(
Pq(

C
m

)
)m

where m is the
minimum integer such that

∥∥C
m

∥∥ < 1
2
. In order to reduce the number of

matrix multiplications, the idea is to choose m to be a power of two. Then(
Pq(

C
m

)
)m

can be efficiently computed by repeated squaring.
The Padé algorithm with scaling-squaring strategy for computing

eC can be described as follows.

1. Determine the minimum integer k such that
∥∥ C
2k

∥∥ < 1
2

2. Compute Nq(
C
2k

) and Pq(
C
2k

)
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3. Compute Pq(
C
2k

) = [Dq(
C
2k

)]−1Nq(
C
2k

), by solving the systemDq(
C
2k

)Pq(
C
2k

) =
Nq(

C
2k

) (using, for instance, a suitable Gaussian elimination)

4. Compute [Pq(
C
2k

)]2
k

by squaring Pq(
C
2k

) k times.

In that follows, an efficient algorithm for the simultaneous evaluation of
various integrals

φj(z, h) =

∫ h

0

e(h−s)zsj−1ds, j = 1, 2....

is introduced. This is derived from a careful approximation to an matrix
exponential via the Padê method.

3.5 The proposed algorithm for the involved phi-functions

First we state an important result wich will be useful. This is a direct
application of Theorem 1 in [Carbonell et al., 2008]: For any square matriz A
we have that

ehH =


ehA φ1(A, h) 1

1!
φ2(A, h) · · · 1

(l−1)!φl(A, h)

0 I hI · · · hl−1

(l−1)!I

0 0 I
. . .

...
...

...
...

. . . hI
0 0 0 · · · I

 ,

for

H =


A I 0 · · · 0
0 0 I · · · 0

0 0 0
. . .

...
...

...
...

. . . I
0 0 0 · · · 0

 ,
where I is the d-dimensional identity matrix and φj(A, h) = (j − 1)!hjϕj(Ah)

Remarkably, by using the above result, we have a way to compute simul-
taneously several ϕ functions. All we need now is an efficient algorithm to
compute ehH . We propose to take into account the special block structure of
structure of H and to adapt the Padê method for this special structure.
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Let E = ehH and P = e2
−khH , where k is the smallest natural number such

that 2−kh |H|inf ≤
1
2
. Denote by Ei and Pi the submatrices corresponding

to the first row of the partitioned matrices E and P , respectively. That
is, Ei = φi−1(A, h)/(i − 2)! = hi−1ϕi−1(hA) for all i = 2, .., l + 1, and
E1 = ehA. Likewise, Pi = φi−1(A, 2

−kh)/(i− 2)! = (2−kh)i−1ϕi−1(2
−khA) for

all i = 2, .., l + 1, and P1 = e2
−khA. We have the following Theorem:

Proposition 3.3 Let p, q be natural numbers and k the smallest natural
number such that 2−kN ≤ 1

2
, where N = h(1 + |A|inf). Then,∣∣∣Pi − P̃i∣∣∣ ≤ cp,q(0, 2
−kN)(2−kN)p+q+1 and (3.43)∣∣∣Pi − P̃i∣∣∣

|Pi|
≤ 2−kNεp,qe

2−kNεp,q (3.44)

for i = 1, .., l + 1, where the matrices P̃i are defined by the solution of the
linear system of equation

D [ P̃1 · · · P̃l+1 ] = [ R1 · · · Rl+1 ], (3.45)

with

D =

q∑
n=0

c∗nAn, R1 =

p∑
n=0

cnAn, Ri =

max{p,q}∑
n=0

αi,nb
i−1An, (3.46)

αi,n = (cn+i−11n≤p−i−1 − c∗n+i−11n≤q−i−1)−
i−2∑
m=1

c∗n+i−1pi−m−11n≤q−m1,

pj = (cj − c∗j)−
j−1∑
s=1

c∗spj−s, j = 1, .., l − 1, (3.47)

being c0, .., cp,c
∗
0, .., c

∗
q the (p, q)-Padé coefficients for the exponential function,

cn = c∗m = 0 for n = p + 1, ...l − 1 and m = q + 1, .., l − 1, A = Ab and
b = 2−kh. Moreover,

∣∣∣Ei − P̃ [k+1]
i

∣∣∣ ≤ cp,q(k,N) Np+q+1 and

∣∣∣Ei − P̃ [k+1]
i

∣∣∣
|Ei|

≤ εp,qN eεp,qN

(3.48)
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for i = 1, .., l + 1, where P̃
[k+1]
i is defined by the recursion

P
[j+1]
i = (P

[j]
1 +I)P

[j]
i +

i−1∑
n=2

bi−np
[j]
i−nP

[j]
n for i = l+1, .., 2, and P

[j+1]
1 = P

[j]
1 P

[j]
1

(3.49)
with

p
[j+1]
i = 2p

[j]
i + 2

(i−1) div 2∑
n=1

p[j]n p
[j]
i−n + p

[j]
i/2p

[j]
i/2δ

0
i mod 2, for i = l − 1, ...1,

for j = 1, .., k. Here, cp,q(k,N) = α2−k(p+q)+3e(1+εp,q)N and εp,q = α(1
2
)p+q−3,

with α = p!q!
(p+q)!(p+q+1)!

.

Proof. The matrix E = ehH can be approximate by the matrix Ẽ resulting
from the order-(p, q) Padé method with scaling and squaring strategy. That

is, Ẽ = (P̃ )2
k
, where the matrix P̃ is the solution of the algebraic linear

equation DP̃ = N where N is given by the following matrix:

p∑
n=0

cnb
nAn

p∑
n=1

cnb
nAn−1

p∑
n=2

cnb
nAn−2

p∑
n=3

cnb
nAn−3 · · ·

p∑
n=l

cnb
nAn−l

0 I c1bI c2b
2I · · · cl−1b

l−1I

0 0 I c1bI
. . .

...

0 0 0 I
. . . c2b

2I
...

...
...

...
. . . c1bI

0 0 0 0 · · · I


,

and D is given by the following matrix:

q∑
n=0

c∗nb
nAn

q∑
n=1

c∗nb
nAn−1

q∑
n=2

c∗nb
nAn−2

q∑
n=3

c∗nb
nAn−3 · · ·

q∑
n=l

c∗nb
nAn−l

0 I c∗1bI c∗2b
2I · · · c∗l−1b

l−1I

0 0 I c∗1bI
. . .

...

0 0 0 I
. . . c∗2b

2I
...

...
...

...
. . . c∗1bI

0 0 0 0 · · · I


,

where b = 2−kh, k is the smallest natural number such that
∣∣2−khH∣∣

inf
=

2−k maxi{
∑
j

∣∣A[i,j]h
∣∣ + h} = 2−k(h + h |A|inf) ≤

1
2 , c0, .., cp,c

∗
0, .., c

∗
q are the Padé

60



coefficients for the exponential function, and cn = c∗m = 0 for n = p+ 1, ...l− 1 and
m = q + 1, .., l − 1. In this way, the submatrices P̃i,j of the partitioned matrix P̃
are obtained - in terms of the submatrices Ni,j and Di,j of N and D - as solution
of the linear system of equations

D11P̃11 = N11

D11P̃12 = N12 −D12
...

D11P̃1,l+1 = N1,l+1 −D1,l+1 −
l∑

n=2
D1,nP̃n,l+1

with

P̃23 = N23 −D13

P̃24 = N24 −D24 −D23P̃34
...

P̃2,l+1 = N2,l+1 −D2,l+1 −
l∑

s=3
D2,sP̃s,l+1

being P̃n+1,m+1 = P̃n,m for all n = 2, ..., l and m > n, P̃n,n = I and P̃n,m = 0 for
all n = 2, .., l + 1 and m < n. From these equations and defining nj , dj and pj as

the numbers such that Nn,m = nj=m−nb
jI, Dn,m = dj=m−nb

jI, P̃n,m = pj=m−nb
jI

for all n = 2, ..., l and m > n, it is obtained that

D11P̃1,i = R1,i,

R1,i = N1,i −D1,i −
i−1∑
n=2

D1,npi−nb
i−n and

pj = nj − dj −
j−1∑
s=1

dspj−s,

for all j = 1, .., l− 1 and i = 2, .., l+ 1, where nj = cj and dj = c∗j with cn = c∗m = 0

for n = p + 1, ...l − 1 and m = q + 1, .., l − 1. Clearly, after an elementary

algebraic manipulation, (3.45) results from (6.1) just by removing the index 1

of the submatrices D11, P̃1,i and R1,i. The squaring process is defined, as usual,

by the recursion P̃ [j+1] = P̃ [j]P̃ [j] for j = 1, .., k starting with P̃ [1] ≡ P̃ . This

straightforward yields to the recursion (3.49). Bound (3.48) is obtained from

Lemma 4.1 in [Jimenez and de la Cruz Cancino, 2012] taking into account that

Ei = LEQi and Ẽi = LẼQi imply that
∣∣∣Ei − Ẽi∣∣∣ = |L| |Qi|

∣∣∣E − Ẽ∣∣∣, where
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L = [ I 0d×d·l ] and Qi = [ 0d×d·(i−1) I 0d×d·(l−i+1) ]. In similar way, (3.44)

is obtained.

Trivially, an algorithm for computing ϕi−1(z) is then given as follows.

Corollary 3.4 Let Ei = hi−1ϕi−1(hA) with h = 1, for all i = 1, .., l + 1,

and let the numbers k, p, q and the matrix P̃ k+1
i be defined as in Theorem 3.3.

Then, (3.48) holds.

By using these results, we have an alternative method for computing the
ϕ functions.

4 Concluding remarks

Differential equations are used to study the behavior of dynamical (time-
varying systems), both in quantitative and qualitative terms. The general
framework of differential equations greatly simplifies the work of model-
makers: a Newtonian physicist who had to describe general gravitation as
a discrete-time system would have to specify whether a free-falling particle
gains momentum and therefore loses potential energy or whether the converse
is true.

This, precisely, is the challenge posed by solving (approximately, as often
exact solutions are unobtainable) differential equations on a computer: sys-
tematic methods must be found to study continuous-time systems, initially
formulated as differential equations, with discrete time-steps. This poses
many challenges. Critically, it is currently possible to obtain methods that
approximate generic differential equations on a given time interval [0, T ] to
very high orders of accuracy; however, this may impose a prohibitively high
number of evaluations if T is very large (as, for example, in the case of
decades-ahead climate change).

Hamiltonian systems are particularly interesting in this context, because
solving them numerically requires, as a matter of principle, reproducing key
qualitative features of the underlying phenomena, since such qualitative fea-
tures are matched by objective mathematical criteria. Furthermore, because
such features are invariant in time, their preservation is a key criterion for
evaluating long-term numerical solutions. In other words: since physics tells
us that reality itself is symplectic, simulated outcomes of real phenomena
should (ideally) also be symplectic. Because symplecticity is defined in geo-
metric terms (as a property of transformations of phase space), it’s technically
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possible that discrete flows which approximate real systems preserve their
symplectic structure.

The main goal of this dissertation was to study the specific means by
which this technical possibility can be made practical and useful. This has
meant:

• Understanding and describing how to verify symplecticity for continuous
and discrete systems alike;

• Obtaining approximations that are symplectic, have a high degree of
accuracy (in terms of its order of convergence), and have good stability
properties to preserve the long-run properties of Hamiltonian systems;

• Paying attention to challenges to implementation posed by the state-
of-the-art methods (notably the symplectic exponential Runge-Kutta
family recently obtained by [Mei and Wu, 2017]), since specific algo-
rithms must be designed to efficiently compute certain integrals involving
matrix exponentials.

There are many directions in which these items can be further developed
in future research. On the first front, noisy Hamiltonian systems as described
by stochastic differential equations are currently being studied by some
researchers ([Milstein and Tretyakov, 2013]), from where deeply meaningful
characterizations of uncertain systems with definite qualitative features may
still be developed. On the second front, symplectic Runge-Kutta methods
have obtained methods with higher orders of convergence, and good stability
properties (so that simple systems like the linear oscillator have their cyclic
structure preserved) are possible with exponential methods like Exponential
Runge-Kutta[Hochbruck and Ostermann, 2005]). A line of research directly
connected with the work in this dissertation would be to extend the work
on High Order Local Linearization ([De La Cruz et al., 2007]) to the case
of symplectic equations (possibly even in stochastic and random settings).
Finally, the development of numerical methods for matrix exponentials and
functions of matrix exponentials is also an active area of research, and
the development of further symplectic integrators should continue to pose
challenges in this area.
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6 Appendixes

6.1 Minimizing action functionals

The idea that Hamilton’s equations of motion result from a variational problem
was presented in the Introduction, where it was argued that minimizing a
time-integral of L(q, q̇, t) = T − V (see 1.10) led to the condition in equation
(1.11). This appendix presents the mathematics needed to verify that result.

Generically speaking, a least action principle is given by a variational
optimization problem, as defined below.

Definition 6.1 (Action functional) Let Cna,b be the space of curves in n-
dimensional space, i.e. twice continuously-differentiable functions x : [0, 1]→
Rn such that x(0) = a and x(1) = b. Let also L : [a, b] × [a, b] → R be an
integrable function in [0, 1].

The action functional S takes each curve to a real number, as follows.

S : Cna,b → R, x(t) 7→
∫ 1

0

L(x(t), ẋ(t))dt (6.1)

L is known as the Lagrangian function.

We are interested in studying the extremal points of action functionals, i.e.
in finding the curve x(t) that minimizes the action functional for a fixed
Lagrangian function.

The extrema of S can be found by examining its critical points. This is
done by defining the variations of the cuves x(t) as the curves given by
x(t) + sε(t) and calculating

0 =
d

ds
S(x+ sε)

∣∣∣∣
ε=0

=

∫ 1

0

d

ds
L(x(t) + sε(t), (̇t) + ε(t))dt

∣∣∣∣
ε(u)=0,0≤u≤1

(6.2)

Applying the multivariable chain rule will show this condition to be equivalent
to

0 =
d

ds
S(x+ sε)

∣∣∣∣
ε=0

=

∫ 1

0

n∑
i=1

(
∂L

∂xi
− d

dt

∂L

∂ẋi

)
ε(s)ds. (6.3)

Solving this equation requires the use of an additional proposition.
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Proposition 6.1 (Fundamental Lemma of the Calculus of Variations)
Let f : [0, 1]→ R be continuous and such that∫ 1

0

〈f(s), h(s)〉ds = 0 (6.4)

for each h ∈ C0,1, where 〈·, ·, 〉 is the ordinary inner product. Then f(t) = 0
for all t ∈ [0, 1]

Proof. A sketch proof in one dimension is given. Assume (6.4) holds but
there is a t0 such that f(t0) > 0. Since f continuous, there is an open set
U 3 t0 in which s ∈ U =⇒ f(s) > c > 0. Then let h be9 a continuous

function such that s 6∈ U =⇒ h(s) = 0 and
∫ 1

0
h(s)ds > 0. Then,∫ 1

0

f(s)h(s)ds =

∫
U

f(s)h(s)ds > c

∫
U

h(s)ds > 0, (6.5)

a contradiction that means f(t) = 0 for all t ∈ [0, 1].
Application of Proposition 6.1 to (6.3) will give the following formula.

Proposition 6.2 (Euler-Lagrange equation) Let S be an action func-
tional such that

S(x) =

∫ b

a

L(x(t), ẋ(t))dt (6.6)

Then, the paths x(t) that minimize it satisfy the Euler-Lagrange conditions
for each component i:

∂L

∂xi
=

d

dt

∂L

∂ẋi
(6.7)

Given that generalized momenta are defined to be pi = ∂L/∂q̇i (and replacing
q for x above), this gives equation (1.11):

ṗi =
∂L

∂qi

which concludes the necessary calculations.

9A better proof would require exhibiting an h, which is not very difficult but takes a lot
of space.
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6.2 Symplectic vector spaces

In the text of this dissertation, the wedge product of two differential forms
dp ∧ dq was used with very little detail, other than the properties of skew-
symmetry and bilinearity.

In this section we present a short account of symplecticity in vector spaces
using 2-forms, which are skew-symmetric bilinear maps. The resulting
calculations are interesting because they apply to vector spaces generally,
including tensor spaces on which an operation ∧ can be defined. Furthermore,
the entire discussion uses only the bilinear-skew symmetry of ω, and every
proof can be rewritten replacing ω(u, v) for p ∧ q.10 In other words, the basic
algebraic insights leading up to symplectic structure can be studied in a
simpler version using linear algebra.

A symplectic vector space (V, ω) is a vector space equipped with an
ambient 2-form that is said to be nondegenerate in the following precise
way.

Definition 6.2 (Nondegenerate form) Let ω be a 2-form and o(·) be its
partial application o : (V, ω)→ V∗ given by

(o(u))(v) = ω(u, v)

If o is a bijection, then ω(u, v) is said to be nondegenerate. Note that this
implies that ω(u, v) = 0 only if u = 0 or v = 0.

The non-degenerate 2-form induces a special structure on symplectic
vector spaces which we begin to unpack with the following lemma:

Proposition 6.3 Let W be a vector subspace of (V, ω) and define W ω

W ω = {v ∈ V | ω(u, v) = 0 for all u ∈ W} ;

then,
V = W ⊕W ω

10What would remain to be shown (but will be omitted) is that differential forms dx · · ·
obtained from total differentiation have tensor structure and can be manipulated with
wedge products. This is actually quite difficult to do rigorously, and well outside the scope
of this dissertation; determined readers can refer to [Da Silva and Takens, 2001] for a
book-length treatment of symplectic structure.
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Proof. We show first that W ∩W ω = {0}. Assume, towards a contra-
diction, that there is a x 6= 0 such that x ∈ W and ω(x, v) = 0 for all v ∈ V.
Then,

0 = ω(ae1 + bf1, v) = ω(ae1, v) + ω(bf1, v)

= aω(e1, v) + bω(f1, v)

which is true only if a = b = 0, contradicting the hypothesis. Furthermore,
because of this null intersection, elements of W ω

1 must be given as a linear
combination

v = 0e1 + c2e2 + · · ·+ cnen + 0f1 + d2f2 + · · ·+ fn

(where at least one ci or di is nonzero). This shows that W ω
1 is orthogonal to

W1; thus W1 ⊕W ω
1 = W1 ∪W ω

1 = W .

The following proposition shows that only even-dimensional vector spaces
admit a symplectic form.

Proposition 6.4 Let ω ∈ Ω2(V). If V admits a nondegenerate 2-form ω,
then dimV = 2n for integer n.

Proof. Let us assume that V is 2n+ p dimensional with p odd.
We will claim that there is a basis for V can be given by

{u1, · · · , up} ∪ {e1, · · · , en} ∪ {f1, · · · , fn}

We start by factoring V into orthogonal complements as follows:

U = {u ∈ V | ω(v, u) = 0 for any v ∈ V} (6.8)

W = U⊥ (6.9)

so that U ⊕W = V.
We first show that {ei} and {fi} exist and have n LI vectors each. Note

that if ω is degenerate in W , then it is also degenerate in V: if we posit
that ω(e1, f) = 0 for every f ∈ W , but that there is u ∈ U such that
ω(u, f) 6= 0, we contradict the definition of U and W (6.8,6.9). Therefore, by
contraposition, the nondegeneracy of ω in V implies its nondegeneracy in W .
Therefore, for each non-null vector in W = U⊥, for example e1, we can find
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another vector in W , such as f1 such that ω(e1, f1) 6= 0. Then we can again
decompose W into two subspaces

W1 = span(e1, f1) (6.10)

W ω
1 = {w ∈ W | ω(w, v) = 0 for all v ∈ W1} (6.11)

By analogy with the orthogonal complement U⊥, the subspace W ω
1 is said to

be the symplectic complement to W1. Note that we already know that
if such complements exist, W = W1 ⊕W ω

1 . Then we can again choose e2, f2
such that ω(e2, f2) 6= 0 and define W2 = span(e2, f2) and repeat the process
until we arrive at

W = W1 ⊕ · · · ⊕Wn = span(e1, f1)⊕ span(e2, f2)⊕ · · · ⊕ span(en, fn)
(6.12)

which exhibits bases {e1, · · · , en} , {f1, · · · , fn} that are LI as claimed. Fur-
thermore,

dimW = dimW1 + · · ·+ dimWn = 2n

All that remains to be proven is that dimV = dimW , that is, dimU = 0. If
dimU is even, its vectors could be equally allocated between the subsets {ei}
and {fi} of the basis; therefore it is either zero or odd. And if dimU was
allowed to be odd, it would be possible to exhibit u 6= 0 such that ω(u, v) = 0
for any v ∈ V, contradicting nondegeneracy. Therefore if dimV = dimW =
2n, which proves the proposition.

Remark 1 This proposition suggests an analogy between the symplectic map
ω and the non-alternating tensor 〈·, ·〉 : V× V→ R. This operator naturally
separates V in orthogonal pairs Q ⊕ Q⊥. A symplectic vector space (V, ω)
may instead be separated in pairs W ⊕W ω oriented one against the other,
since ω(v, vω) = −ω(vω, v) for v ∈ W, vω ∈ W ω. A subspace W for which
this holds is said to be a symplectic subspace. Otherwise W is said to be
isotropic (i.e. non-oriented).

The decomposition of V into a direct sum of symplectic subspaces (equation
6.12) leads us to the following proposition:

Proposition 6.5 (A Darboux-like theorem) Let u, v ∈ (V, ω) where dimV =
2n. Then there exist n conjugate pairs (ei, fi) such that

ω(u, v) = ω(e1, f1) + · · ·+ ω(en, fn)
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Proof. Follows from the decomposition V = W1 ⊕ · · · ⊕Wn.
This proposition also gives form to the tensor basis for ω, that is, the

matrix whose ij-th element is ω(ai, aj) for some basis (a1, · · · , an) of V. For
example, let V = R2 with basis vectors b1 = (1, 0)>, b2 = (0, 1)>. Then, the
basis must satisfy

[
ω(b1, b1) ω(b1, b2)
ω(b2, b1) ω(b2, b2)

]
=

[
0 c
−c 0

]
= c · J for some constant c

where J is the canonical structure matrix. This shows that the algebraic
structure of bilinear-skew symmetry leads necessarily to the structure shown
in the matrix formalism of symplecticity.
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