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Abstract

This thesis contains three independent chapters. The first one is about central bank
credibility, where we measure people’s beliefs using survey data on inflation ex-
pectations and focus on the 12-month-ahead horizon since it is widely used in the
literature. Beliefs are measured by employing the panel-data setup of Gaglianone
and Issler (2015), who show that optimal individual forecasts are an affine func-
tion of one factor alone – the conditional expectation of inflation. This allows the
identification and estimation of the common factor, our measure of people’s beliefs.
Second, we compare beliefs with explicit (or tacit) targets by constructing Het-
eroskedasticity and Autocorrelation Consistent (HAC) 95% asymptotic confidence
intervals for our estimates of the conditional expectation of inflation, which is an
original contribution of this paper. Whenever the target falls into this interval we
consider the central bank credible. We consider it not credible otherwise. This ap-
proach is applied to the issue of credibility of the Central Bank of Brazil (BCB)
by using the now well-known Focus Survey of forecasts, kept by the BCB on infla-
tion expectations, from January 2007 until April 2017. Results show that the BCB
was credible 65% of the time, with the exception of a few months in the begin-
ning of 2007 and during the interval between mid-2013 throughout mid-2016. We
also constructed a credibility index for this period and compared it with alternative
measures of credibility.

In the second chapter, we show that it is possible to conciliate individual and consen-
sus rationality tests, by developing a new framework to test for rational expectations
hypothesis. We propose a methodology that verifies the consistency of the above
mentioned expectation formation rule, where we explicitly allow for the possibility
of heterogeneous expectations at the individual level, but also keeping individual
and consensus expectations at the same system. We advance with respect to Keane
and Runkle (1990)’s previous work, which argued that almost all existing tests in
the literature so far were either incorrect or inadequate.

In the third chapter, we propose an individual coincident indicator for the following
Latin American countries: Argentina, Brazil, Chile, Colombia and Mexico. In order
to obtain similar series to those traditionally used in business-cycle research in
constructing coincident indices (output, sales, income and employment) we back-
cast several individual country series which were not available in a long time-series
span. We also establish a chronology of recessions for these countries, covering the
period from 1980 to 2012 on a monthly basis. Based on this chronology, the countries
are compared in several respects. The final contribution is to propose an aggregate
coincident indicator for the Latin American economy, which weights individual-
country composite indices. Finally, this indicator is compared with the coincident
indicator (The Conference Board – TCB) of the U.S. economy. We find that the
U.S. indicator Granger-causes the Latin American indicator in statistical tests.
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1 Central Bank Credibility and Inflation Ex-
pectations: A Microfounded Forecasting
Approach

Abstract

Credibility is elusive and no generally agreed upon measure of it exists. Despite that,
as argued by Blinder (2000), there is a consensus that "A central bank is credible if
people believe it will do what it says". This paper proposes a measure of credibility
based upon this definition. A main challenge is that, to implement it, one needs a
measure of people’s beliefs and of what central banks say they do in the first place.
Even possessing these two, one later needs a way to compare whether they are the
same or not. We approach this problem in a novel way. To keep it tractable, we
focus on inflation expectations, since inflation is arguably the main variable central
banks care about.

Our approach is as follows. First, we measure people’s beliefs using survey data on
inflation expectations. We focus on the 12-month ahead horizon since it is widely
used in the literature. Beliefs are measured by employing the panel-data setup of
Gaglianone and Issler (2015), who show that optimal individual forecasts are an
affine function of one factor alone – the conditional expectation of inflation. This al-
lows the identification and estimation of the common factor, our measure of people’s
beliefs. Second, we compare beliefs with explicit (or tacit) targets by constructing
Heteroskedasticity and Autocorrelation Consistent (HAC) 95% asymptotic confi-
dence intervals for our estimates of the conditional expectation of inflation, which
is an original contribution of this paper. Whenever the target falls into this interval
we consider the central bank credible. We consider it not credible otherwise. This
approach is applied to the issue of credibility of the Central Bank of Brazil (BCB)
by using the now well-known Focus Survey of forecasts, kept by the BCB on infla-
tion expectations, from January 2007 until April 2017. Results show that the BCB
was credible 65% of the time, with the exception of a few months in the begin-
ning of 2007 and during the interval between mid-2013 throughout mid-2016. We
also constructed a credibility index for this period and compared it with alternative
measures of credibility.

Key words: Consensus Forecasts, Forecast Combination, Panel Data,
Central Banking.
JEL Classification: C14, C33, E37, E58.
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1.1 Introduction
Over the last four decades, the question of central bank credibility has been ex-

tensively studied by the academic literature on monetary policy. It has also become a
major concern for many central bankers around the world, which have taken a number of
measures to enhance the credibility of monetary policy. Building central bank credibility
was especially strong in countries under Inflation Targeting regimes, given the role that
expectations have in most economic models incorporating them, where it serves as a way
of anchoring inflation expectations by clearly stating the target and communicating its
intentions on how to to steer actual inflation toward that target.

A main problem is that credibility is elusive and no generally agreed upon measure
of it exists. For example, Blinder (2000) states, "A central bank is credible if people believe
it will do what it says." It is very hard to argue against such a definition of credibility,
being the reason why it became so popular among central bankers and academics alike.

This paper proposes a measure of credibility that is based upon this definition.
A main challenge is that, to implement it, one needs a measure of people’s beliefs and
of what central banks say they do in the first place. Even possessing these two, one later
needs a way to compare whether they are the same or not. We approach this problem
in a novel way. To keep it tractable, we focus on inflation expectations, since inflation is
arguably the main variable central banks care about. Indeed, many countries are users of
Inflation Targeting with explicit targets (Brazil included), but, even if they are not, there
is usually a tacit agreement on what that target should be at different points in time.

Our approach is as follows. First, we measure people’s beliefs using survey data on
inflation’s expectations1. This is done by employing the panel-data setup of Gaglianone
and Issler(2015). They show that optimal individual forecasts are an affine function of one
factor alone – the conditional expectation of inflation. In this setup, individual forecasts
can be a bias ridden version of the conditional expectation of inflation if individuals have
no knowledge of the true DGP of inflation, if they possess an asymmetric loss function, or
both. Although this is true for individuals, we assume that markets operate under a mean-
squared-error risk function with knowledge of inflation’s DGP. Therefore, people’s beliefs
will be equal to the conditional expectation of inflation, since this function minimizes the
loss functions for the market as a whole. This allows the identification and estimation of
our measure of people’s beliefs. Second, we compare beliefs with explicit (or tacit) targets.
Therefore, our measure of what central banks say they do are these targets, which serve
as a binding contract between central banks and society. To compare people’s beliefs with
what central banks say they do, we need to take into account the fact that our estimate
of people’s beliefs are measured with uncertainty, which is true for any estimate including
1 We focus on 12-month-ahead horizon since it is widely used in the literature and it is the most

tractable measure due to technical reasons that will be explained here.
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ours. Thus, we construct Heteroskedasticity and Autocorrelation Consistent (HAC) 95%
asymptotic confidence intervals for our estimates of the conditional expectation of infla-
tion. Whenever the target falls into this interval we consider the central bank credible.
We consider it not credible otherwise.

Of course, there has been active research in the area of credibility, especially in
this millennium. Regarding measurement, a pioneering work is due to Svensson (1993),
who proposed a simple test to check whether the inflation target is credible in the sense
that market agents believe that future inflation will fall within the target range. A number
of articles followed, trying to construct credibility measures and indices in the last two
decades; see Bomfim and Rudebusch (2000), Cecchetti and Krause (2002), Mendonça and
Souza (2007, 2009), Levieuge at al. (2016), Bordo and Siklos (2015), inter alia. We advance
with respect to this literature in three ways: (i) as we discuss below, in most of these papers
people’s beliefs are not correctly specified or estimated. Here, we just need panel-data on
inflation expectations to estimate consistently beliefs; (ii) most of these papers adopt ad
hoc confidence bands in making comparisons between beliefs and targets. This creates
a problem of measurement. Even if these confidence bands are appropriate for a given
country in a specific point in time, they may not be appropriate for a different country
and/or on a different point in time for the same country; (iii) the application of our
approach is straightforward for countries under an inflation targeting program. However,
it extends naturally to other countries in which a tacit target is present.

The approach discussed above is applied to study the credibility of the Central
Bank of Brazil (BCB) by using the now well-known Focus Survey of forecasts, kept by
the BCB on inflation expectations. This is a world-class database, fed by institutions
that include commercial banks, asset management firms, consulting firms, non-financial
institutions, etc. About 250 participants can provide daily forecasts for a large number of
economic variables, e.g., inflation using different price indices, interest and exchange rates,
GDP, industrial production, etc., and for different forecast horizons, e.g., current month,
next month, current year, 5 years ahead, among others. At any point in time, about
100 participants are active using the system that manages the database. The survey has
several key features: (i) participants can access the survey at any time and we can observe
their decisions to update or not their forecasts; (ii) the confidentiality of information is
guaranteed and the anonymity of forecasters is preserved, i.e., there are no reputational
concerns; (iii) the Focus Survey has very strong incentives for participants to update
their forecasts, specially on inflation expectations; see Carvalho and Minella (2012) and
Marques (2013) for further details. To apply the techniques discussed above on the Focus
Survey, we first extend the work of Gaglianone and Issler (2015) by deriving a robust HAC
estimator for the asymptotic variance of the inflation expectation estimator proposed
there. This is an additional original contribution of this paper.
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Based on this framework, the asymptotic variance of the inflation expectation is
obtained on a monthly basis for the Focus Survey database, together with the conditional
expectation of inflation 12-months ahead, constructing the 95% HAC confidence intervals
for inflation expectations from January 2007 until April 2017. This is compared to the
target in the Brazilian Inflation Target Regime. Results show that the BCB was credible
65% of the time, with the exception of a few months in the beginning of 2007 and during
the interval between mid-2013 throughout mid-2016. We also constructed a credibility
index for this period and compared it with alternative measures of credibility previously
developed in the literature.

The remainder of this paper is organized as follows. Section 1.2 discusses the
existing literature on central bank credibility and brings a discussion about the existing
indexes. Section 1.3 gives an informal overview of the main results of Gaglianone and Issler
(2015), a step-by-step description of the HAC covariance matrix estimation procedure and
develops a new credibility index for the central bank based on this measure. Section 1.4
brings an empirical application of this framework to evaluate the credibility of the BCB
in recent years, using the Focus Survey database. Section 1.5 concludes.

1.2 The literature on central bank credibility
The issue of whether it is better for the policymaker to operate with pure discre-

tion and poor accountability or to commit to a policy has long been a central question
for monetary policy. Kydland and Prescott (1977) showed that a regime where policy-
makers have to precommit to behave in a particular way is preferable to a regime that
allows policymakers to choose a different policy at each point in time, because agents
re-optimize dynamically. The main idea behind the dynamic optimization argument is
that expectations play a central role in macroeconomic dynamics, a concept that was
first emphasized by Muth (1961)’s theory of rational expectations and later by Friedman
(1968) and Phelps (1967, 1968), gaining further attention with the the earliest rational
expectations models of Lucas (1972, 1973) and Sargent and Wallace (1975).

Several central banks have adopted a more systematic approach to maintain price
stability in the early 90s, particularly with an inflation targeting as a method of com-
mitment, explicitly acknowledging that low and stable inflation is the overriding goal
of monetary policy and retaining "constrained discretion", as argued by Bernanke and
Mishkin (1997). At the same time, the theoretical debate in favor of monetary policy
rules gained traction with Taylor (1993).

The evolution and the improvement of the monetary policy institutional framework
are related in many empirical studies to better economic outcomes. It is widely agreed2

2 See Alesina (1988), Alesina and Summers (1993), Cukierman (2008), Cukierman et al. (1992), Grilli
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that independent, transparent, accountable and credible central banks are able to deliver
better policy outcomes. Cecchetti and Krause (2002) study a large sample of countries
and find that credibility is the primary factor explaining the cross-country variation in
macroeconomic outcomes. Taylor (2000) and Carrière-Swallow et al. (2016) find evidence
that price stability and greater monetary policy credibility create an endogenous reduc-
tion in the pass-through to consumer prices. More recently, central banks are certainly
more transparent than anytime in history and many communications practices have been
used to better align public’s expectations and the objectives of monetary policy, forward
guidance3 is communicated and, in some cases, future interest rate path is published4,5.

The agents’ expectations regarding central bank policy is directly tied to the con-
cept of credibility. Cukierman (1986) define monetary policy credibility as "the absolute
value of the difference between the policy-maker’s plans and the public’s beliefs about those
plans". In our view, a less controversial and cleaner definition is given by Blinder (1999),
who argues that "a central bank is credible if people believe it will do what it says". Re-
gardless of the definition, central bank credibility in the literature is usually related to a
reputation6 built based on strong aversion to inflation7 or a framework that is character-
ized by an explicit contract with incentive compatibility8 or a commitment to a rule or a
specific and clear objective.

Svensson (1993) was the first to propose a test to monetary policy credibility, in
the sense that market agents believe that future inflation will be on the target. Following
Cukierman and Meltzer (1986)’s definition of credibility, related to the absolute value
between public’s expectations and the policymaker’s plans, he proposes to compare ex-
post target-consistent real interest rates with market real yields on bonds. If market
rates fall outside the range, credibility in expectations can be rejected. In the case where
the central bank has an explicit inflation target, Svensson (2000) proposes to measure
credibility as the distance between the expected inflation and the target.

Bomfim and Rudebusch (2000) suggest another approach, measuring overall cred-
ibility by the extent to which the announcement of a target is believed by the private

et al. (1991), Rogoff (1985), among others
3 The FOMC statement on March, 2009, introduced the forward guidance language in the monetary

policy toolkit.
4 The Norges Bank, The Swedish Riksbank and the Reserve Bank of New Zealand publish in their

quarterly monetary policy report the expected path for policy rates.
5 Bomfim and Rudebusch (2008) show that central bank communication of interest rate projections

can help shape financial market expectations and may improve macroeconomic performance.
6 Rogoff (1985) suggested that monetary policy should be placed in the hands of an independent central

bank run by a ’conservative’ central banker who would have a greater aversion to inflation than that
of the public at large. This would help to reduce the inflation bias inherent in discretion.

7 More recently, after the 2008 financial crisis, central bank credibility has also been very much tied to
strong aversion to deflation in many advanced economies.

8 Canzoneri (1985), Persson (1993) and Walsh (1995) have analyzed alternative ways of allowing dis-
cretionary use of monetary policy with an incentive to achieve low inflation on average.
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sector when forming their long-run inflation expectations. Specifically, they assume that
the expectation of inflation at time 𝑡, denoted 𝜋𝑒

𝑡 , is a weighted average of the current
target, denoted by 𝜋𝑡, and last period’s (12-months) inflation rate, denoted by 𝜋𝑡−1:

𝜋𝑒
𝑡 = 𝜆𝑡𝜋𝑡 + (1 − 𝜆𝑡)𝜋𝑡−1

The parameter 𝜆𝑡, with (0 < 𝜆𝑡 < 1) indexes the credibility of the central bank. If 𝜆𝑡 = 1,
there is perfect credibility, and private sector’s long-run inflation expectations will be
equal to the announced long-run goal of the policymaker. If 𝜆𝑡 = 0, there is no credibility,
and the inflation target is ignored in the formation of expectations. Intermediate values
of 𝜆𝑡 represent partial credibility of the announced ultimate inflation target.

Following Bomfim and Rudebusch (2000), Demertzis et al. (2008) model inflation
and inflation expectations in a general VAR framework, based on the fact that the two
variables are intrinsically related. When the level of credibility is low, inflation will not
reach its target because expectations will drive it away, and expectations themselves will
not be anchored at the level the central bank wishes. They apply their framework to a
group of developed countries and compute an "anchoring effect" based on 𝜆𝑡.

Cukierman and Meltzer (1986)’s approach was also further explored in the lit-
erature after Svensson’s work, and a number of articles proposed different criteria for
measuring central bank credibility. The preferred measure is the average 12-month-ahead
inflation expectations from surveys with private agents (consumers and/or professional
forecasters) but they differ in the way that they define how fast the credibility decays,
which thresholds to choose, whether to penalize or not negative deviations (expectations
below actual inflation) and the symmetry of the index.

Cecchetti and Krause (2002) construct an index of policy credibility that is an
inverse function of the gap between expected inflation and the central bank’s target level,
taking values from 0 (no credibility) to 1 (full credibility). The index is defined as follows:

𝐼𝐶𝐾 =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1 if 𝜋𝑒 ≤ 𝜋𝑡

1 − 𝜋𝑒−𝜋𝑡

20%−𝜋𝑡
if 𝜋𝑡 ≤ 𝜋𝑒 ≤ 20%

0 if 𝜋𝑒 ≥ 20%

where 𝜋𝑒 is the expected inflation and 𝜋𝑡 is the central bank target. Between 0 and 1 the
value of the index decreases linearly as expected inflation increases. The authors define
20% as an ad hoc upper bound, which is questionable and certainly changes from one
economy to another. Many central banks that have maintained low and stable inflation
for decades would consider a much lower bound. Besides that, after the 2008 financial
crisis, many central banks have been more worried about deflation risks, and the index
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proposed by Cecchetti and Krause (2002) considers only positive deviations as a factor
relevant for credibility loss.

Mendonça and Souza (2007, 2009) propose an extension to Cecchetti and Krause
(2002)’s index considering that not only positive deviations but also negative deviations
of inflation expectations from the target can generate a loss of credibility9. The index
proposed by the latter is:

𝐼𝐷𝑀𝐺𝑆 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 if 𝜋𝑚𝑖𝑛
𝑡 ≤ 𝜋𝑒 ≤ 𝜋𝑚𝑎𝑥

𝑡

1 − 𝜋𝑒−𝜋𝑚𝑎𝑥
𝑡

20%−𝜋𝑚𝑎𝑥
𝑡

if 𝜋𝑚𝑎𝑥
𝑡 < 𝜋𝑒 < 20%

1 − 𝜋𝑒−𝜋𝑚𝑖𝑛
𝑡

−𝜋𝑚𝑖𝑛
𝑡

if 0 < 𝜋𝑒 < 𝜋

0 if 𝜋𝑒 ≥ 20% or 𝜋𝑒 ≤ 0

where 𝜋𝑒 is the inflation expectation of the private sector and 𝜋𝑚𝑖𝑛
𝑡 and 𝜋𝑚𝑎𝑥

𝑡 represent
the lower and upper bounds of the inflation target range, respectively. The central bank
is viewed as non credible (𝐼𝐷𝑀𝐺𝑆 = 0) if expected inflation is equal or greater than 20%
or lower than or equal to 0%. The two indexes above consider that outside certain ranges,
credibility is zero.

Levieuge et al. (2016) believe that negative deviations of inflation expectations
from the target are less likely to compromise credibility than positive deviations. They
provide an asymmetric measure of credibility based on the linear exponential (LINEX)
function, as follows:

𝐼𝐿 = 1
𝑒𝑥𝑝(𝜑(𝜋𝑒−𝜋))−𝜑(𝜋𝑒−𝜋) , for all 𝜋𝑒

where 𝜋𝑒 is the inflation expectations of the private sector, 𝜋 is the inflation target and,
for 𝜑 = 1, positive deviations (𝜋𝑒 > 𝜋) will be considered more serious than negative
deviations (𝜋𝑒 < 𝜋) as the exponential part of the function dominates the linear part
when the argument is positive. As the previous indexes, when 𝐼𝐿 = 1 the central bank
has full credibility and when 𝐼𝐿 = 0 there is no credibility at all.

Bordo and Siklos (2015) propose a comprehensive approach to find cross-country
common determinants of credibility. They organize sources of changes in credibility into
groups of variables that represent real, financial, and institutional determinants for the
proposed central bank credibility proxy. Their preferred definition of central bank credi-
bility is written as follows:
9 Mendonça and Souza (2007) considers that perfect credibility occurs when inflation expectations are

exactly in the target midpoint, and it decreases linearly until the upper and lower bounds of the
target range and Mendonça and Souza (2009) considered a target range instead of a target point.
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𝐼𝐵𝑆 =

⎧⎪⎨⎪⎩𝜋𝑒
𝑡+1 − 𝜋𝑡 if 𝜋𝑡 − 1 ≤ 𝜋𝑒

𝑡+1 ≤ 𝜋𝑡 + 1

(𝜋𝑒
𝑡+1 − 𝜋𝑡)2 if 𝜋𝑡 − 1 > 𝜋𝑒

𝑡+1 > 𝜋𝑡 + 1

where 𝜋𝑒
𝑡+1 is the one-year-ahead inflation expectations and 𝜋𝑡 is the central bank target.

Credibility is then defined such that the penalty for missing the target is greater when
expectations are outside the 1% interval than when forecasts miss the target inside this
1% range.

There is also a strand of literature that apply state space models and the Kalman
Filter to develop credibility measures, since it is a latent variable; see Hardouvelis and
Barnhart (1989) and Demertzis et al. (2012). In a recent contribution, Vereda et al. (2017)
apply this framework to the term structure of inflation expectations in Brazil to estimate
the long-term inflation trend, as it can be associated to the market perception about the
target pursued by the central bank. They follow Kozicki and Tinsley (2012)’s methodology
and treat the so called shifting inflation endpoint as a latent variable estimated using
the Kalman filter. The disagreement between forecasters is also related to a credibility
measure, focusing not on the consensus forecast, but also on the distribution of the cross-
section of forecasts; see Dovern, Fritsche and Slacalek (2012) and Capistrán and Ramos-
Francia (2010).

Finally, Garcia and Lowenkron (2007) and Garcia and Guillén (2014) also bring
relevant contributions to the brazilian literature. Garcia and Lowenkron (2007) study the
relation between agents’ inflation expectations 12 months ahead and inflation surprises
and also look at inflation-linked bonds to evaluate the relation with inflation risk premia.
Garcia and Guillén (2014) look at the distribution of inflation expectations using a Markov
chain approach, based on the fact that if an agent is persistently optimistic or pessimistic
about inflation prospects10, this implicitly reveal a bias, which is an evidence of lack of
credibility.

As we can see, the literature that tried to measure central bank credibility fo-
cused on measures that involve private sector expectations of inflation. In that sense, it
is natural to ask if such expectations are reasonably measured or, in other words, reflect
private expectations free of bias. It is well known that, under a mean-squared-error risk
function, the optimal forecast is the conditional expectation. However, individual agents
or professional forecasters may have an asymmetric loss function for a variety of reasons11.
So, the answer to this question is no.

The direct measures of inflation expectations involve surveys with professional
forecasters, consumers or firms, while indirect measures are market expectations implied in
10 The concept of optimistic or pessimistic here is related to an inflation forecast that is below or above

the inflation target, respectively.
11 See, e.g., Bates and Granger (1969), Granger (1999) and Christoffersen and Diebold (1997)
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bond prices. King (1995) argues in favor of indirect measures, such as market expectations
implied in bond prices, because they are available at higher frequency. However, there is
a literature on inflation forecasting that argues that survey based methods outperform a
number of model based forecasts12 and, besides that, in the Brazilian case the availability
of daily forecasts from professional forecasters at the Focus Survey database provides rich
information about direct measures on inflation expectations.

The great majority of the indexes described above use average 12-month-ahead
inflation expectations from surveys. But, as we will argue, survey-based forecasts can
be biased, and there are many sources of forecast bias. Forecasters may have economic
incentives to make biased forecasts and may also have asymmetric loss functions over
forecast errors. Besides that, there is influence of information rigidities in the formation
of inflation expectations, which is also a potential source of bias. Previous research13 has
shown that in the particular case of Brazil, professional forecasters are biased, as they
persistently overestimate or underestimate inflation.

Not only there is evidence that the consensus expectations is an imperfect measure,
but also there are other critics to the existing indexes. The measures that relates inflation
expectations to the target usually need a threshold14, above/under which the credibility
is null. But in all cases previously discussed, this threshold is ad hoc and cannot be
generalized to all countries. As it reduces the validity and the comparability of the index
between countries and also between years for the same country, we think a threshold
based on a statistical criteria is better, such that it could be generalized among countries
and compared over time.

There is also a discussion about whether credibility is linear or not, and if it is
symmetric or not. Certainly credibility is not linear15, and that is why we think that an
index can be better analyzed if it is presented with a confidence region. Credibility is
related with agents’ perceptions, therefore it is very simplistic to try to resume a very
complex relation in one number and a more comprehensive measure can be obtained
through an interval.

Now that we discussed the ideal features that a credibility analysis should have,
we show in more details the econometric methodology in the next section and the setup
behind our index.
12 Ang et al. (2007) argue that methods that employ true out-of-sample survey-based forecasts pro-

vided by economic agents (consumers and/or professional forecasters) outperform a large number of
out-of-sample single-equation and multivariate time-series models, even comparing with information
embedded in asset prices. This is consistent with Faust and Wright (2013)’s argument that subjective
forecasts of inflation seem to outperform model-based forecasts.

13 See Garcia and Guillén (2014)
14 Cecchetti and Krause (2002) and Mendonça and Souza (2007, 2009) set credibility equal to zero

below/above a certain ad hoc threshold.
15 As we noted, Bordo and Siklos (2015) and Levieuge et al. (2016) have non linear measures.
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1.3 Building a microfounded index
This section brings a discussion of the econometric methodology proposed by

Gaglianone and Issler (2015)16 to combine survey expectations17 in order to obtain opti-
mal forecasts in a panel-data context. Their main assumptions and propositions are listed
on Appendix B with more detail. The techniques to obtain the bias corrected average
forecast (BCAF) are explained and we further discuss how to obtain the asymptotic dis-
tribution of this estimator, using heteroskedasticity and autocorrelation consistent (HAC)
covariance matrix estimation methods.

1.3.1 Econometric Methodology

The techniques proposed by Gaglianone and Issler (2015) are appropriate for fore-
casting a weakly stationary and ergodic univariate process {𝑦𝑡} using a large number of
forecasts that will be combined to yield an optimal forecast in the mean-squared error
(MSE) sense. The forecasts for 𝑦𝑡 are taken from a survey of agents’ expectations regard-
ing the variable in question and are computed using conditioning information sets lagged
ℎ periods. These ℎ-step-ahead forecasts of 𝑦𝑡 formed at period (𝑡 − ℎ) are labeled 𝑓ℎ

𝑖,𝑡, for
𝑖 = 1, ..., 𝑁 , 𝑡 = 1, ..., 𝑇 and ℎ = 1, ..., 𝐻, where 𝑁 is the number of respondents of an
opinion poll regarding 𝑦𝑡.

The econometric setup includes two layers, where in the first layer the individual
form his optimal point forecast of 𝑦𝑡 (𝑓ℎ

𝑖,𝑡) and in the second layer the econometrician
uses the information about individual forecasts to make inference about the conditional
expectation E𝑡−ℎ(𝑦𝑡). They show that optimal forecasts, are related to the conditional
expectation E𝑡−ℎ(𝑦𝑡) by an affine function:

𝑓ℎ
𝑖,𝑡 = 𝑘ℎ

𝑖 + 𝛽ℎ
𝑖 · E𝑡−ℎ(𝑦𝑡) + 𝜀ℎ

𝑖,𝑡 (1.1)

This is the optimal ℎ-step-ahead feasible forecast of 𝑦𝑡 for each forecaster 𝑖 in the
sample, where 𝜃ℎ

𝑖 = [𝛽ℎ
𝑖 𝑘ℎ

𝑖 ]′ is a (2 × 1) vector of parameters and 𝜀ℎ
𝑖,𝑡 accounts for finite

sample parameter uncertainty. As we do not need identification of all 𝛽ℎ
𝑖 and 𝑘ℎ

𝑖 , to be
able to identify E𝑡−ℎ(𝑦𝑡), the only focus is on their means. Then, averaging across 𝑖 and
assuming that 1

𝑁

∑︀𝑁
𝑖=1 𝜀ℎ

𝑖,𝑡

𝑝−→ 0, allows identifying E𝑡−ℎ(𝑦𝑡) as:

E𝑡−ℎ(𝑦𝑡) = 𝑝𝑙𝑖𝑚𝑁→∞

1
𝑁

∑︀𝑁
𝑖=1 𝑓ℎ

𝑖,𝑡 − 1
𝑁

∑︀𝑁
𝑖=1 𝑘ℎ

𝑖
1
𝑁

∑︀𝑁
𝑖=1 𝛽ℎ

𝑖

(1.2)

16 It should be mentioned that this methodology extends the previous literature of forecasting in a
panel-data context (see Palm and Zellner (1992), Davies and Lahiri (1995), Issler and Lima (2009),
Lahiri, Peng and Sheng (2015).

17 Bates and Granger (1969) pioneered forecasting combination techniques.
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under the assumption that the terms of the limit above converge in probability.

The basic idea is to estimate the random variable E𝑡−ℎ(𝑦𝑡) through GMM tech-
niques relying on 𝑇 asymptotics. But as the loss function is known only by the individual
forecaster, and this is an important source of heterogeneity in the forecasts, 𝑓ℎ

𝑖,𝑡 is a bias
and error ridden conditional expectation. Issler and Lima (2009) proposed to decompose
𝑦𝑡 such that:

𝑦𝑡 = E𝑡−ℎ(𝑦𝑡) − 𝜂ℎ
𝑡 (1.3)

where 𝜂ℎ
𝑡 is a martingale-difference sequence and, by construction, E𝑡−ℎ(𝜂ℎ

𝑡 ) = 0. There-
fore, they can use this decomposition to express 𝑓ℎ

𝑖,𝑡 in the following way:

𝑓ℎ
𝑖,𝑡 = 𝑘ℎ

𝑖 + 𝛽ℎ
𝑖 · 𝑦𝑡 + 𝜈ℎ

𝑖,𝑡 (1.4)

where 𝜈ℎ
𝑖,𝑡 ≡ 𝛽ℎ

𝑖 ·𝜂ℎ
𝑡 +𝜀ℎ

𝑖,𝑡 is a composite error term. Under the assumption that E(𝜈ℎ
𝑖,𝑡|ℱ𝑡−ℎ) =

018, where ℱ𝑡−ℎ is the information set available at 𝑡 − ℎ, it follows that:

E[𝜈ℎ
𝑖,𝑡 ⊗ 𝑧𝑡−𝑠] = E[(𝑓ℎ

𝑖,𝑡 − 𝑘ℎ
𝑖 − 𝛽ℎ

𝑖 · 𝑦𝑡) ⊗ 𝑧𝑡−𝑠] = 0 (1.5)

for all 𝑖 = 1, ..., 𝑁 , 𝑡 = 1, ..., 𝑇 and all ℎ = 1, ..., 𝐻, and where 𝑧𝑡−𝑠 is a vector of instru-
ments, 𝑧𝑡−𝑠 ∈ ℱ𝑡−𝑠 with 𝑠 = ℎ and ⊗ is the Kronecker product. But, as this moment
conditions have too many parameters and as the parameters to be estimated by GMM
don’t depend on 𝑖, they use cross-section averages to reduce parameter dimensionality, as
long as there is convergence in probability, leading to:

E[(𝑓ℎ
.,𝑡 − 𝑘ℎ − 𝛽ℎ · 𝑦𝑡) ⊗ 𝑧𝑡−𝑠] = 0 (1.6)

for all 𝑡 = 1, ..., 𝑇 and ℎ = 1, ..., 𝐻 and where 𝑓ℎ
.,𝑡 = 1

𝑁

∑︀𝑁
𝑖=1 𝑓ℎ

𝑖,𝑡, 𝑘ℎ = 1
𝑁

∑︀𝑁
𝑖=1 𝑘ℎ

𝑖 , and
𝛽ℎ = 1

𝑁

∑︀𝑁
𝑖=1 𝛽ℎ

𝑖 . Therefore, to be able to identify and estimate E𝑡−ℎ(𝑦𝑡) from a survey of
forecasts, since E𝑡−ℎ(𝑦𝑡) does not vary across 𝑖, averaging across 𝑖 is a good strategy.

If we stack all moment conditions implicit in equation 1.6 across ℎ, it is even more
clear that the initial problem collapsed to one where we have 𝐻 × 𝑑𝑖𝑚(𝑧𝑡−𝑠) restrictions
and 2𝐻 parameters to estimate19:
18 As we noted before, by construction, E(𝜂ℎ

𝑡 |ℱ𝑡−ℎ) = 0, so the assumption needed to obtain
E(𝜈ℎ

𝑖,𝑡|ℱ𝑡−ℎ) = 0 is only that E(𝜀ℎ
𝑖,𝑡|ℱ𝑡−ℎ) = 0.

19 We should remember that over-identification requires that 𝑑𝑖𝑚(𝑧𝑡−𝑠) > 2 in this case.
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E

⎡⎢⎢⎢⎢⎢⎢⎣
(𝑓 1

.,𝑡 − 𝑘1 − 𝛽1 · 𝑦𝑡)
(𝑓 2

.,𝑡 − 𝑘2 − 𝛽2 · 𝑦𝑡)
...

(𝑓𝐻
.,𝑡 − 𝑘𝐻 − 𝛽𝐻 · 𝑦𝑡)

⎤⎥⎥⎥⎥⎥⎥⎦⊗ 𝑧𝑡−𝑠 = 0

There are two cases here, regarding the limit in equation (1.2). The first case is
when we let first 𝑁 → ∞ and then we let 𝑇 → ∞. The second is when we first let 𝑇 → ∞
and 𝑁 is fixed or 𝑁 → ∞ after 𝑇 .

In the first case, note that under suitable conditions, the cross-sectional aver-
ages in (1.6) would converge in probability to a unique limit as 𝑁 → ∞, that is,
𝑝𝑙𝑖𝑚𝑁→∞

1
𝑁

∑︀𝑁
𝑖=1 𝛽ℎ

𝑖 = 𝛽ℎ, 𝛽ℎ ̸= 0 and |𝛽ℎ| < ∞; 𝑝𝑙𝑖𝑚𝑁→∞
1
𝑁

∑︀𝑁
𝑖=1 𝑘ℎ

𝑖 = 𝑘ℎ, 𝑘ℎ ̸= 0
and |𝑘ℎ| < ∞ and 𝑝𝑙𝑖𝑚𝑁→∞

1
𝑁

∑︀𝑁
𝑖=1 𝑓ℎ

𝑖,𝑡 = 𝑓ℎ
.,𝑡, 𝑓ℎ

.,𝑡 ̸= 0 and |𝑓ℎ
.,𝑡| < ∞, for all 𝑡 = 1, ..., 𝑇 .

After taking moment conditions and noting that 𝑁 → ∞:

E[𝜈ℎ
𝑖,𝑡 ⊗ 𝑧𝑡−𝑠] = E[(𝑓ℎ

𝑖,𝑡 − 𝑘ℎ
𝑖 − 𝛽ℎ

𝑖 · 𝑦𝑡) ⊗ 𝑧𝑡−𝑠] = 0 (1.7)

They show20 that the feasible extended bias corrected forecast 1
𝑁

∑︀𝑁
𝑖=1

𝑓ℎ
𝑖,𝑡− ̂︀𝑘ℎ̂︁𝛽ℎ

, based

on 𝑇 -consistent GMM estimates ̂︁𝜃ℎ = [̂︁𝑘ℎ; ̂︁𝛽ℎ]′ obeys the following condition:

E𝑡−ℎ(𝑦𝑡) = 𝑝𝑙𝑖𝑚(𝑁,𝑇 →∞)𝑠𝑒𝑞

⎡⎣ 1
𝑁

𝑁∑︁
𝑖=1

𝑓ℎ
𝑖,𝑡 − ̂︁𝑘ℎ̂︁𝛽ℎ

⎤⎦ (1.8)

where (𝑁, 𝑇 → ∞)𝑠𝑒𝑞 denotes the sequential asympotic approach proposed by Phillips
and Moon (1999), when first (𝑁 → ∞) and then (𝑇 → ∞).

In the second case, when first (𝑇 → ∞) and then (𝑁 → ∞) or 𝑁 is fixed after
(𝑇 → ∞), a stronger assumption is needed to validate the moment condition, that is,
E(𝜀ℎ

𝑖,𝑡|ℱ𝑡−ℎ) = 0. Based on this assumption, they conclude21 that the feasible extended

BCAF based on consistent GMM estimates of the vector of parameters ̂︁𝜃ℎ =
[︂̂︁
𝑘ℎ; ̂︁𝛽ℎ

]︂′

obeys:

E𝑡−ℎ(𝑦𝑡) = 𝑝𝑙𝑖𝑚(𝑇,𝑁→∞)𝑠𝑒𝑞

⎡⎣ 1
𝑁

𝑁∑︁
𝑖=1

𝑓ℎ
𝑖,𝑡 − ̂︁

𝑘ℎ̂︁
𝛽ℎ

⎤⎦ (1.9)

The result then imply that E𝑡−ℎ(𝑦𝑡) can be consistently estimated as:
20 This is the Proposition 8 of Gaglianone and Issler (2015).
21 This is the Proposition 9 of Gaglianone and Issler (2015).
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̂︀E𝑡−ℎ(𝑦𝑡) = 1
𝑁

𝑁∑︁
𝑖=1

𝑓ℎ
𝑖,𝑡 − ̂︁𝑘ℎ̂︁𝛽ℎ

, or, (1.10)

̂︀E𝑡−ℎ(𝑦𝑡) = 1
𝑁

𝑁∑︁
𝑖=1

𝑓ℎ
𝑖,𝑡 − ̂︁

𝑘ℎ̂︁
𝛽ℎ

(1.11)

for each ℎ = 1, ..., 𝐻, depending on whether we let first 𝑁 → ∞ and then 𝑇 → ∞ or first
𝑇 → ∞ and then 𝑁 → ∞ or hold 𝑁 fixed after 𝑇 → ∞. Therefore, summing up, we can
state that:

E𝑡−ℎ(𝑦𝑡) = 𝑝𝑙𝑖𝑚(𝑁,𝑇 →∞)𝑠𝑒𝑞

⎡⎣ 1
𝑁

𝑁∑︁
𝑖=1

𝑓ℎ
𝑖,𝑡 − ̂︁𝑘ℎ̂︁𝛽ℎ

⎤⎦ = 𝑝𝑙𝑖𝑚(𝑇,𝑁→∞)𝑠𝑒𝑞

⎡⎣ 1
𝑁

𝑁∑︁
𝑖=1

𝑓ℎ
𝑖,𝑡 − ̂︁

𝑘ℎ̂︁
𝛽ℎ

⎤⎦ (1.12)

regardless of the order in which 𝑁 and 𝑇 diverge and then we have a microfounded
structural model for the ℎ-period-ahead expectations based on GMM estimates of the
parameters under T asymptotics. The estimates for E𝑡−ℎ(𝑦𝑡) can be interpreted as bias-
corrected versions of survey forecasts because if the mean 𝑘ℎ or 𝑘ℎ is zero and the mean 𝛽ℎ

or 𝛽ℎ is one, E𝑡−ℎ(𝑦𝑡) will converge to the same probability limit of the consensus forecast
( 1

𝑁

∑︀𝑁
𝑖=1 𝑓ℎ

𝑖,𝑡).

As it is clear from equation (1.1), individual forecasts are in general a bias ridden
version of the conditional expectation E𝑡−ℎ(𝑦𝑡). This happens because of asymmetric loss,
no knowledge of the DGP of inflation, or both. Despite that, we can still regard E𝑡−ℎ(𝑦𝑡)
as a market forecast, since it is the common factor of all individual forecasts. Under a
mean-squared-error risk function for the market as a whole, it will be the optimal forecast
for inflation. This justifies its label as the market expectation of inflation, or, as people’s
beliefs, as in Blinder (1999). Thus, in this paper, we equate people’s beliefs with E𝑡−ℎ(𝑦𝑡).
Its feasible versions are estimated in equations (1.10) and (1.11).

Next, we discuss how to obtain the asymptotic distribution of ̂︀E𝑡−ℎ(𝑦𝑡), apply-
ing non parametric methods to find its asymptotic covariance matrix. We will use the
non parametric approach because the error pattern has unknown autocorrelation and
heteroskedasticity properties.

1.3.2 Heteroskedasticity and autocorrelation consistent (HAC) covariance ma-
trix estimation

Heteroskedasticity and autocorrelation consistent (HAC) covariance matrix es-
timation refers to calculation of covariance matrices that account for conditional het-
eroskedasticity of regression disturbances and serial correlation of cross products of in-
struments and regression disturbances. The heteroskedasticity and serial correlation may
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be of known or unknown form, and this will determine if the estimation method will be
parametric or non parametric.

The relevant technical issue in this paper is that ̂︀E𝑡−ℎ(𝑦𝑡) is estimated from an
orthogonality condition that involves a composite error term, 𝜈ℎ

𝑖,𝑡, that has unknown dis-
tribution, hence unknown autocorrelation and heteroskedasticity properties, so that it is
impossible to use a parametric model for consistent estimation of the covariance matrix
of the orthogonality restrictions.

The most widely used class of estimators relies on smoothing of autocovariances.
Newey and West (1987a) and Andrews (1991) are the main references in this field, building
on the literature on estimation of spectral densities. We have an informal overview in this
subsection, but Appendix A brings a more complete review of this theory.

Let Γ𝑗 denote the (𝑗 × 𝑗) autocovariance of a stationary mean zero random vector
ℎ𝑡(𝜃), that represents an orthogonality condition at lag 𝑗 between a vector of instruments
𝑍𝑡 and a vector of regression erros 𝜖𝑡, ℎ𝑡(𝜃) = 𝑍𝑡·𝜖𝑡(𝜃), at lag 𝑗, or Γ𝑗 = E[ℎ𝑡(𝜃)ℎ𝑡−𝑗(𝜃)]. The
long-run variance of ℎ𝑡(𝜃) is defined as the sum of all autocovariances, and as Γ𝑗 = Γ′

−𝑗,
we can write:

𝑆𝑗 = Γ0 +
∞∑︁

𝑗=1
(Γ𝑗 + Γ′

−𝑗) (1.13)

As White(1984a) argues, from the point of view of the estimation of asymptotic
covariance matrices, there are three cases regarding this sum. The first is where 𝑍𝑡 · 𝜖𝑡

is uncorrelated, so that 𝑆𝑗 = Γ0, for all 𝑗, and this would be the case when 𝑍𝑡 · 𝜖𝑡 is
an independent sequence or a martingale difference sequence. The second case is where
𝑍𝑡 · 𝜖𝑡 is finitely correlated, so that the sum can be truncated from 𝑗 = 1 to 𝑗 = 𝑚 because
covariances of order greater than 𝑚 are zero, so that 𝑆𝑗 = Γ0 +∑︀𝑚

𝑗=1(Γ𝑗 +Γ′
−𝑗). The third

and last case, and the most interesting one, is when 𝑍𝑡𝜖𝑡 is an asymptotically uncorrelated
sequence. When we do not have information about its covariance structure, an essential
restriction is that Γ𝑗 → 0 as 𝑗 → ∞. Therefore, we shall assume that 𝑍𝑡 · 𝜖𝑡 is a mixing
sequence, which suffices for asymptotic uncorrelatedness.

The idea of smoothing autocovariances in non-parametric covariance matrix es-
timation is to use a series of weights that obey certain properties and will guarantee a
positive semi-definite estimator ̂︀Γ𝑗 for Γ𝑗. ewey and West (1987a) and Andrews (1991)
considered estimators defined as:

̂︀𝑆𝑗 = ̂︀Γ0 + 𝜅(𝑗, 𝑙)
𝑙∑︁

𝑗=1
(̂︀Γ𝑗 +̂︁Γ′−𝑗) (1.14)

where 𝜅(𝑗, 𝑙) is a kernel weight that goes to zero as 𝑗 approaches 𝑙, the bandwidth pa-



Chapter 1. Central Bank Credibility and Inflation Expectations: A Microfounded Forecasting Approach24

rameter. The idea is that covariances of higher order have less weight, and as they are
estimated with less accuracy. Therefore, the use of a HAC estimator involves the specifi-
cation of a kernel function and bandwidth parameter. In our main application, we use the
Bartlett (1950) kernel as proposed by Newey nd West (1987a)22 and the data dependent
method proposed by Newey and West (1994) to choose the bandwidth parameter.

As we have two asymptotic cases, we will begin analyzing the case when we let
first 𝑁 → ∞ and then 𝑇 → ∞ and after we analyze the case when we first let 𝑇 → ∞
and 𝑁 is fixed or 𝑁 → ∞ after 𝑇 .

1.3.2.1 First case: 𝑁 → ∞ and then 𝑇 → ∞

Let us first recall that the population moment condition of Gaglianone and Issler
(2015), after cross section average, is given by:

E[𝜈ℎ
𝑡 ⊗ 𝑧𝑡−𝑠] = E[(𝑓ℎ

.,𝑡 − 𝑘ℎ
0 − 𝛽ℎ

0 · 𝑦𝑡) ⊗ 𝑧𝑡−𝑠] = 0 (1.15)

for each ℎ = 1, ..., 𝐻, where 𝜃ℎ
0 = (𝑘ℎ

0 ,𝛽ℎ
0 ) is the true parameter value and ⊗ is the

Kronecker product.

When we let 𝑁 → ∞, under suitable conditions the cross section averages in
(2.15) converge in probability to a limit, that is, 𝑝𝑙𝑖𝑚𝑁→∞

1
𝑁

∑︀𝑁
𝑖=1 𝛽ℎ

𝑖 = 𝛽ℎ
0 , 𝛽ℎ

0 ̸= 0 and
|𝛽ℎ

0 | < ∞; 𝑝𝑙𝑖𝑚𝑁→∞
1
𝑁

∑︀𝑁
𝑖=1 𝑘ℎ

𝑖 = 𝑘ℎ
0 , 𝑘ℎ

0 ̸= 0 and |𝑘ℎ
0 | < ∞ and 𝑝𝑙𝑖𝑚𝑁→∞

1
𝑁

∑︀𝑁
𝑖=1 𝑓ℎ

𝑖,𝑡 = 𝑓ℎ
.,𝑡,

𝑓ℎ
.,𝑡 ̸= 0 and |𝑓ℎ

.,𝑡| < ∞, for all 𝑡 = 1, ..., 𝑇 .

Assuming that standard regularity conditions for consistency23 hold, the key con-
dition for consistent estimation, which is also known as identification condition, is that
the moment condition evaluated at these limits have a unique solution. Therefore, after
𝑁 → ∞ we can replace cross-sectional averages by its probability limits:

E[(𝑓ℎ
.,𝑡 − 𝑘ℎ

0 − 𝛽ℎ
0 · 𝑦𝑡) ⊗ 𝑧𝑡−𝑠] = 0 (1.16)

where 𝜃ℎ
0 = [𝑘ℎ

0 ; 𝛽ℎ
0 ]′ is the true parameter value. The GMM estimator ̂︁𝜃ℎ = [̂︁𝑘ℎ; ̂︁𝛽ℎ]′ will

be obtained by replacing population variables for its sample counterparts and matching
the sample moment condition to the population moment condition E[𝜈ℎ

𝑡 ⊗ 𝑧𝑡−𝑠] = 0, for
each ℎ = 1, ..., 𝐻 and where 𝜃ℎ

0 is such that 𝜃ℎ
0

𝑝→ ̂︁𝜃ℎ, for all ℎ, as proven by Hansen
22 The Bartlett (1950) kernel is defined as 𝜅(𝑗, 𝑙) = 1 − 𝑗

𝑙+1 .
23 For the general class of Extremum Estimators, where the GMM estimator is included, if: i) 𝑄0(𝜃)

is uniquely maximized (or minimized) at 𝜃0; ii) Θ is compact ; iii) 𝑄0(𝜃) is continuous; iv) ̂︀𝑄𝑛(𝜃)
converges uniformly in probability to 𝑄0(𝜃), then ̂︀𝜃 𝑝−→ 𝜃0. Here, uniform convergence and continuity
are the hypotheses that are often referred to as ”the standard regularity conditions for consistency".
For more details, see Newey and McFadden (1994), p. 2120-2140.
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(1982), and 𝑧𝑡−𝑠 is a vector of instruments with 𝑑𝑖𝑚(𝑧𝑡−𝑠) ≥ 2. The heteroskedasticity
and autocorrelation consistent (HAC) covariance estimator is given by equation 1.17:

̂︀Σ(ℎ)
𝐻𝐴𝐶 = ̂︀Γ0(̂︀𝜃ℎ) +

𝑙∑︁
𝑗=1

𝜅(𝑗, 𝑙)(̂︀Γ𝑗(̂︁𝜃ℎ) + ̂︀Γ′
𝑗(̂︁𝜃ℎ)) (1.17)

where ̂︀Γ𝑗(̂︀𝜃ℎ) = 𝑇 −1∑︀𝑇
𝑡=𝑗+1 ℎ𝑡(̂︀𝜃ℎ)ℎ′

𝑡−𝑗(̂︀𝜃ℎ), 𝜅(𝑗, 𝑙) is the kernel function weight used to
smooth the sample autocovariance function, 𝑙 is the bandwidth parameter and ℎ𝑡(𝜃ℎ) =
ℎ𝑡(𝜃(ℎ)

0 ) = (𝑓ℎ
.,𝑡 − 𝑘ℎ

0 − 𝛽ℎ
0 · 𝑦𝑡) ⊗ 𝑧𝑡−𝑠. As we mentioned, we will use the Bartlett kernel

𝜅(𝑙, 𝑗) = 1− 𝑗
𝑙+1 , so that the HAC covariance estimator is the same as proposed by Newey

and West (1987a).

To find the asymptotic distribution of ̂︀E𝑡−ℎ(𝑦𝑡) entails the following steps. First,
as proved by Hansen (1982), the efficient GMM estimator ̂︀𝜃ℎ is asymptotically normal,
such that:

√
𝑇 (̂︀𝜃ℎ − 𝜃ℎ

0 ) 𝑑−→ 𝒩 (0, (𝐺𝑆−1𝐺′)−1) (1.18)

where the optimal weighting matrix is 𝑆−1, 𝑆 = E[ℎ(𝜃(ℎ))ℎ(𝜃(ℎ))′] and 𝐺 = E[𝜕ℎ(𝜃)
𝜕𝜃

𝜕ℎ(𝜃)′

𝜃
]−1.

Let us denote the GMM estimator variance by Σ(ℎ), such that Σ(ℎ) = (𝐺𝑆−1𝐺′)−1.

The next step is to note that ̂︀E𝑡−ℎ(𝑦𝑡) is as a continuous function 𝑓 : 𝐼𝑅2 → 𝐼𝑅,
of ̂︁𝜃ℎ, 𝑓(̂︁𝜃ℎ) = 𝑓(̂︁𝑘ℎ, ̂︁𝛽ℎ) = 1

𝑁

∑︀𝑁
𝑖=1

𝑓ℎ
𝑖,𝑡− ̂︀𝑘ℎ̂︁𝛽ℎ

, with continuous first derivatives, so that the

delta method can be applied to find the variance of ̂︀E𝑡−ℎ(𝑦𝑡). The delta method applies
an extension of Slutsky’s theorem and states that if Σ(ℎ) is the covariance matrix of an
estimator ̂︁𝜃ℎ, and ̂︀Σ(ℎ) is the covariance matrix estimator such that ̂︀Σ(ℎ) 𝑝−→Σ(ℎ), then:

√
𝑇 (𝑓(̂︁𝜃ℎ) − 𝑓(𝜃ℎ

0 )) 𝑑−→ 𝒩
(︃

0, 𝐷(𝑓(𝜃ℎ))′Σ(ℎ)𝐷(𝑓(𝜃ℎ))
)︃

(1.19)

where 𝐷(𝑓(𝜃ℎ)) is the jacobian of 𝑓(𝜃ℎ): 𝐷(𝑓(𝜃ℎ)) =
[︃

− 1
𝛽ℎ ; − 1

𝑁

∑︀𝑁

𝑡=1 𝑓ℎ
𝑖,𝑡+𝑘ℎ

(𝛽ℎ)2

]︃′

.

Therefore, it is straightforward to obtain the estimator of the asymptotic covari-
ance matrix of ̂︀E𝑡−ℎ(𝑦𝑡) = 𝑓(̂︀𝜃ℎ):

𝐴𝑣𝑎𝑟(𝑓(̂︁𝜃ℎ)) = (𝐷(𝑓(̂︁𝜃ℎ)))′ ̂︀Σ(ℎ)(𝐷(𝑓(̂︁𝜃ℎ))) = ̂︀𝑉 (ℎ) (1.20)

As we are interested in estimating the long run variance of ̂︀E𝑡−ℎ(𝑦𝑡), we will con-
sider the HAC covariance estimator of Σ(ℎ), in other words, ̂︀Σ(ℎ) ≡ ̂︀Σ(ℎ)

𝐻𝐴𝐶 and ̂︀𝑉 (ℎ) =
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𝐷(𝑓(̂︁𝜃ℎ))′ ̂︀Σ(ℎ)
𝐻𝐴𝐶𝐷(𝑓(̂︁𝜃ℎ)). Therefore, a consistent estimator of the long run variance of̂︀E𝑡−ℎ(𝑦𝑡) is given by:

̂︀𝑉 (ℎ) =

⎡⎢⎣ −1̂︁𝛽ℎ

1
𝑁

∑︀𝑁

𝑖=1(−𝑓ℎ
𝑖,𝑡+ ̂︀𝑘ℎ)̂︂(𝛽ℎ)

2

⎤⎥⎦·

⎡⎣̂︀Γ0(̂︁𝜃ℎ) +
𝑙∑︁

𝑗=1
𝜅(𝑗, 𝑙)(̂︀Γ𝑗(̂︁𝜃ℎ) + ̂︀Γ′

𝑗(̂︁𝜃ℎ))
⎤⎦·

⎡⎢⎢⎣ − 1̂︁𝛽ℎ

1
𝑁

∑︀𝑁

𝑖=1(−𝑓ℎ
𝑖,𝑡+ ̂︀𝑘ℎ)̂︂(𝛽ℎ)

2

⎤⎥⎥⎦
(1.21)

Then, we can use this result and equation 1.19 to find the limiting distribution of̂︀E𝑡−ℎ(𝑦𝑡) and state that, for each ℎ, we have:

√
𝑇 (̂︀E𝑡−ℎ(𝑦𝑡) − E𝑡−ℎ(𝑦𝑡))

𝐴𝑠𝑦∼ 𝒩 (0, 𝑉 (ℎ)) (1.22)

or:

̂︀E𝑡−ℎ(𝑦𝑡))
𝐴𝑠𝑦∼ 𝒩

(︂
E𝑡−ℎ(𝑦𝑡),

𝑉 (ℎ)

𝑇

)︂
(1.23)

where 𝑉 (ℎ) can be consistently estimated by ̂︀𝑉 (ℎ) from equation 1.21.

1.3.2.2 Second case: 𝑇 → ∞ and 𝑁 is fixed or 𝑁 → ∞ after 𝑇 → ∞

The population moment condition is given by:

E[𝜈ℎ
𝑡 ⊗ 𝑧𝑡−𝑠] = E[(𝑓ℎ

.,𝑡 − 𝑘ℎ
0 − 𝛽ℎ

0 · 𝑦𝑡) ⊗ 𝑧𝑡−𝑠] = 0 (1.24)

for each ℎ = 1, ..., 𝐻, where 𝜃ℎ
0 = (𝑘ℎ

0 , 𝛽ℎ
0 ) is the true parameter value and ⊗ is the

Kronecker product. The GMM estimator ̂︁𝜃ℎ = [̂︁𝑘ℎ; ̂︁𝛽ℎ)]′ will be obtained by replacing
population variables for its sample counterparts and matching the sample moment con-
dition to the population moment condition E[𝜈ℎ

𝑡 ⊗ 𝑧𝑡−𝑠] = 0, i.e., solving the following
equation:

(𝑓ℎ
.,𝑡 − ̂︁

𝑘ℎ − ̂︁
𝛽ℎ · 𝑦𝑡) ⊗ 𝑧𝑡−𝑠 = 0 (1.25)

for each ℎ = 1, ..., 𝐻 and where ̂︁𝜃ℎ
0 is such that ̂︁𝜃ℎ

0
𝑝→ ̂︁

𝜃ℎ, for all ℎ, as proven by Hansen
(1982), and 𝑧𝑡−𝑠 is a vector of instruments with 𝑑𝑖𝑚(𝑧𝑡−𝑠) ≥ 2.

The heteroskedasticity and autocorrelation consistent (HAC) covariance estimator
is given by:

̂︀Σ(ℎ)
𝐻𝐴𝐶 = ̂︀Γ0(

̂︁
𝜃ℎ) +

𝑙∑︁
𝑗=1

𝜅(𝑗, 𝑙)(̂︀Γ𝑗(
̂︁
𝜃ℎ) + ̂︀Γ′

𝑗(
̂︁
𝜃ℎ)) (1.26)
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where ̂︀Γ𝑗(̂︀𝜃ℎ

) = 𝑇 −1∑︀𝑇
𝑡=𝑗+1 𝑔𝑡(

̂︁
𝜃ℎ)𝑔′

𝑡−𝑗(
̂︁
𝜃ℎ), 𝜅(𝑗, 𝑙) is the kernel function weight used to

smooth the sample autocovariance function and 𝑙 is the bandwidth parameter.

To find the long-term variance of ̂︀E𝑡−ℎ(𝑦𝑡) we will follow the same steps as above.
Applying the delta method and considering that ̂︀E𝑡−ℎ(𝑦𝑡) can be seen as a function of ̂︁𝜃ℎ,

𝑓(̂︁𝜃ℎ) = 𝑓(̂︁𝑘ℎ,
̂︁
𝛽ℎ) = 1

𝑁

∑︀𝑁
𝑖=1

𝑓ℎ
𝑖,𝑡− ̂︀𝑘ℎ̂︁

𝛽ℎ
. Then:

√
𝑇 (𝑓(̂︁𝜃ℎ) − 𝑓(𝜃ℎ

0 )) 𝑑−→ 𝒩
(︃

0, 𝐷(𝑓(𝜃ℎ))′Σℎ𝐷(𝑓(𝜃ℎ))
)︃

(1.27)

where 𝐷(𝑓(𝜃ℎ)) is the jacobian of 𝑓(𝜃ℎ): 𝐷(𝑓(𝜃ℎ)) =
[︃

− 1
𝛽ℎ

; − 1
𝑁

∑︀𝑁

𝑡=1 𝑓ℎ
𝑖,𝑡+𝑘ℎ

(𝛽ℎ)
2

]︃′

.

Therefore, the estimator of the asymptotic covariance matrix of ̂︀E𝑡−ℎ(𝑦𝑡) is:

𝐴𝑣𝑎𝑟(𝑓(̂︁𝜃ℎ)) = 𝐷(𝑓(̂︁𝜃ℎ))′ ̂︂Σ(ℎ)𝐷(𝑓(̂︁𝜃ℎ)) = ̂︀𝑉 (ℎ) (1.28)

As before, a consistent estimate of the long run variance of ̂︀𝐸𝑡−ℎ(𝑦𝑡) is given by:

̂︀𝑉 (ℎ) =

⎡⎢⎢⎣ −1̂︁
𝛽ℎ

1
𝑁

∑︀𝑁

𝑖=1(−𝑓ℎ
𝑖,𝑡+ ̂︀𝑘ℎ)̂︂(𝛽ℎ)

2

⎤⎥⎥⎦·

⎡⎣̂︀Γ0(
̂︁
𝜃ℎ) +

𝑙∑︁
𝑗=1

𝜅(𝑗, 𝑙)(̂︀Γ𝑗(
̂︁
𝜃ℎ) + ̂︀Γ′

𝑗(
̂︁
𝜃ℎ))

⎤⎦·

⎡⎢⎢⎢⎣
− 1̂︁

𝛽ℎ

1
𝑁

∑︀𝑁

𝑖=1(−𝑓ℎ
𝑖,𝑡+ ̂︀𝑘ℎ)̂︂(𝛽ℎ)

2

⎤⎥⎥⎥⎦
(1.29)

Then, we can use this result and equation 1.27 to find the limiting distribution of̂︀E𝑡−ℎ(𝑦𝑡) and state that, for each ℎ, we have that:

√
𝑇 (̂︀E𝑡−ℎ(𝑦𝑡) − E𝑡−ℎ(𝑦𝑡))

𝐴𝑠𝑦∼ 𝒩 (0, 𝑉 (ℎ)) (1.30)

or:

̂︀E𝑡−ℎ(𝑦𝑡))
𝐴𝑠𝑦∼ 𝒩

(︂
E𝑡−ℎ(𝑦𝑡),

𝑉 (ℎ)

𝑇

)︂
(1.31)

where 𝑉 (ℎ) can be consistently estimated by ̂︀𝑉 (ℎ) from equation (1.29).

Based on this limiting distribution, we can construct asymptotic confidence inter-
vals for ̂︀E𝑡−ℎ(𝑦𝑡) for each ℎ, which will be of great usefulness in the construction of our
measure of credibility.

Once we have characterized the asymptotic distributions as in equations (1.23)
and (1.31), we can construct 95% HAC robust confidence intervals to be compared with
the explicit or tacit targets for inflation in each point in time. This will determine whether
or not the central bank was credible in that period.
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As there is nothing magic about 95% confidence bands, a broader approach could
also be employed, considering different levels of credibility risk. The use of fan charts
is an interesting and possible approach, since it allows the assessment of uncertainties
surrounding point forecasts. This technique gained momentum following the publication
of fan charts by the Bank of England in 1996. Because we are using asymptotic results, we
will not allow asymmetries as is common place when fan charts are employed. However,
the technique of expressing risk in its different layers is an interesting alternative.

Our approach could also be applied to evaluate the risk that the realized inflation
falls out of the credibility zone. Andrade et al. (2012) propose a notion of Inflation-at-Risk
looking at the tails of the ex-ante forecast distribution, using survey expectations from
professionals that could be adapted to our case.

1.3.3 A new credibility index

As we are able to find the asymptotic distribution of ̂︀E𝑡−ℎ(𝑦𝑡) for each ℎ, as dis-
cussed in the previous subsection, we can use this distribution to construct a credibility
index. The basic idea is that ̂︀E𝑡−ℎ(𝑦𝑡) is asymptotically normally distributed with zero
average and covariance matrix 𝑉 (ℎ), which can be consistently estimated by ̂︀𝑉 (ℎ) from
equation (1.21) or (1.29). We will argue here that the area under the probability density
function of the normal distribution between the inflation target and ̂︀E𝑡−ℎ(𝑦𝑡) can be used
to construct a measure of central bank credibility.

In our application, we could use both cases discussed before, where we let 𝑁 → ∞
first or when we let 𝑇 → ∞ first. But, as we will argue in the next section for the brazilian
case, most surveys approximate better the case when we let first 𝑇 → ∞ and after we
let 𝑁 → ∞ or 𝑁 fixed, as there are usually thousands of time-series observations and a
limited number of participants in the cross sectional dimension.

Let us call the cumulative distribution function of ̂︀E𝑡−ℎ(𝑦𝑡) as 𝐹 (𝑥) = 𝒩 (0, ̂︀𝑉 (ℎ)),
where ̂︀𝑉 (ℎ) is given by equation (1.29). The cumulative distribution 𝐹 (𝑥) can be used to
construct a credibility index (𝐶𝐼𝐼𝑆) that has the following properties: (i) if ̂︀E𝑡−ℎ(𝑦𝑡) = 𝜋*,
where 𝜋* is the central bank inflation target midpoint, 𝐶𝐼𝐼𝑆 attains its maximum value at
1 and this would be the perfect credibility case; (ii) 𝐶𝐼𝐼𝑆 decreases as the distance from
the target increases, according to the distribution of ̂︀E𝑡−ℎ(𝑦𝑡), asymptotically going to
zero. Figure (1) describes the idea behind the index, that will be measured as the density
of 𝐹 (𝑥) between ̂︀E𝑡−ℎ(𝑦𝑡) and 𝜋*, denoted in the graph by the blue area.

The credibility index will be defined as:

𝐶𝐼𝐼𝑆 = 1 − |𝐹 (̂︀E𝑡−ℎ(𝑦𝑡)) − 𝐹 (𝜋*)|
1/2 ,if − ∞ < 𝜋* < +∞ (1.32)
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Figure 1: Normal Distribution

where 𝐹 (𝑥) is the cumulative distribution function of 𝑥, 𝐹 (𝑥) =
∫︀ 𝑥

−∞ 𝑓(𝑥)𝑑𝑥 and 𝑓(𝑥) =
1

𝜎
√

2𝜋
𝑒−(𝑥−𝜇)2/2𝜎2 . We should note that when ̂︀E𝑡−ℎ(𝑦𝑡) → 𝜋* the index 𝐶𝐼𝐼𝑆 → 1 and

𝐶𝐼𝐼𝑆 → 0 as ̂︀E𝑡−ℎ(𝑦𝑡) gets far from 𝜋*.

The proposed index has some advantages over the existing indexes in the previous
literature. First, is relies on a pure statistical criterion and doesn’t depend on ad hoc
bounds, that may vary case by case. Second, it is based on a more refined measure of
inflation expectations and on a structural model that overcomes important shortcomings
of previous indexes, mainly the possibility of bias, and additionally it encompasses the
case when the consensus forecast is free of bias. Third, as it does not depend on ad hoc
bounds, this measure makes comparisons between countries easier.

Based on the distribution of ̂︀E𝑡−ℎ(𝑦𝑡), the definition of credibility is the following.
A central bank is credible if:

[︁̂︀E𝑡−ℎ(𝑦𝑡) − 1, 96 ̂︀𝑉 (ℎ)1/2, ̂︀E𝑡−ℎ(𝑦𝑡) + 1, 96 ̂︀𝑉 (ℎ)1/2
]︁

⊃ 𝜋* (1.33)

In words, a central bank is credible if the confidence interval around ̂︀E𝑡−ℎ(𝑦𝑡)
contains the official inflation target. Therefore, we have a credibility index, but our cred-
ibility definition is based on a statistical criterion, so that we don’t have to propose ad
hoc bounds.

1.4 Empirical application

1.4.1 Data

The empirical application of this paper will consider the data available in the Focus
Survey of forecasts of the Central Bank of Brazil (BCB). This is a very rich database, which
includes monthly and annual forecasts from roughly 250 institutions for every working
day and for many important economic variables, such as different inflation indicators,
exchange rate, GDP, industrial output, balance of payments variables, fiscal results and
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Selic rate. The survey is meant to be a professional forecasting survey and any entity
may ask for being included. Institutions, therefore, include banks and other financial
institutions, non-financial corporates, consultancies, universities, etc.

The survey started in May 1999 and, initially, around 50 institutions used to be
contacted to provide forecasts for the main price indices and GDP growth. There are
around 250 institutions registered since 1999, and the number of institutions active in the
system is around 120. In November 2001, the online survey was created and in March 2010
it was improved, resulting in the present version of the Market Expectations System24.

There are many forecasts regarding Brazilian inflation in the Focus survey, but
our focus is on the inflation measured by the Brazilian Consumer Price Index (IPCA),
because it is the official inflation target of the Central Bank of Brazil. In this regard, there
are short-term monthly forecasts, 12-month-ahead forecasts and the predictions for the
calendar years.

The annual forecasts are, therefore, fixed-point forecasts, and the forecast horizon
changes monthly as the time evolves. In our main application, we are interested in 12
months ahead inflation expectations. As these are fixed horizon forecasts, agents provide
directly these forecasts and over this horizon an individual shock to the inflation process
should be dissipated.

Our sample covers monthly inflation forecasts collected from November 2001 until
April 2017. The survey is available since 1999, but data regarding expectations 12 months
ahead is available only since November 2001. In each month 𝑡, 𝑡 = 1, . . . , 𝑇 , survey
respondent 𝑖, 𝑖 = 1, . . . , 𝐼, may inform her/his forecast for IPCA inflation rates for five
calendar years, including the current year. In our sample, 𝑇=208 and 𝑁 is, on average,
60. But, in our main application, we need to work only with consensus forecasts, that is,
the cross-section average of individual forecasts for each month.

In the recent years, the inflation rate in Brazil as measured by IPCA increased
above 10%, and the inflation expectations for all horizons also increased, as figure 2 shows.
We constructed fixed horizon forecasts25 for year horizons from 2 up to 4 years, combining
calendar year forecasts into synthetic fixed horizon forecasts, following the methodology
proposed by Dovern, Fritsche and Slacalek (2012) and plotted with the 12-month-ahead
forecasts to investigate whether the increase in inflation expectations was widespread.
24 For more information on the survey, see Carvalho and Minella (2012) and Marques (2013).
25 The interpolation method to convert fixed point inflation expectations to fixed horizon measures is

according to the following formula:

𝑓ℎ
𝑡 = 100

[︂(︂
1 + 𝑓𝑦+𝑗

𝑡

100

)︂ 12−(𝑡−1)
12

(︂
1 + 𝑓𝑦+𝑗+1

𝑡

100

)︂ 𝑡−1
12

− 1
]︂

(1.34)

where ℎ is the fixed horizon forecast period measured in years, ℎ = 1, 2, 3, 4; 𝑡 is the month when the
forecast is calculated, 𝑡 = 1, ..., 𝑇 and 𝑦 is the calendar year of the forecast collected by the survey,
𝑦 = 2001, ..., 2022 in our sample and 𝑗 = 0, 1, 2, ....
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Table 1 shows some descriptive statistics of these measures.

Figure 2: Focus Fixed Horizon Inflation Forecasts

Graph 1 shows the target midpoint26 and the resulting synthetic series for monthly
inflation forecasts, with fixed horizons of 12, 24, 36 and 48 months and table 1 shows some
descriptive statistics.

Table 1: Focus Inflation Forecasts: Descriptive Statistics*

Forecast Horizons Average Std. deviation Max Min
12-months ahead 5,74 1,50 11,92 3,66
24-months ahead 5,04 0,78 8,08 3,93
36-months ahead 4,74 0,53 6,46 3,64
48-months ahead 4,59 0,45 5,61 3,48

Notes: *All statistics are calculated using the full sample.

In the recent years, the consensus of market agents in the Focus survey forecasted
inflation 12 months ahead well above the upper limit of the inflation target regime, which
was 6,5% until end-2016 and 6% until end-201727, and even expectations three years ahead
were around 5,5% and expectations four years ahead were above 5%, which is an indication
of a de-anchoring of inflation expectations and is not consistent with the concept that the
inflation target is 4,5%. Besides that, the sample average is above 4,5% for all horizons,
26 For 2003 and 2004 the original targets were considered, but it should be noted that they were changed

on January, 1st 2003 and the adjusted targets were set at 8,5% for 2003 and 5,5% for 2004
27 The BCB Resolution 4.419 on June 29th, 2016 established that the inflation target for 2017 would

be 4,5%, but the interval would be reduced from 2 percentage points to 1,5 percentage point. On
June 29th, 2017, in the Resolution 4.582, the interval was kept the same, but the targets for 2018 and
2019 were reduced to 4,25% and 4,00% respectively. This was the first time that the target was fixed
for 2 years ahead.
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as Table 1 shows. Even if we doesn’t consider the turbulent 2003-04 period, the average
is above 4,5% for all horizons.

There are three distinct periods in figure 2. The first one is from 2002 until end-
2003 and is characterized by a sudden and strong deterioration in inflation expectations
due to the uncertainty around the 2002 election, the fears around candidate Lula’s policies
and the consequent currency depreciation in the period that contributed to a rapid rise
in inflation. After the election, the uncertainties cleared and the expectations fell. The
second period is from end-2003 until end-2010 and is characterized by the stability of
long-term inflation expectation measures around the target midpoint.

The third period starts in the beginning of 2011, where a slow and sustained rise
in all measures of inflation expectations is evident. The co-movement of all expectations
measures is an evidence that something more than a price shock happened in the period. In
the last year of the sample, after the president’s impeachment, the changes in the economic
policy and the main policymakers, expectations fell quickly and are again around the
target midpoint. This paper will investigate whether this movements can be interpreted as
changes in agents’ perception of central bank credibility, that is, whether this movements
were relevant from a statistical point of view, if we consider a measure of inflation of
expectations free of bias.

In our main application, the inflation expectation measure is the 12-month-ahead
consensus forecast which we denote by 𝑓ℎ

.,𝑡, for 𝑡 = 1, ..., 𝑇 and ℎ = 12, where ℎ is measured
in months and the agents’ forecasts are cross-sectionally averaged in the survey to form
the consensus forecast, 𝑓ℎ

.,𝑡 = 1
𝑁

∑︀𝑁
𝑖=1 𝑓ℎ

𝑖,𝑡. The Focus survey approximates better the case
where 𝑇 → ∞ while 𝑁 is small, and therefore we use the results discussed in section
3.2. Gaglianone and Issler, as discussed, showed that when 𝑇 → ∞ while 𝑁 is fixed, it is
possible to estimate ̂︀𝐸𝑡−ℎ(𝑦𝑡) consistently.

Figure 3 compares the monthly consensuses forecasts for inflation rate with the ac-
tual inflation rate for the 12-month-ahead horizon. In this figure, the measure of consensus
forecasts represented by the black line was forwarded 12 months to match the inflation
which it is supposed to track, represented by the grey line. Therefore, in each month, we
can compare the actual IPCA rate accumulated over 12-months for that month and the
forecast made 12 months ago for that measure.

As we can note from figure 3, the consensus forecasts underestimate actual inflation
quite often, and this is true in 68% of the sample. Indeed, consensus forecasts are biased
as predictors of future inflation, a feature that has been already discussed in previous
literature28

28 Garcia and Guillén (2014) show that, in the case of the Focus Survey, individual forecasts are biased.
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Figure 3: Forecasts vs Actual Inflation Rate for the 12-month-ahead horizon

1.4.2 Results

Table 2 presents the results of the Generalized Method of Moments (GMM)29

estimation for the parameters 𝑘ℎ and 𝛽ℎ, based on information about 𝑓ℎ
.,𝑡 and 𝑦𝑡. We use

as instruments up to two lags of the consensuses forecasts (𝑓ℎ
.,𝑡), up to two lags of the

output gap30 and up to four lags of the 12-month variation of the Commodity Price Index
(IC-Br)31,32.

Our sample starts at 2001 and out-of-sample forecasts are constructed for the
period between 2007 and 201733, re-estimating the coefficients at the end of each year.
In the first column of Table 2, the year denotes the forecast period, such that the line
corresponding to the year of 2007 corresponds to out-of-sample forecasts for the year of
2007 with data from 2001 to 2006. The second and third columns show the coefficients
used to estimate each year, and the following columns present the respective p-values and
the tests p-values.

The first thing to note is that, the model performs well from 2007 to 2017, as the
Extended BCAF is a better estimate than consensus forecasts for the whole sample. GMM
29 The iterative procedure of Hansen, Heaton and Yaron (1996) is employed in the GMM estimation,

and the initial weight matrix is the identity. The HAC covariance matrix is obtained following the
steps discussed previously and using the Bartlett kernel as Newey and West (1987a) proposed and the
bandwidth selection is according to the automatic procedure proposed by Newey and Wesst (1994).

30 The output gap is calculated using HP filter on the monthly activity index published by the BCB
(IBC-Br).

31 IC-Br is published monthly by the Central Bank of Brazil and its weighting structure is designed to
measure the impact of commodity prices on Brazilian consumer ination. Fore more details, see "Trans-
fer of Commodity Prices to the IPCA and the Commodities Index-Brazil", Central Bank of Brazil Infla-
tion Report, Dezember 2010, at "http://www.bcb.gov.br/htms/relinf/ing/2010/12/ri201012b5i.pdf"

32 We estimated the coefficients with alternative sets of instruments and obtained similar results
33 Our sample ends in April, 2017.
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Table 2: GMM estimation results for the 12-month-ahead forecast horizon

Year* ̂︂
𝑘12 ̂︂

𝛽12 ̂︂
𝑘12 ̂︂

𝛽12 OIR test Joint significance
p-value p-value p-value test p-value

2007 2,16 0,59 0,00 0,00 0,71 0.00
(0,47) (0,07)

2008 2,28 0,59 0,00 0,00 0,73 0,00
(0,62) (0,10)

2009 2,11 0,63 0,00 0,00 0,60 0,00
(0,72) (0,13)

2010 2,40 0,51 0,00 0,00 0,57 0,00
(0,64) (0,12)

2011 2,52 0,54 0,00 0,00 0,46 0,00
(0,61) (0,11)

2012 1,89 0,63 0,02 0,00 0,53 0,00
(0,82) (0,15)

2013 2,26 0,54 0,00 0,00 0,61 0,00
(0,63) (0,11)

2014 2,03 0,59 0,00 0,00 0,60 0,00
(0,64) (0,11)

2015 2,52 0,47 0,00 0,00 0,74 0,00
(0,47) (0,08)

2016 2,35 0,50 0,00 0,00 0,67 0,00
(0,54) (0,09)

2017 2,35 0,50 0,00 0,00 0,67 0,00
(0,54) (0,09)

Notes: The set of instruments is up to two lags of the consensus forecasts, up to two lags of
the output gap (based on the IBC-Br) and up to four lags of the 12-month variation of the
Commodity Price Index (IC-Br). *The year indicates that the coefficients are used to estimate
that year.

estimation shows that both slope and intercept parameters are statistically significant for
all years analyzed. The average intercept value is 2,26, ranging from 1,89 to 2,52 and the
average slope value is 0,56, ranging from 0,47 to 0,63. The average standard deviation of
the intercept is 0,61 and, for the slope, the average standard deviation is 0,10.

Hansen’s Over-Identifying Restriction (OIR)34 test is employed in order to check
the validity of instruments and GMM estimates, and the p-values are also presented in
the table. All estimates are far from the rejection of its null, even at higher significance
levels, which is an evidence that the instrument set is appropriate. In the last column
we test for joint significance of the coefficients [𝐻0: ̂︂𝑘12 = 0 and ̂︂

𝛽12 = 1] and if the null
hypothesis is rejected, the consensus forecast is better than the Extended BCAF or, in
other words, we have evidence of no bias. As we can see from the p-values presented in the
table, we can reject the null hypothesis in all cases, a strong evidence that the Extended
34 Hansen’s J statistic is used to determine the validity of the overidentifying restrictions in a GMM

model. For more details, see Hansen (1982).
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BCAF performs better than consensus forecast.

Figure 4 compares consensus forecasts with the Extended BCAF estimated, for
the 12-month-ahead horizon. The grey line represents the consensus forecasts for the 12-
months ahead horizon, while the black line represents the estimated Extended BCAF for
the same horizon.

Figure 4: Consensus Forecasts and Extended BCAF: 12-month-ahead horizon

In the first three years of the forecasting period, the Extended BCAF is, on aver-
age, below consensus forecast, as in the initial years of the sample agents overestimated
inflation during some periods, as Figure 3 showed. A lot of macroeconomic developments
contributed to this fact, including a tight monetary policy and a quick appreciation of
the exchange rate after 2002 elections, leading to a quick drop of inflation measures from
mid-2003 to 2004 and to the overestimation by the agents ex-post.

The BCAF is above consensus forecasts in the last five years of the sample because
it accounts fore the fact that, over the entire sample, forecasters usually underestimate
the actual inflation35), which can also be noted from Figure 3, a feature that intensifies
between 2015-16, contributing to a bigger gap between the Extended BCAF and consensus
forecasts. But we can also note that, in the last months, the Extended BCAF drops and
is approximately equal to consensus forecast, which is very close to the target midpoint.

The next step is to calculate HAC covariance matrices and standard deviations
based on the asymptotic distribution of the estimated BCAF, as discussed in the previous
section, and then construct the 95% confidence interval to evaluate whether the target
midpoint is in this confidence interval or not. As we discussed before, this statistical
criterion will be related to our measure of central bank credibility. Figure 5 compares the
35 This fact was already noted by Gaglianone, Issler and Matos (2016).
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BCAF with the 95% confidence interval and the inflation target midpoint throughout the
period under study.

Figure 5: BCAF and Confidence Intervals: 12-month-ahead

The confidence interval around the estimated Extended BCAF contains the target
over around 65% of the sample36 and the Extended BCAF increases considerably between
mid-2013 and mid-2016, such that the confidence interval around this measure doesn’t
contain the target throughout this period.

As we noted before, along this period the increase in inflation expectations were
widespread, indicating a de-anchoring of inflation expectations and not consistent with
the concept that the inflation target is 4,5%. Now we have evidence that, based on a
statistical criterion, there was a significant distance of the inflation expectations from the
target midpoint. We should also note that, for some months, even the upper limit of the
target band was outside the confidence interval.

In the last months of the sample, a very steep fall of the inflation expectations
measures can be noted. This was explained by the change in the economic team, partic-
ularly in the central bank administration and board of directors. These changes in the
administration helped to consolidate the fall in inflation expectations.

It should be noted that the Central Bank is required to achieve the inflation target
at the end of each calendar-year. Therefore, Figure 6 shows the inflation target at the end
of each year and the corresponding expectations 12-months-ahead, as a measure of the
forecasters’ expectations that the target would be achieved at the end of each calendar-
36 The forecasts for 2007 indicate that the confidence interval for this year does not contain the target.

However, as this is the first year, the sample used to calculate this forecasts is smaller and could be
biased by the fact that the years 2003 and 2004 were very unusual. therefore, we should take this
results of the first year with caution.
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year. The results are similar to those of Figure5 and agent’ forecasted that the target
would not be achieved in 2007, and also in 2014, 2015 and 2016, being in the low end of
the confidence band for the year of 2013.

Figure 6: BCAF and Confidence Intervals vs. Inflation Target: Calendar Years

Figure 7 presents the proposed credibility index, based on the asymptotic distri-
bution of the conditional expectations and the distance between this measure and the
inflation target. The shaded regions indicate when the target is outside the confidence
interval around the BCAF, or in other word, the central bank is not credible according
to our definition.

Figure 7: Credibility Index

As we can see, from 2008 on there as a downward tendency in the credibility of
the central bank, which was consolidated after 2013, with the complete loss of credibility
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according to our index. Agents’ forecasts were significantly above the target, which shows
a disbelief in the target and/or a disbelief in the capacity or the willingness of the central
bank to bring current inflation towards the target.

From August 2013 to July 2016, the credibility index fell close to zero and stayed
around zero for three years, until august 2016, where there as a very steep rise in the index.
According to our calculation, the index rose from 0,06 in July to 0,16 in August and 0,53
in September, reaching 1,0 in December. In the first months of 2017, the index stayed
around 0,95-1,00, with the forecasts falling a little bellow the midpoint. This evidence is
compatible with a strong recovery of central bank credibility, and a strong re-anchoring
of inflation expectations.

1.4.3 Comparing with other indexes in the literature

Figure 8 compares our measure of central bank credibility with other indexes
proposed in the literature and discussed in more detail on Section 1.2. Our index is
represented by the "Index IS" line, whether the other indexes are represented by Index
CK37, Index DGMS38, Index DM39 and Index LL40.

Figure 8: Comparison between Credibility Indexes proposed in the literature

The first thing we should note is that our index is better aligned with the method-
ology applied by Index DM and Index LL, as the index only assumes the maximum value
when the measure of inflation expectations is equal to the target. Index DGMS consider its
37 Proposed by Cecchetti and Krause (2002).
38 Proposed by Mendonça and Souza (2009).
39 Proposed by Mendonça and Souza (2007).
40 Proposed by Levieuge et al. (2016).
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maximum value when inflation expectations are inside the inflation target band, therefore
it is equal to one almost the entire sample.

In the first years of the sample, we observe a loss in credibility according to our
index, due to the fall in inflation expectations during this period, where the BCAF was
below 2% for some months. After that, there is a period of rising inflation expectations
and a brief fall during the 2008-09 crisis, which causes a sudden drop in all measures of
inflation and inflation expectations, not only in Brazil, but all over the world.

After the crisis, there is a prolonged period where, according to our index, the
central bank keeps its credibility but there is a falling trend. DM’s and LL’s indexes also
confirm this trend, falling around zero around end-2014 and end-2015. Our index track
the other indexes’ movements, but indicates a more pronounced loss in credibility between
2013-16 than the other indexes, despite the fact that all of them show a loss in credibility
throughout this period.

All indexes show a strong evidence of a rise in central bank credibility in the last
months, with a steep rise observed by all measures. All measures, including ours, are equal
or very close to one, indicating a strong recovery in brazilian central bank credibility. This
was helped by a strong commitment by the current administration and by the current
board of governors to low and stable inflation, helping to re-anchor inflation expectations.

1.5 Conclusion
Although central bank credibility is elusive, Blinder (2000) generated a consensus

by writing: "A central bank is credible if people believe it will do what it says". This paper
proposes a measure of credibility based upon this definition. To implement it, one needs a
measure of people’s beliefs and of what central banks say they do in the first place. Second,
one needs a way to compare whether these two are the same or not.

We approach this problem in a novel way. To keep it tractable, we focus on inflation
expectations, since inflation is arguably the main variable central banks care about. We
extract people’s beliefs about inflation by modelling inflation expectations data. We em-
ploy the panel-data approach of Gaglianone and Issler (2015), which shows that optimal
individual forecasts are an affine function of one factor alone – the conditional expecta-
tion of inflation. This allows the identification and estimation of people’s beliefs, as well
as the construction of robust confidence intervals around it. We provide the latter as an
additional contribution of this paper. We say that a central bank is credible if its explicit
(or tacit) inflation target lies within the 95% robust confidence bands of people’s beliefs.
We also propose a credibility index based upon these concepts.

Our methodology is sound from an economic and econometric (statistical) point



Chapter 1. Central Bank Credibility and Inflation Expectations: A Microfounded Forecasting Approach40

of view. Given the consensus around Blinder’s definition of credibility, it is economically
sensible to equate people’s beliefs to what central banks say they do. Based on Gaglianone
and Issler’s methodology, it is straightforward to extract market expectations from a panel
of individual expectations, where market expectations are the common latent factor in
the latter. Since a large number of important countries has adopted Inflation Targeting
Programs, one can easily obtain data on what central banks say they do by looking at
actual targets of inflation for these countries. Even if a given country has not adopted
such programs, there usually exists tacit targets at any point that could serve to that end.

From an econometric point of view, the methodology is relatively simple: we have
an unbiased estimate of the conditional expectation of inflation, which is a random vari-
able. Comparing it to explicit targets requires only constructing (preferably) robust con-
fidence intervals for these estimates. If targets lie within confidence bands, we say that
targets are credible, i.e., the central bank is credible. It is important to note that mar-
ket expectations are extracted from a survey of expectations of professional forecasters,
which are active financial stakeholders most of them. This further validates the method-
ology proposed here.

The approach discussed above is applied to the issue of credibility of the Brazilian
Central Bank (BCB) by using the Focus Survey of professional forecasts. This is a world-
class database, fed by institutions that include commercial banks, investment banks, asset
management firms, consulting firms, large corporations, and academics, inter alia. About
250 participants can provide daily forecasts for a large number of economic variables,
e.g., inflation using different price indices, interest and exchange rates, GDP, industrial
production, etc., and for different forecast horizons, e.g., current month, next month, 12-
month ahead, 2, 3, 4, and 5 year-end ahead horizons, etc. At any point in time, about
100 participants are active using the system that manages the database. This survey has
several key features: (i) participants can access the system at any time and we can observe
their decisions to update forecasts; (ii) the confidentiality of information is guaranteed;
(iii) the Focus Survey has specific incentives for participants to update their inflation
forecasts.

Based on the proposed methodology, we estimated monthly the conditional ex-
pectation of inflation (12-month-ahead) and its respective robust asymptotic variance,
constructing 95% HAC robust confidence intervals for inflation expectations from Jan-
uary 2007 until April 2017. This was then compared to the target (midpoint) in the
Brazilian Inflation Targeting Regime. Results show that the BCB was credible 65% of the
time, with the exception of a few months in the beginning of 2007 and during the interval
between mid-2013 throughout mid-2016. We also constructed a credibility index for the
sample 2007-17 and compared it with alternative measures of credibility that are popular
in the literature.
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Our results are very sensible and agree with the conventional wisdom in Brazil. In
describing our empirical findings, we related them to the existing literature on credibility
in Brazil, which provides a strong support to them.
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2 A New Encompassing Model for Rational-
ity Tests

Abstract

We show that it is possible to conciliate individual and consensus rationality tests,
by developing a new framework to test for rational expectations hypothesis. We
propose a methodology that verifies the consistency of the above mentioned expec-
tation formation rule, where we explicitly allow for the possibility of heterogeneous
expectations at the individual level, but also keeping individual and consensus ex-
pectations at the same system.

We advance with respect to Keane and Runkle (1990)’s previous work, which
argued that almost all existing tests in the literature so far were either incorrect
or inadequate. Our central objective is to propose, within the scope of rationality
expectations hypothesis tests, a structure that encompasses tests at the individual
level and at the consensus level, something that so far, to our knowledge, has not
been done in the literature. We show that the aggregation problem lies in the fact
that the individual regression cannot be trivially generalized for the consensus fore-
cast because an important term is being omitted, the covariance structure between
parameters and individual forecasts. Then we represent all the individual equations
of our data set in a unique system and propose a transformation to this system
that will help to solve the aggregation problem, noting that the parameter vectors
of the new system are simply a linear combination of the original parameters from
individual equations, including a cross-sectional average of individuals (or, in other
words, the consensus measure). By including the covariance structure between pa-
rameters and individual forecasts, we can consistently estimate the parameters in
the new system and, in the context of traditional hypothesis testing, it is equivalent
to conduct tests under the two approaches. Finally, we discuss some stylized facts
about rationality and illustrate the proposed framework with Brazilian data.

Key words: Rational Expectations, Rationality Tests, Panel Data, Hy-
pothesis Tests.
JEL Classification: C33, C53, D84, E37
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2.1 Introduction
How agents form expectations play a pivotal role in macroeconomic models and

policy-making. Many of the most interesting issues in contemporary monetary theory are
related to the extent which agents’ inflation expectations interact with macroeconomic
variables and the different frameworks to model expectations, with the development of
micro-founded surveys.

There is no unique framework for modeling the inflation expectation formation
process. The traditional rational expectations hypothesis first proposed by Muth (1961)
has been an important and widespread workhorse in the macroeconomic literature follow-
ing the seminal works by Lucas (1976) and Sargent and Wallace (1975). After the rational
expectations revolution, macroeconomic models have almost universally employed the ra-
tional expectations assumption.

Expectations are rational according to Muth (1961) if they are equal to mathe-
matical expectations conditional on the set of all information relevant for forecasting. As
the rational expectations have provided the main approach for modeling expectations in
the past decades, the literature on rationality tests has flourished. Mincer and Zarnowitz
(1969) proposed a direct test to check agents’ rationality, based on a simple linear regres-
sion between forecasts and the realizations of the predicted variable and the increasing
availability and refinement of survey-based data with micro-level information on expec-
tations of individuals has raised the possibility to build more refined models and conduct
different tests on expectations formation mechanisms.

A very important issue in this literature is related to which measure of expectations
should be tested: individual or consensus forecasts, that is, the mean forecast across survey
respondents. Several studies test the rational expectations hypothesis based on consensus
measures1, but this procedure, without the appropriate specification, raises problems of
aggregation bias. Figlewski and Watchel (1983) and Keane and Runkle (1990) argue that
private information and micro-heterogeneity are the main sources of bias.

As the literature on econometric forecasting argues2, consensus forecasts are often
superior to individual forecasts, because individual survey respondents make use of dif-
ferent information. However, the same heterogeneity of individual forecasts that makes
the consensus forecast more accurate also renders the consensus forecast uninformative
about the rationality of those individual forecasts.

Bonham and Cohen (2001) argue that "in general, consensus regressions should
not be used to test rationality; rationality can only be tested at the individual level", mak-
1 See Miah et al. (2016), Coibion and Gorodnichenko (2015), Mehra (2002), Thomas (1999), Roberts

(1997), Croushore (1997), Gramlich (1983), Brown and Maital (1981), Pearce (1979), Mullineaux
(1978), Carlson (1977), inter alia

2 See Bates and Granger (1969).
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ing a point against consensus forecast rationality tests. However, we will argue that the
aggregation problem lies in the fact that the individual regression cannot be trivially
generalized for the consensus forecast because an important term is being omitted, the
covariance structure between parameters and individual forecasts. However, it does not
mean that rationality can only be tested at the individual level.

In this paper we will show that it is possible to conciliate individual and consensus
rationality tests, by developing a new framework to test for rational expectations hy-
pothesis. We propose a methodology that verifies the consistency of the above mentioned
expectation formation rule, where we explicitly allow for the possibility of heterogeneous
expectations at the individual level, but also keeping individual and consensus expecta-
tions at the same system.

We advance with respect to Keane and Runkle (1990)’s previous work, which
argued that almost all existing tests in the literature so far were either incorrect or inade-
quate3. They developed a consistent generalized method of moments (GMM) estimator for
the covariance matrix of individual unbiasedness regressions that accounts for contempo-
raneous and lagged cross-forecaster correlations, as well as an individual’s MA(𝑘) errors,
but with assumptions that we consider too strong to fit surveys reality. Our framework
does not impose any specific structure on error terms.

In this context, our aim is not to argue in favour of a specific expectations for-
mation mechanism. The central objective is to propose, within the scope of rationality
expectations hypothesis tests, a structure that encompasses tests at the individual level
and at the consensus level, something that so far, to our knowledge, has not been done
in the literature.

Our approach is as follows. First, we show how that the aggregation problem lies
in the fact that the individual regression cannot be trivially generalized for the consensus
forecast because an important term is being omitted, the covariance structure between
parameters and individual forecasts. Then we represent all the individual equations of
our data set in a unique system and propose a transformation to this system that will
help to solve the aggregation problem. Second, we note that the new system contains
new parameter vectors that are simply a linear combination of the original parameters
from individual equations, including a cross-sectional average of individuals (or, in other
words, the consensus measure). Third, we show that, including the covariance structure
between parameters and individual forecasts, we can consistently estimate the parameters
3 They argue that all existing tests in the literature so far were either incorrect or inadequate for four

reasons: first, most tests use sample mean forecasts rather than individual forecasts, which causes
specification bias; second, survey data on expectations do not necessarily reflect the true expectations
of the forecasters because they do not have the correct incentives to report forecasts accurately; third,
most tests compare survey forecasts to revised rather than initial data and fourth, many tests are
based on incorrect assumptions about the covariance structure of forecast errors.
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in the new system and, in the context of traditional hypothesis testing, it is equivalent to
conduct tests under the two approaches.

The remainder of this paper is structured as follows. Section 2.2 discusses the
literature and existing frameworks that relate inflationary expectations to rationality.
Section 2.3 presents in more detail the aggregation problem involved with rationality tests
on consensus measures and proposes an encompassing framework to evaluate rationality
at individual and aggregated level, showing that it is equivalent to test hypothesis under
the two frameworks. Section 2.4 applies this concepts and the new framework to the
Focus Survey database, discussing some stylized facts about rationality and illustrating
the proposed framework with Brazilian data. Section 2.5 concludes.

2.2 Inflationary expectations and rationality

2.2.1 The Modeling of Expectations

There is no unique framework for modeling the inflation expectation formation
process. The traditional rational expectations hypothesis first proposed by Muth (1961)
has been an important and widespread workhorse in the macroeconomic literature follow-
ing the seminal works by Lucas (1976) and Sargent and Wallace (1975). After the rational
expectations revolution, macroeconomic models have almost universally employed the ra-
tional expectations assumption4.

According to the rational expectations hypothesis, agents in the model form ex-
pectations that happen to correspond to the true expectations generated by the model
itself. Hence, economic agents are assumed to know the form and solution of the model,
the parameters describing the economy and its agents, the policy behavior and the dis-
tributions of exogenous shocks. The only source of uncertainty for agents is given by the
realizations of the random exogenous shocks, which cannot be forecasted.

Agents under rational expectations have no incentives to revise their beliefs, since
they already have full knowledge about the economy. Sargent (1993) argues that it requires
agents to possess too much knowledge, as to form rational expectations agents must
know the true structure and probability distribution of the economy. In this context, the
literature related to the modeling of expectations introduced many refinements, trying to
improve the realism of the model assumptions, introducing limitations on the degree of
knowledge, but conserving the benchmark assumption of rational expectations. In most of
4 In the earlier stages of economic modeling, expectations were often assumed to be formed statically,

or equal to the past values of the variables to be forecasted. Subsequent research introduced “adaptive
expectations” (See the seminal works by Cagan (1956) and Friedman (1957): expectations depend on
previous period’s expectations plus an error-correction term.
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cases, different kinds of frictions are introduced to model the path towards the equilibrium,
which happens to be a rational expectations equilibrium.

Lubik and Schorfheide (2003, 2004) introduce sunspots to the rational expectations
equilibrium and there is a vast literature on the role of news, arguing that disturbances
include both unanticipated and anticipated components (Beaudry and Portier (2006),
Jaimovich and Rebelo (2009), Schmitt-Grohé and Uribe (2012), Fujiwara et al. (2011)
and Khan and Tsoukalas (2011)).

Other modern approaches relax the informational assumptions to make the models
more empirically realistic and involve different information structures with frictions such
as sticky-information models Mankiw and Reis (2002) or noisy information models (Sims
(2003) and Mackowiak and Wiederholt (2009)), imperfect knowledge (Schorfheide (2005),
Levine et al. (2012)) and learning by private agents5. These models predict a relationship
between the average ex-post forecast errors across agents and the average ex-ante forecast
revision, as forecast revisions depend on the degree of information rigidity.6

The recent literature that demonstrate the interaction between Bayesian learning
and the expectation formation process allows to make inference about agents’ beliefs and
expectations in dynamic stochastic general equilibrium models (DSGE)7., but still consis-
tent with Muth (1961)’s definition. In this case, if agents are assumed to lack knowledge
about some of the parameters of the economy, they are allowed to learn them optimally.
As Cyert and DeGroot (1974) argue, Bayesian learning is an "insight into the process
by which the rational expectations hypothesis can, in fact, be realized". Hence, as Caskey
(1985) argues, this explanation does not rely on statistically irrational behavior on the
part of forecasters.

There are also more stringent departures from rational expectations proposed in
the literature. Evans and Ramey (1992, 1998), Brock and Hommes (1997, 1998, 1999)
and Branch (2004) point out that with information costs it may be rational for agents to
select methods other than rational expectations8. This approach follows the concept of
boundedly rational expectations, which assumes that agents form their expectations by
using an adaptive updating rule.
5 See Cyert and DeGroot (1974) and Caskey (1985) for early contributions and for DSGE applications

see Milani (2007, 2011), Milani et al. (2007), Milani and Rajbhandari (2012), Slobodyan and Wouters
(2012), inter alia.

6 A lot of research has been done recently trying to ascertain the nature of the expectations formation
process in models with information frictions. See Mankiw and Reis (2003), Andolfatto, Hendry and
Moran (2008), Coibion and Gorodnichenko (2012, 2015).

7 For a good survey on The Modeling of Expectations in Empirical DSGE Models see Milani (2012).
8 Brock and Hommes (1997) propose the concept of adaptatively rational expectations equilibrium

dynamics (ARED), where agents are boundedly rational in the sense that they choose from a variety
of methods with which to form expectations, rational expectations being only one choice. Agents’
choices of predictors depend on the relative costs and success of each predictor and preferences over
a measure of relative success. Evans and Honkapohja (2012) propose a least squares updating rule.
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Finally, other models assume deviations that are even more drastic. Grawe (2011)
assumes “heuristic” behavior in the formation of expectations, where agents switch be-
tween two misspecified and biased rules: one that is consistently overly optimistic and the
other that is overly pessimistic.

2.2.2 Rational Expectations Hypothesis: Empirical Evidence and Testing

While rational expectations have provided the main approach for modeling expec-
tations for the past decades, the increasing availability of survey-based data with micro-
level information on expectations of individuals has raised the possibility to conduct tests
on expectations formation mechanisms. In this sense, survey data have been extensively
used in the literature to test the rational expectations hypothesis (For a good survey of the
literature, see Pesaran and Weale (2006). Recently, expectations from surveys have also
started being used in the context of general equilibrium macroeconomic models, where
rational expectations are tipically assumed (See Del Negro and Eusepi (2011), Aruoba
and Schorfheide (2011), Milani (2011, 2012), inter alia).

The empirical evidence on the rational expectations hypothesis is mixed. The
failure of the REH concluded by direct tests applied to inflation expectations surveys are
well documented in the literature9. On the other side, Keane and Runkle (1990, 1998)
reveal empirical evidence in favour of the REH, highlighting that the rejection of the
REH is related to econometric issues. Keane and Runkle (1990) use the same data as
Zarnowitz (1985) and, with appropriate corrections, show that there is evidence in favour
of rationality. Thomas (1999) illustrate another aspect of this mixed empirical evidence
analyzing the Livingston Survey data and arguing that unbiasedness is rejected decisively
in various subsamples, but not in the full sample.

Expectations are rational according to Muth (1961) if they are equal to mathemat-
ical expectations conditional on the set of all information relevant for forecasting. When
we apply this framework to the inflation expectations surveys, for an individual forecaster
this relationship can be expressed as:

𝑓 𝑡+ℎ
𝑖 = E[𝜋𝑡+ℎ|ℐ𝑖,𝑡] (2.1)

where 𝜋𝑡+ℎ is the realized inflation at time 𝑡 + ℎ, 𝑓ℎ
𝑖,𝑡 is a ℎ-step-ahead prediction of

inflation made at time 𝑡 by forecaster 𝑖, ℐ𝑖,𝑡 is the information set available at time 𝑡

to forecaster 𝑖. For an individual forecaster, following Mincer and Zarnowitz (1969)’s
9 See Caskey (1995), Croushore (1993, 1997), Evans and Gulamani (1984), Frankel and Froot (1987),

Jeong and Maddala (1996), Souleles (2001), Struth (1984), Urich and Wachtel (1984), inter alia
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proposed methodology, a test of rationality can be performed by running the regression:

𝜋𝑡+ℎ = 𝛼𝑖 + 𝛽𝑖 · 𝑓ℎ
𝑖,𝑡 + 𝜉𝑖,𝑡+ℎ (2.2)

where unbiasedness requires that the coefficients in equation may be restricted to 𝛼𝑖 = 0
and 𝛽𝑖 = 1.

Forecast rationality has not a unique definition. Weak rationality (or unbiasedness)
requires that forecasters are not systematically mistaken in their forecasts, and can be
tested for from the realizations and predictions of the series in question alone, without
outside information. Strong rationality (or efficiency) requires that the forecast errors are
uncorrelated with other information available at the time the predictions were made.

A very important issue in this literature is related to which measure of expecta-
tions should be tested: individual or consensus forecasts, that is, the mean forecast across
survey respondents. Several studies test the rational expectations hypothesis based on
consensus measures (See Miah et al. (2016), Coibion and Gorodnichenko (2015), Mehra
(2002), Thomas (1999, Roberts (1997), Croushore (1997), Gramlich (1983), Brown and
Maital (1981), Pearce (1979), Mullineaux (1978), Carlson (1977), inter alia), but this pro-
cedure raises problems of aggregation bias.10 As the literature on econometric forecasting
argues11, consensus forecasts are often superior to individual forecasts, because individual
survey respondents make use of different information. However, the same heterogeneity
of individual forecasts that makes the consensus forecast more accurate also renders the
consensus forecast uninformative about the rationality of those individual forecasts.

A number of authors have questioned whether consensus forecasts should be used
in unbiasedness tests, due to the evidence of micro-heterogeneity and possibility that
averaging individual forecasts may lead to parameter estimates which are biased, or at a
minimum misleading (See Figlewski and Watchel (1981, 1983), Urich and Watchel (1984),
Keane and Runkle (1990), Batchelor and Dua (1991), Bonham et al. (1992), Ehrbeck
(1992), Bonham and Cohen (2001), inter alia). Thus, the literature has recognized the
general problem of testing a hypothesis about individual behavior based on an average of
potentially heterogeneous individual forecasts.

When testing consensus forecasts for rationality, two types of problems due to
10 Theil (1954) defined aggregation bias as the difference between the mathematical expectation of the

macro (consensus) coefficient and the average of the “corresponding” micro coefficients. He showed
that coefficients in macro (consensus) relationships will generally depend on complicated combinations
of corresponding and non-corresponding micro coefficients. Therefore, what he meant by aggregation
bias was that individual behavioral parameters generally could not be mapped to a single corre-
sponding macro parameter. He showed that a sufficient condition for perfect linear aggregation is
the equality of all individual coefficient vectors, i.e., micro-homogeneity. The restrictiveness of this
sufficient condition led Theil to conclude that macro parameters are not useful in studying micro
behavior.

11 See Bates and Granger (1969).
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aggregation bias occur: private information and micro-heterogeneity bias. Figlewski and
Watchel (1983) were the first to demonstrate that aggregation leads to inconsistent coeffi-
cient estimates in consensus regressions due to private information bias, that arises when
forecasters use private information, even if they produce rational forecasts individually.

Micro-heterogeneity bias was first discussed in this literature by Keane and Runkle
(1990) and arises because agents differ in the way they process information, in their loss
functions, among other reasons. Therefore, different individual coefficients in individual
unbiasedness regressions can be masked by the aggregation process to build the consensus
forecast. In this context, Bonham and Cohen (2000) argues that "in general, consensus
regressions should not be used to test rationality; rationality can only be tested at the
individual level".

Keane and Runkle (1990) methodology includes an innovative contribution with
the development of a consistent generalized method of moments (GMM) estimator for
the covariance matrix that accounts for contemporaneous and lagged cross-forecaster cor-
relations, as well as an individual’s MA(𝑘) errors. After these corrections, they test the
hypotheses of unbiasedness and conditional efficiency of price level forecasts with respect
to a selection of variables in the agent’s information set, and the results show that agent’s
are rational.

They argued that almost all existing tests in the literature were either incorrect
or inadequate for four reasons. First, most tests use sample mean forecasts rather than
individual forecasts, which causes specification bias. Second, survey data on expectations
do not necessarily reflect the true expectations of the forecasters. Third, most tests com-
pare survey forecasts to revised rather than initial data. Fourth, many tests are based on
incorrect assumptions about the covariance structure of forecast errors12, which may cre-
ate a severe bias in estimated standard errors. Taking all these points into consideration,
they find that survey respondents’ forecasts are both unbiased and efficient, and therefore
rational, which is incompatible with Zarnowitz (1985)’s rejection of unbiasedness using
the same data, but without the aforementioned corrections.

However, Bonham and Cohen (1995) criticize Keane and Runkle (1990)’s results
as they argue that the tests are flawed because of incorrect integration accounting and
improper distributional assumptions13. Correcting for these integration accounting errors,
12 They propose a covariance matrix estimator that remains consistent in the presence of aggregate

shocks, making the following assumptions: that the data are not conditionally heteroskedastic and
that no forecaster is systematically better than any other (i.e., std deviations are the same for each
individual). These assumptions are restrictive, and although conditional heteroskedasticity is unlikely
to exist with price-level forecasts, it may exist in inflation, which is the only output we have from
modern surveys of inflation expectations. Besides that, the professional forecasters surveys considers
the forecast of an institution, which might cause the second assumption to fail, as standard deviations
are not the same for each individual as the econometricians responsible for the institution’s forecasts
are not the same throughout the years.

13 The main technical reason in Bonham and Cohen (1995)’s argument is that Keane and Runkle
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they reject conditional efficiency and conclude that the forecasts do not pass tests of
rationality.

The literature has turned to the pooled specification in an attempt to avoid these
two sources of bias. However, Zarnowitz (1985) argued that pooled unbiasedness param-
eters are inconsistent, due to constant cross-sectional realizations. Bonham and Cohen
(2001) show that the criticisms of consensus and pooled specifications are only valid
when forecasts and realizations are stationary. When these series are integrated and coin-
tegrated, the criticisms break down asymptotically provided micro-homogeneity obtains.
Thus, micro-homogeneity is a crucial condition for the validity of both consensus and
pooled tests of the unbiasedness hypothesis.

2.3 Econometric Framework
In this section, we show that the aggregation problem lies in the fact that the

individual regression cannot be trivially generalized for the consensus forecast because
an important term is being omitted, the covariance structure between parameters and
individual forecasts. Then we represent all the individual equations of our data set in a
unique system and propose a transformation to this system that will help to solve the
aggregation problem, such that it is equivalent to conduct tests about parameter estimates
in the two approaches.

2.3.1 The Aggregation Problem

Let 𝑓ℎ
𝑖,𝑡 be the ℎ-step-ahead (ℎ > 0) prediction for inflation at time 𝑡, 𝑡 = 1, ..., 𝑇 ,

by individual 𝑖, 𝑖 = 1, ..., 𝑁 . The individual can be a professional forecaster, a consumer,
an industry manager, etc, who reported the forecast in a survey. In this case, as we are
interested in inflation expectations, our target variable is the inflation measure realized
at time 𝑡 + ℎ, 𝜋𝑡+ℎ

14. Let 𝛼𝑖 and 𝛽𝑖 be two (𝑘 × 1) parameter vectors. For an individual
forecaster, a test of rationality can be performed by running the regression:

𝜋𝑡+ℎ = 𝛼𝑖 + 𝛽𝑖 · 𝑓ℎ
𝑖,𝑡 + 𝜉𝑖,𝑡+ℎ (2.3)

where 𝜉𝑖,𝑡+ℎ is the regression error term and usually the literature estimates the parameters
𝛼𝑖 and 𝛽𝑖 through ordinary least squares techniques15. The test requires that 𝛼𝑖 = 0 and

(1990) incorrectly apply West (1988)’s results to regressions which cannot be written in a form with a
single, drifting, integrated regressor. This error results in the above mentioned problems and therefore
incorrect inference.

14 In our empirical application, as we will argue, we will be interested in the monthly inflation, such
as the target variable is the inflation realized in he month. However, the target variable can be any
measure of inflation, according to the horizon ℎ.

15 It should be noted that estimating this equation using OLS is to assume that forecast errors are
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𝛽𝑖 = 1. In other words, 𝑓 𝑡+ℎ
𝑖,𝑡 = E[𝜋𝑡+ℎ|ℐ𝑖,𝑡], where ℐ𝑖,𝑡 is the information available to the

forecaster 𝑖 at time 𝑡 and E is the mathematical expectation operator. This is equivalent
to the statement: E[𝜉𝑖,𝑡+ℎ|ℐ𝑖,𝑡] = 0 where 𝜉𝑖,𝑡+ℎ is the forecast error, or 𝜉𝑖,𝑡+ℎ = 𝑓ℎ

𝑖,𝑡 − 𝜋𝑡+ℎ.

The condition represented by equation (2.3) implies two key properties charac-
terizing rational expectations optimal forecasts. First, the forecast errors, 𝑓ℎ

𝑖,𝑡 − 𝜋𝑡+ℎ,
conditional on the available information set ℐ𝑖,𝑡 have zero means. Second, the forecast
error should be uncorrelated with any information in ℐ𝑖,𝑡, and therefore, with their own
past values. The first characteristic is known as the orthogonality property of rational
expectations, and the second as the lack of serial correlation property. The orthogonality
condition also implies two additional properties which are known to be unbiasedness and
efficiency. Simply put, the unbiasedness property requires that the unconditional expected
value of the forecast error has zero mean while the efficiency property requires that the
forecast error, conditional on current and past values of the forecasted variable, has zero
mean. Therefore, for an individual forecaster, unbiasedness requires that the coefficients
are 𝛼𝑖 = 0 and 𝛽𝑖 = 116.

As we argued in the previous subsection, there is a broad agreement in the liter-
ature that the best way to perform rationality tests is to focus on individual forecasts.
However, many articles in the literature perform tests of rationality by focusing on con-
sensus forecasts. We will show that these two approaches can be conciliated.

Consensus is generally obtained by averaging all forecasts in the cross section, such
that the consensus ℎ-step-ahead forecast for inflation at time 𝑡 is 𝑓ℎ

.,𝑡 = 1
𝑁

∑︀𝑁
𝑖=1 𝑓ℎ

𝑖,𝑡. Con-
sidering this definition, the aggregation problem arises when equation (2.3) is generalized
for the consensus forecast, through the following regression:

𝜋𝑡+ℎ = 𝛼 + 𝛽 · 𝑓ℎ
.,𝑡 + 𝜀𝑡+ℎ (2.4)

where 𝜀𝑡+ℎ is the regression error term for the consensus regression, 𝛼 = 1
𝑁

∑︀𝑁
𝑖=1 𝛼𝑖 and

𝛽 = 1
𝑁

∑︀𝑁
𝑖=1 𝛽𝑖. Therefore, for the consensus forecast, a test of rationality could in principle

be performed by running the above regression, where unbiasedness would require that the
coefficients are 𝛼 = 0 and 𝛽 = 1. Moreover, even if 𝛼𝑖 = 𝛼, ∀𝑖 and 𝛽𝑖 = 𝛽, ∀𝑖, or, in other

uncorrelated across forecasters. But Keane and Runkle (1990) argue that such correlation is likely
because of aggregate shocks to the economy.

16 The literature also studies tests of efficiency of the forecasts. A test of efficiency would require a
different specification. Let 𝐺𝑖,𝑡 be a matrix that represents a list of variables in the information set
of individual 𝑖 at time 𝑡. A test of rationality and efficiency could be performed together by running
the following regression:

𝜋𝑡+ℎ = 𝛼𝑖 + 𝛽𝑖 · 𝑓ℎ
𝑖,𝑡 + 𝜆𝑖 · 𝐺𝑖,𝑡 + 𝜉𝑖,𝑡+ℎ

where 𝜉𝑖,𝑡+ℎ is the regression error term. In this case, efficiency would require that 𝜆𝑖 = 0, what means
that the information available at time 𝑡 cannot improve the forecast of individual 𝑖. Our focus here is
only on rationality tests, such that we exclude variables other than the forecast from our specification.
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words, if there is micro-homogeneity in individual coefficients in the individual equations,
equation (2.4) might not be valid for a number of reasons, including a more complex error
structure.

The aggregation problem lies in the fact that the individual regression cannot be
trivially generalized for the consensus forecast. If we sum equation (2.3), across individuals
𝑖, we have:

𝜋𝑡+ℎ = 1
𝑁

𝑁∑︁
𝑖=1

𝛼𝑖 + 1
𝑁

𝑁∑︁
𝑖=1

(𝛽𝑖 · 𝑓ℎ
𝑖,𝑡) + 1

𝑁

𝑁∑︁
𝑖=1

𝜉𝑖,𝑡+ℎ (2.5)

The first concern about equation (2.4) is that we do not necessarily have that
𝛽𝑖 = 𝛽, for all 𝑖. If this was true, as 1

𝑁

∑︀𝑁
𝑖=1 𝑓ℎ

𝑖,𝑡 = 𝑓ℎ
.,𝑡 both equations would be the same.

If we wrongly assume that this condition is valid and consider that 1
𝑁

∑︀𝑁
𝑖=1(𝛽𝑖 · 𝑓ℎ

𝑖,𝑡) =
1
𝑁

∑︀𝑁
𝑖=1 𝛽𝑖 · 1

𝑁

∑︀𝑁
𝑖=1 𝑓ℎ

𝑖,𝑡 we are not taking into account an important information about the
covariance structure between 𝛽𝑖 and 𝑓ℎ

𝑖,𝑡.

To make this argument clearer and better understand the econometric problem
behind estimating equation (2.4) with ordinary least squares techniques and ignoring the
above mentioned covariance structure, we are interested in the term 1

𝑁

∑︀𝑁
𝑖=1(𝛽𝑖 · 𝑓ℎ

𝑖,𝑡). We
should first note that, using covariance properties17:

1
𝑁

𝑁∑︁
𝑖=1

(𝛽𝑖 · 𝑓ℎ
𝑖,𝑡) = 1

𝑁

𝑁∑︁
𝑖=1

𝛽𝑖 · 1
𝑁

𝑁∑︁
𝑖=1

𝑓ℎ
𝑖,𝑡 + 1

𝑁

𝑁∑︁
𝑖=1

[︃
(𝛽𝑖 − 1

𝑁

𝑁∑︁
𝑖=1

𝛽𝑖)(𝑓ℎ
𝑖,𝑡 − 1

𝑁

𝑁∑︁
𝑖=1

𝑓ℎ
𝑖,𝑡)
]︃

(2.6)

Substituting (2.6) in (2.5) and noting that 1
𝑁

∑︀𝑁
𝑖=1 𝛼𝑖 = 𝛼, 1

𝑁

∑︀𝑁
𝑖=1 𝛽𝑖 = 𝛽 and

1
𝑁

∑︀𝑁
𝑖=1 𝑓ℎ

𝑖,𝑡 = 𝑓ℎ
.,𝑡 we have that:

𝜋𝑡+ℎ = 𝛼 + 𝛽 · 𝑓ℎ
.,𝑡 + 1

𝑁

𝑁∑︁
𝑖=1

[︁
(𝛽𝑖 − 𝛽)(𝑓ℎ

𝑖,𝑡 − 𝑓ℎ
.,𝑡)
]︁

+ 1
𝑁

𝑁∑︁
𝑖=1

𝜉𝑖,𝑡+ℎ (2.7)

It is straightforward to compare the residuals from equations (2.4) and (2.7) as-
suming that 𝜂𝑡+ℎ = 1

𝑁

∑︀𝑁
𝑖=1

[︁
(𝛽𝑖 − 𝛽)(𝑓ℎ

𝑖,𝑡 − 𝐹 ℎ
𝑡 )
]︁

+ 1
𝑁

∑︀𝑁
𝑖=1 𝜀𝑖,𝑡+ℎ and stating that:

𝜋𝑡+ℎ = 𝛼 + 𝛽 · 𝑓ℎ
.,𝑡 + 𝜂𝑡+ℎ (2.8)

In this sense, it is clear that tests based upon the usual ordinary least squares
procedures are inappropriate, because the assumptions concerning the properties of the
17 We use the fact that the covariance between the two jointly distributed random variables 𝛽𝑖 and 𝑓ℎ

𝑖,𝑡

with finite second moments is defined as the expected product of their deviations from their individual
expected values:𝐶𝑜𝑣(𝛽𝑖, 𝑓ℎ

𝑖,𝑡) = E[(𝛽𝑖 − E(𝛽))(𝑓ℎ
𝑖,𝑡 − E(𝑓ℎ

𝑖,𝑡))]. We also need a property that follows
from this definition, that is: 𝐶𝑜𝑣(𝛽𝑖, 𝑓ℎ

𝑖,𝑡) = E[𝛽𝑖 · 𝑓ℎ
𝑖,𝑡] − E[𝛽𝑖] · E[𝑓ℎ

𝑖,𝑡].
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residuals will clearly not be met. It is trivial to note that the residuals 𝜂𝑡+ℎ in equation
(2.8) are correlated with the regressors 𝑓ℎ

.,𝑡, as the regressors are explicitly included in
the residuals, when the covariance between coefficients and individual forecasts are prop-
erly taken into account. Therefore, the estimated covariance matrix generated with OLS
estimates is inconsistent, even if the estimates ̂︀𝛽 are consistent.

In the next subsection we take this covariance into account develop a model that
encompass both specifications and allows to test for individual and consensus rationality
at the same time.

2.3.2 A new encompassing framework for rationality tests

The main objective of this paper is to propose a model that encompasses rationality
tests for individual and consensus parameters. The literature so far argued that rationality
tests cannot be carried out using consensus data, such that the only possibility would be
to run individual regressions and test individual coefficients. Nonetheless, we will show
that it is possible to incorporate the individual regressions and the consensus regression
in a unique system of equations, such that it would be possible to test hypothesis about
all the system coefficients.

First of all, let us start by considering the individual specification from equation
(2.3) and stacking all individuals in a system, for a specific time period 𝑡. Let Π𝑡+ℎ be
the (𝑁 × 1) matrix that stacks all the realized values of inflation at time 𝑡 + ℎ for all
𝑁 individuals, 𝐴 and 𝐵 the (𝑁 × 1) parameter vectors, 𝐹 ℎ

𝑡 the (𝑁 × 𝑁) matrix with
all individual forecasts ℎ steps ahead and Ξ𝑡 the (𝑁 × 1) vector of individual regression
errors.

Π𝑡+ℎ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜋𝑡+ℎ

𝜋𝑡+ℎ

𝜋𝑡+ℎ

...
𝜋𝑡+ℎ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝐴 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝛼1

𝛼2

𝛼3
...

𝛼𝑁

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝐵 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝛽1

𝛽2

𝛽3
...

𝛽𝑁

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝐹 ℎ
𝑡 =

⎛⎜⎜⎜⎜⎜⎜⎝
𝑓ℎ

1,𝑡 0 · · · 0
0 𝑓ℎ

2,𝑡 · · · 0
... ... . . . ...
0 0 · · · 𝑓ℎ

𝑁,𝑡

⎞⎟⎟⎟⎟⎟⎟⎠ Ξ𝑡+ℎ =

⎛⎜⎜⎜⎜⎜⎜⎝
𝜉1,𝑡+ℎ

𝜉2,𝑡+ℎ

...
𝜉𝑁,𝑡+ℎ

⎞⎟⎟⎟⎟⎟⎟⎠
Then we can state that the system of 𝑁 individual equations at time 𝑡 can be
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represented in matrix notation by the following equation:

Π𝑡+ℎ = 𝐴 + 𝐹 ℎ
𝑡 𝐵 + Ξ𝑡+ℎ (2.9)

The system represented by equation (2.9) contains all the individual equations of
our data set at time 𝑡. If we want to test the consensus equation with individual equations,
we need to add consensus equation to this system. However, if we just add it to the system,
we would have a perfect linear combination system equations, as the consensus forecast
is the cross-section average of individual forecasts.

However, it is possible to propose a linear transformation to system (2.9) that will
help to solve this problem. Consider the (𝑁 − 1) × 𝑁 matrix 𝐷 and the 𝑁 × 𝑁 matrix 𝐶

defined by:

𝐷 =

⎛⎜⎜⎜⎜⎜⎜⎝
1 −1 0 0 · · · 0 0
0 1 −1 0 · · · 0 0
... ... ... ... . . . ... ...
0 0 0 0 · · · 1 −1

⎞⎟⎟⎟⎟⎟⎟⎠

𝐶 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 0 0 · · · 0 0
0 1 −1 0 · · · 0 0
... ... ... ... . . . ... ...
0 0 0 0 · · · 1 −1
1
𝑁

1
𝑁

1
𝑁

1
𝑁

· · · 1
𝑁

1
𝑁

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
It should be noted that matrix 𝐶 could also be seen as:

𝐶 =
⎛⎝ 𝐷

1
𝑁

· 1′
𝑁

⎞⎠
where 1𝑁 is a 𝑁 × 1 vector of ones.

If we premultiply equation (2.9) by 𝐶, we will obtain the following equation:

𝐶Π𝑡+ℎ = 𝐶𝐴 + 𝐶𝐹 ℎ
𝑡 𝐵 + 𝐶Ξ𝑡+ℎ (2.10)

It it very important to note at this point that this is a linear transformation in
the original system, such that it will be possible to find a direct correspondence between
estimators in the modified system and estimators in the original system. This will be very
useful later.
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In this modified version, the first 𝑁 − 1 equations of this system considers, for the
𝑗 = 1, ..., 𝑁 equations of the original system (2.9), the difference between equation 𝑗 and
equation 𝑗 + 1. The first (𝑁 − 1) · 𝑇 equations of this system are the following:

0 = (𝛼1 − 𝛼2) + 𝛽1 · 𝑓ℎ
1,𝑡 − 𝛽2 · 𝑓ℎ

2,𝑡 + 𝜉1,𝑡+ℎ − 𝜉2,𝑡+ℎ

0 = (𝛼2 − 𝛼3) + 𝛽2 · 𝑓ℎ
2,𝑡 − 𝛽3 · 𝑓ℎ

3,𝑡 + 𝜉2,𝑡+ℎ − 𝜉3,𝑡+ℎ

...

0 = (𝛼𝑁−1 − 𝛼𝑁) + 𝛽𝑁−1 · 𝑓ℎ
𝑁−1,𝑡 − 𝛽𝑁 · 𝑓ℎ

𝑁,𝑡 + 𝜉𝑁−1,𝑡+ℎ − 𝜉𝑁,𝑡+ℎ

The last equation is exactly the cross section average:

𝜋𝑡+ℎ = 1
𝑁

𝑁∑︁
𝑖=1

𝛼𝑖 + 1
𝑁

𝑁∑︁
𝑖=1

(𝛽𝑖 · 𝑓ℎ
𝑖,𝑡) + 1

𝑁

𝑁∑︁
𝑖=1

𝜉𝑖,𝑡+ℎ

Then, we have in the same system individual equations and consensus equation.
As we still do not have the consensus forecast explicit in the last equation, we will use
equation (2.6) and substitute the term 1

𝑁

∑︀𝑁
𝑖=1(𝛽𝑖 · 𝑓ℎ

𝑖,𝑡), obtaining the following for the
last equation:

𝜋𝑡+ℎ = 𝛼 + 𝛽 · 𝑓ℎ
.,𝑡 + 1

𝑁

𝑁∑︁
𝑖=1

[(𝛽𝑖 − 𝛽)(𝑓ℎ
𝑖,𝑡 − 𝑓ℎ

.,𝑡] + 𝜂𝑡+ℎ

where 𝜂𝑡+ℎ = 1
𝑁

∑︀𝑁
𝑖=1 𝜉𝑖,𝑡+ℎ, 𝛼 and 𝛽 are the cross section average of parameters and 𝑓ℎ

.,𝑡 is
the ℎ-step-ahead consensus forecast at time 𝑡, as defined in the previous section. In matrix
notation, we can observe this two subsystems with the partitioned version of matrix 𝐶.
The first 𝑁 − 1 equations are:

𝐷Π𝑡+ℎ = 𝐷𝐴 + 𝐷𝐹 ℎ
𝑡 𝐵 + 𝐷Ξ𝑡+ℎ (2.11)

And the last equation with the cross-section averages is:

(︂ 1
𝑁

· 1′
𝑁

)︂
Π𝑡+ℎ =

(︂ 1
𝑁

· 1′
𝑁

)︂
𝐴 +

(︂ 1
𝑁

· 1′
𝑁

)︂
𝐹 ℎ

𝑡 𝐵 +
(︂ 1

𝑁
· 1′

𝑁

)︂
Ξ𝑡+ℎ (2.12)

Now, to obtain the formulation with the consensus forecasts explicit, let us return
to the complete system of equations in (2.10). If we pre-multiply 𝐵 by 𝐶 and post-
multiply 𝑋 by 𝐶−1, we have the same system, as 𝑋𝐵 ≡ 𝑋𝐶−1𝐶𝐵, but now we have the
consensus explicit and we have a direct correspondence between the original parameters
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in the system with individual equations and the new parameters in the system with the
differences between individual equations and the cross section average between equations.
The new parameters are a linear function of the original parameters and now we will show
that we can test them in the two systems and that the tests are equivalent. The original
system (2.10) now turns to:

𝐶Π𝑡+ℎ = 𝐶𝐴 + 𝐶𝐹 ℎ
𝑡 𝐶−1𝐶𝐵 + 𝐶Ξ𝑡+ℎ (2.13)

And this new system can be written as:

ϒ𝑡+ℎ = Λ + 𝑋ℎ
𝑡 Ω + Ψ𝑡+ℎ (2.14)

where ϒ𝑡+ℎ = 𝐶Π𝑡+ℎ, 𝑋ℎ
𝑡 = 𝐶𝐹 ℎ

𝑡 𝐶−1, Ψ𝑡+ℎ = 𝐶Ξ𝑡+ℎ and the new (𝑁 × 1) parameter
vectors are Λ = 𝐶𝐴 and Ω = 𝐶𝐵 below:

Λ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝛼1 − 𝛼2

𝛼2 − 𝛼3
...

𝛼𝑁 − 𝛼𝑁−1
1
𝑁

∑︀𝑁
𝑖=1 𝛼𝑖

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Ω =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝛽1 − 𝛽2

𝛽2 − 𝛽3
...

𝛽𝑁 − 𝛽𝑁−1
1
𝑁

∑︀𝑁
𝑖=1 𝛽𝑖

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
We should first note that the new parameter vectors do not contain new informa-

tion, but only a linear combination of the original parameters from individual equations.
The first (𝑁 − 1) elements of each vector are just the differences between the parameter
for individual 𝑖 and individual 𝑖 + 1. The last element is the cross-sectional average.

The main advantage of this approach, is that we can test hypothesis about the
consensus forecast, without incurring the mistakes of the previous literature, that did not
take into account the covariance structure between parameters and individual forecasts.
What has been done so far was to ignore consensus information and test hypothesis only
about individual parameters, but with our suggested approach we can conciliate consensus
and individual information in the same system.

2.3.3 GMM Estimation

A technique that became popular to estimate equations exploiting the rational
expectations hypothesis was Generalized Method of Moments (GMM)18. In this literature,
the GMM approach allowed researchers to avoid making distributional assumptions about
the error terms, what is particularly useful in our case.
18 Hansen (1982) and Hansen and Singleton ((HANSEN; SINGLETON, 1982)) show how GMM allows

the estimation of nonlinear rational expectations models.
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The systems represented by equations (2.9) and (2.14) will be estimated using
GMM techniques, and we will show that there is a direct correspondence between esti-
mated parameters, as system (2.14) is a linear transformation of system (2.9), such that
it is possible to estimate the original vectors of parameters 𝐴 and 𝐵 in both systems.

To describe the underlying moment model and the GMM estimators for each 𝑖,
𝑖 = 1, ..., 𝑁 , let 𝜃𝑖 = (𝛼𝑖, 𝛽𝑖) denote the 2 × 1 parameter vector, 𝑖 = 1, ..., 𝑁 , 𝑤𝑖 a vector
with data observations, 𝑤𝑖 = (𝑓ℎ

𝑖,𝑡, 𝑓ℎ
.,𝑡) and 𝑔𝑖(𝑤𝑖, 𝜃𝑖) a vector of functions of the data and

parameters. Also, let 𝐴 and 𝐵 denote the (𝑁 × 1) parameter vectors, 𝐹 ℎ
𝑡 the (𝑁 × 𝑁)

matrix with all individual forecasts for each time 𝑡, 𝑡 = 1, ..., 𝑇 , Ξ𝑡+ℎ the (𝑁 × 1) vector
with all individual residuals for each time 𝑡 and Π𝑡 the (𝑁 × 1) vector with the realized
value of inflation at time 𝑡 in all rows, which is the same for all individuals. Hence, for
each time 𝑡, the system is represented by the original equation (2.14).

In this context, we will need a vector of instruments 𝑍𝑡+ℎ−𝑠, with 𝑡 + ℎ ≤ 𝑠 to be
able to explore the following moment conditions in the original equations:

E
[︁
Ξ𝑡+ℎ ⊗ 𝑍𝑡+ℎ−𝑠

]︁
= 0 (2.15)

Or, if we consider that Ξ𝑡+ℎ = Π𝑡+ℎ−𝐴−𝐹 ℎ
𝑡 𝐵, we have the equivalent moment conditions:

E
[︁
(Π𝑡+ℎ − 𝐴 − 𝐹 ℎ

𝑡 𝐵) ⊗ 𝑍𝑡+ℎ−𝑠

]︁
= 0 (2.16)

This is equivalent to stack all individual moment equations denoted by 𝑔𝑖(𝑤𝑖, 𝜃𝑖):

E

⎡⎢⎢⎢⎢⎢⎢⎣

⎛⎜⎜⎜⎜⎜⎜⎝
𝑔1(𝑤1, 𝜃1)
𝑔2(𝑤2, 𝜃2)

...
𝑔𝑁(𝑤𝑁 , 𝜃𝑁)

⎞⎟⎟⎟⎟⎟⎟⎠⊗ 𝑍𝑡+ℎ−𝑠

⎤⎥⎥⎥⎥⎥⎥⎦ = 0 (2.17)

where 0 is a (𝑁 × 1) vector of zeros and, for each 𝑡, the individual equations are the same
as in the system represented by equation (2.10). For the complete system, we have the
matrix of parameters that we will denote by Θ = [𝐴 : 𝐵]:

Θ =

⎡⎢⎢⎢⎢⎢⎢⎣
𝛼1 𝛽1

𝛼2 𝛽2
... ...

𝛼𝑁 𝛽𝑁

⎤⎥⎥⎥⎥⎥⎥⎦
The GMM estimator will be obtained by replacing population variables for its

sample counterparts and matching the sample moment condition to the population mo-
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ment condition E[Ξ𝑖,𝑡+ℎ ⊗ 𝑍𝑡+ℎ−𝑠] = 0, for each 𝑖. Then, ̂︀𝜃𝑖 = (̂︀𝛼𝑖, ̂︀𝛽𝑖) will be obtained ,
for each 𝑖, and where 𝜃𝑖,0, the real parameter value for each 𝑖, is such that 𝜃𝑖,0

𝑝→ ̂︀𝜃𝑖, as
proven by Hansen (1982), and 𝑍𝑡+ℎ−𝑠 is a vector of instruments.

The GMM estimator matrix for the system is a (𝑁 × 2) matrix ̂︀Θ = [ ̂︀𝐴 : ̂︀𝐵] with
all individual GMM estimated parameters:

̂︀Θ =

⎡⎢⎢⎢⎢⎢⎢⎣
̂︀𝛼1

̂︀𝛽1̂︀𝛼2
̂︀𝛽2

... ...̂︀𝛼𝑁
̂︀𝛽𝑁

⎤⎥⎥⎥⎥⎥⎥⎦
If we follow the same steps we can estimate the parameters from system (2.14),

the modified version of system (2.9), with GMM techniques. Now denote by Φ = [Λ : Ω]
the matrix with all the parameters in the modified system such that ̂︀Φ = [̂︀Λ : ̂︀Ω] is the
corresponding GMM estimator. If we consider the linear transformation that was proposed
to the original system (2.9) and represented by system (2.14), we can state that:

̂︀Φ = 𝐶 ̂︀Θ (2.18)

as we have a linear correspondence between the two systems. This is a straightforward
result, as we have that Φ = [Λ : Ω] = [𝐶𝐴 : 𝐶𝐵] = 𝐶[𝐴 : 𝐵]. In the following section, we
will that it is equivalent test hypothesis in both systems, as the test statistics will be the
same.

2.3.4 Hypothesis testing

Now let us consider how to test hypothesis about micro homogeneity (individually
and jointly) and rationality in this context. We will start by stating the five hypothesis
that will be tested19:
19 As we mentioned earlier, there is a strand if the literature that also discusses efficiency of forecasts

alongside rationality, but our objective here is to focus on rationality tests. The methodology can
be easily extended to efficiency tests, as we would only need to add another regressor matrix in the
original system.
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Table 1: Hypothesis List
Hypothesis Description Test
𝐻1 Micro-homogeneity in the 𝛼

parameters
𝛼𝑖 = 𝛼𝑗, for all individuals
𝑖, 𝑗

𝐻2 Micro-homogeneity in the 𝛽

parameters
𝛽𝑖 = 𝛽𝑗, for all individuals
𝑖, 𝑗

𝐻3 Micro-homogeneity in the 𝛼

and 𝛽 parameters
𝛼𝑖 = 𝛼𝑗 and 𝛽𝑖 = 𝛽𝑗, for all
individuals 𝑖, 𝑗

𝐻4 Individual rationality 𝛼𝑖 = 0 and 𝛽𝑖=1, for all 𝑖

𝐻5 Consensus rationality 𝛼 = 0 and 𝛽 = 1

We are interested in stating a general linear hypothesis that the parameters are
contained in the subspace for which 𝑅 ̂︀Ψ = 𝑟, where 𝑅 is a (𝐽 × 𝑁) known hypothesis
matrix of rank 𝐽 ≤ 𝑁 about the (𝑁 × 𝑃 ) matrix of estimated parameters Ψ and 𝑟 is a
(𝐽 × 𝑃 ) known matrix. 𝑅 is a matrix that will form linear restrictions on the parameters.

In the context of traditional hypothesis testing, 𝐻0 : 𝑅 ̂︀Ψ = 𝑟 is the null hypothesis,
where #𝑟 is the number of restrictions (or the dimension of 𝑟). The Wald test statistic is
described by:

𝑊 = (𝑅 ̂︀Ψ − 𝑟)′{𝑅[𝑉 𝑎𝑟( ̂︀Ψ)]𝑅′}−1(𝑅 ̂︀Ψ − 𝑟) (2.19)

Under the null hypothesis, we have that:

𝑊 ≡ 𝑇 · (𝑅 ̂︀Ψ − 𝑟)′{𝑅[𝐴𝑣𝑎𝑟( ̂︀Ψ)]𝑅′}−1(𝑅 ̂︀Ψ − 𝑟) →𝑑 𝜒2(#𝑟) (2.20)

In other words, the robust Wald statistic for this test will have chi-square distribution
with #𝑟 degrees of freedom.

For our first hypothesis (𝐻1), in the 𝑁 -dimensional space and considering the first
system of equations with parameter matrix Θ[𝐴 : 𝐵], we could state this hypothesis as:

⎛⎜⎜⎜⎜⎜⎜⎝
1 −1 0 · · · 0 0
0 1 −1 · · · 0 0
... ... ... . . . ... ...
0 0 0 · · · 1 −1

⎞⎟⎟⎟⎟⎟⎟⎠ ·

⎛⎜⎜⎜⎜⎜⎜⎝
̂︀𝛼1̂︀𝛼2
...̂︀𝛼𝑁

⎞⎟⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎝
0
0
...
0

⎞⎟⎟⎟⎟⎟⎟⎠ (2.21)

where 𝑟 is a (𝑁 − 1) × 1 column vector of zeros. We should note that the matrix with
linear restrictions in this case is exactly equal to the matrix 𝐷 defined before, such that
the test can be formalized as:
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𝐻
(1)
0 :𝐷 · ̂︀𝐴 = 0

where 0 is a (𝑁 − 1) × 1 column vector of zeros. The test statistic in this case is:

𝑊 = (𝐷 ̂︀𝐴)′{𝐷[𝑉 𝑎𝑟( ̂︀𝐴)]𝐷′}−1(𝐷 ̂︀𝐴) = ̂︀𝐴[𝑉 𝑎𝑟( ̂︀𝐴)]−1 ̂︀𝐴 (2.22)

Now if we turn to the modified system, we will show that the test is exactly the
same. Consider now the modified parameter vector Φ = [Λ : Ω]. For our first hypothesis,
the test can be conducted as:

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 · · · 0 0
0 1 0 · · · 0 0
... ... ... . . . ... ...
0 0 0 · · · 1 0

⎞⎟⎟⎟⎟⎟⎟⎠ ·

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

̂︀𝛼1 − ̂︀𝛼2̂︀𝛼2 − ̂︀𝛼3
...̂︀𝛼𝑁 − ̂︀𝛼𝑁−1

𝛼

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
...
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(2.23)

where 𝑟 is also a (𝑁 −1)×1 column vector of zeros. In this case, the test can be formalized
as:

𝐻
(1)
0 :(𝐼𝑁 : 0) · ̂︀Λ = 0

where 0 is a (𝑁 − 1) × 1 column vector of zeros. If we note that (𝐼𝑁 : 0) · 𝐶𝐴 = 𝐷𝐴, the
hypothesis of both tests are exactly the same. Now we will show that the test statistic is
also the same.

For the modified system, the test statistic is:

𝑊 = ((𝐼𝑁 : 0)̂︀Λ)′{(𝐼𝑁 : 0)[𝑉 𝑎𝑟(̂︀Λ)](𝐼𝑁 : 0)′}−1((𝐼𝑁 : 0)̂︀Λ) (2.24)

But if we use the above mentioned result that (𝐼𝑁 : 0) · 𝐶𝐴 = 𝐷𝐴 and the fact that, as
equation (2.18) is valid, we have 𝑉 𝑎𝑟(̂︀Λ) = 𝑉 𝑎𝑟(𝐶 ̂︀𝐴) = 𝐶𝑉 𝑎𝑟( ̂︀𝐴)𝐶 ′, the test statistic for
the modified system can also be stated as:

𝑊 =(𝐷 ̂︀𝐴)′{(𝐼𝑁 : 0)[𝐶𝑉 𝑎𝑟( ̂︀𝐴)𝐶 ′](𝐼𝑁 : 0)′}−1(𝐷 ̂︀𝐴) = ̂︀𝐴[𝑉 𝑎𝑟( ̂︀𝐴)]−1 ̂︀𝐴 (2.25)

Then, we have that the test statistic for the original system and given by (2.22)
is the same as the test statistic for the modified system and given by (2.25) and we have
our result proven for the first hypothesis.
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The other cases are analogous and we also be proven here. The second case (𝐻2)
requires to test for micro-homogeneity in the 𝛽 parameters, and it is straightforward to
extend the results obtained above, as it is very similar to the first case.

The third case is analog to the first two cases, but now the parameter matrix Φ
that will be tested includes both vectors with alphas and betas as we aim to test for micro-
homogeneity in both parameters for all individuals. We could state 𝐻3 in the framework
𝑅̂︀Φ = 𝑟 for the third test as:

⎛⎜⎜⎜⎜⎜⎜⎝
1 −1 0 · · · 0 0
0 1 −1 · · · 0 0
... ... ... . . . ... ...
0 0 0 · · · 1 −1

⎞⎟⎟⎟⎟⎟⎟⎠ ·

⎛⎜⎜⎜⎜⎜⎜⎝
̂︀𝛼1

̂︀𝛽1̂︀𝛼2
̂︀𝛽2

... ...̂︀𝛼𝑁
̂︀𝛽𝑁

⎞⎟⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎝
0 0
0 0
... ...
0 0

⎞⎟⎟⎟⎟⎟⎟⎠ (2.26)

where 𝑟 is a (𝑁 − 1) × 2 column vector of zeros, ̂︀Φ = [ ̂︀𝐴 : ̂︀𝐵] and the matrix 𝑅 is the
same as in the 𝐻1 and 𝐻2 cases, which is exactly the same as matrix 𝐷. The test can be
formalized as:

𝐻
(3)
0 :𝐷 · ̂︀Θ = 𝑟

where r (𝑁 − 1) × 2 matrix of zeros. The test statistic in this case, as the matrix 𝑟 can
be omitted as it is equal to zero, is:

𝑊 = (𝐷 ̂︀Θ)′{𝐷[𝑉 𝑎𝑟( ̂︀Θ)]𝐷′}−1(𝐷 ̂︀Θ) = ̂︀Θ[𝑉 𝑎𝑟( ̂︀Θ)]−1 ̂︀Θ (2.27)

In this case, when we turn to the modified system, we also have an analogous
result. The parameter vector to be considered now is Φ = [Λ : Ω], such that we have:

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 · · · 0 0
0 1 0 · · · 0 0
... ... ... . . . ... ...
0 0 0 · · · 1 0

⎞⎟⎟⎟⎟⎟⎟⎠ ·

⎛⎜⎜⎜⎜⎜⎜⎝
̂︀𝛼1 − ̂︀𝛼2

̂︀𝛽1 − ̂︀𝛽2
... ...̂︀𝛼𝑁 − ̂︀𝛼𝑁−1

̂︀𝛽𝑁 − ̂︀𝛽𝑁−1̂︀𝛼 ̂︀
𝛽

⎞⎟⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎝
0 0
0 0
... ...
0 0

⎞⎟⎟⎟⎟⎟⎟⎠ (2.28)

The null hypothesis in the third test, for the modified system, can be formalized
as:

𝐻
(3)
0 :(𝐼𝑁 : 0) · ̂︀Φ = 𝑟
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where 𝐼𝑁 s the identity matrix of order 𝑁 , 0 is the (𝑁 − 1) × 1 vector of zeros and 𝑟 is
the (𝑁 − 1) × 2 matrix of zeros. The test statistic in this case, as the matrix 𝑟 can be
omitted as it is equal to zero, is:

𝑊 = ((𝐼𝑁 : 0)̂︀Φ)′{(𝐼𝑁 : 0)[𝑉 𝑎𝑟(̂︀Φ)](𝐼𝑁 : 0)′}−1((𝐼𝑁 : 0)̂︀Φ) (2.29)

If we use the same result as before, that 𝑉 𝑎𝑟(̂︀Φ) = 𝑉 𝑎𝑟(𝐶 ̂︀Θ) = 𝐶𝑉 𝑎𝑟( ̂︀Θ)𝐶 ′, we
obtain that the test statistic for the modified system is:

𝑊 = (𝐷 ̂︀Θ)′{𝐷[𝑉 𝑎𝑟( ̂︀Θ)]𝐷′}−1(𝐷 ̂︀Θ) = ̂︀Θ[𝑉 𝑎𝑟( ̂︀Θ)]−1 ̂︀Θ (2.30)

and then we have our result for the third hypothesis.

The fourth test is the individual rationality test, which requires all the assumptions
from 𝐻3 - micro-homogeneity for both alpha and beta parameters - but also requires that
alphas are equal zero and betas are equal one. We could state 𝐻4 in the framework 𝑅Ψ = 𝑟

as:

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 0 · · · 0 0
0 1 −1 · · · 0 0
... ... ... . . . ... ...
0 0 0 · · · 1 −1

1/𝑁 1/𝑁 1/𝑁 · · · 1/𝑁 1/𝑁

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
·

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

̂︀𝛼1
̂︀𝛽1̂︀𝛼2
̂︀𝛽2

... ...̂︀𝛼𝑁−1
̂︀𝛽𝑁−1̂︀𝛼𝑁
̂︀𝛽𝑁

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0
0 0
... ...
0 0
0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(2.31)

where 𝑟 is a (𝑁 × 2) matrix and Θ = [𝐴 : 𝐵]. The matrix 𝑅 now is different from the
previous three cases and now it should be noted that the matrix of linear restrictions is
equal to matrix 𝐶 previously defined. The test can be formalized as:

𝐻
(4)
0 :𝐶 · ̂︀Θ = 𝑟

The test statistic in this case is:

𝑊 = (𝐶 ̂︀Θ − 𝑟)′{𝐶[𝑉 𝑎𝑟( ̂︀Θ)]𝐶 ′}−1(𝐶 ̂︀Θ − 𝑟) (2.32)
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When we turn to the fourth system, we can state the fourth hypothesis as:

𝐼𝑁 ·

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

̂︀𝛼1
̂︀𝛽1̂︀𝛼2
̂︀𝛽2

... ...̂︀𝛼𝑁−1
̂︀𝛽𝑁−1̂︀𝛼𝑁
̂︀𝛽𝑁

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎝
0 0
0 0
... ...
0 1

⎞⎟⎟⎟⎟⎟⎟⎠ (2.33)

where 𝐼𝑁 is the identity matrix of order 𝑁 . The matrix 𝐼𝑁 could be omitted in this case,
but it is left just to make the case that 𝑅 ≡ 𝐼𝑁 in this case for the fourth hypothesis. The
null hypothesis in the fourth test, for the modified system, can be formalized as:

𝐻
(4)
0 :𝐼𝑁 · ̂︀Φ = 𝑟

We should note that, as ̂︀Φ = 𝐶 · ̂︀Θ, this hypothesis can also be stated as:

𝐻
(4)
0 :𝐼𝑁 · 𝐶 ̂︀Θ = 𝑟

Then we have exactly the same hypothesis as the original system, and the test
statistic in this case can be defined as:

𝑊 = (𝐶 ̂︀Θ − 𝑟)′{𝐼𝑁 [𝐶𝑉 𝑎𝑟( ̂︀Θ)𝐶 ′𝐼𝑁 ]𝐶 ′}−1(𝐶 ̂︀Θ − 𝑟) = (𝐶 ̂︀Θ − 𝑟)′{𝐶𝑉 𝑎𝑟( ̂︀Θ)𝐶 ′}−1(𝐶 ̂︀Θ − 𝑟)
(2.34)

and we have the same test statistic.

The fifth hypothesis can be easily obtained as we showed the equivalence for the
fourth case and then it will be omitted.

We showed that, for the hypothesis mentioned, the tests are equivalent as the test
statistics are the same. Not only the tests are equivalent for the hypothesis proposed,
but they are equivalent for any linear hypothesis, as the modified system is a linear
transformation in the original system.

A relevant issue is how the variance of the GMM estimator will be obtained and it
depends on the hypothesis about the regression errors. For a general case, we do not want
to make strong assumptions about regression errors and we will use the HAC estimator
proposed by Newey and West (1987a) in the empirical application.
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2.4 Empirical Application
In this section, we illustrate our methodology with an application to Brazilian

data. We first show stylized facts regarding the aggregation problem explored in Section
2.3.1 and then results of a GMM estimation of two different systems and the equivalence
between their tests results. In our application, we are only concerned about rationality
tests that follow Mincer and Zarnowitz (1969)’s methodology, despite being aware of other
tests proposed in the literature, as explored in Section 2.2.

2.4.1 Data

The empirical analysis of this paper will consider the data available in the Focus
Survey of forecasts of the Central Bank of Brazil (BCB). This is a very rich database, which
includes monthly and annual forecasts from roughly 250 institutions for every working
day and for many important economic variables, such as different inflation indicators,
exchange rate, GDP, industrial output, balance of payments variables, fiscal results and
Selic rate. The survey is meant to be a professional forecasting survey and any entity
may ask for being included. Institutions, therefore, include banks and other financial
institutions, non-financial corporates, consultancies, universities, etc.

The survey started in May 1999 and, initially, around 50 institutions used to be
contacted to provide forecasts for the main price indices and GDP growth. There are
around 250 institutions registered since 1999, and the number of institutions active in the
system is around 120. In November 2001, the online survey was created and in March 2010
it was improved, resulting in the present version of the Market Expectations System20.
There are many forecasts regarding Brazilian inflation in the Focus survey, but our focus
is on the inflation measured by the Brazilian Consumer Price Index (IPCA), because it is
the official inflation target of the Central Bank of Brazil. In this regard, there are short-
term monthly forecasts, forecasts for inflation 12-months ahead and the forecasters also
provide forecasts for the calendar years. In this application, we are interested in agents’
forecast for the next month, such that all the results refer to one-step-ahead forecasts.

Our sample covers daily inflation forecasts collected from October, 2004 to De-
cember, 2014. In each month 𝑡, 𝑡 = 1, . . . , 𝑇 , survey respondent 𝑖, 𝑖 = 1, . . . , 𝐼, may
inform her/his one-step-ahead forecast for IPCA inflation. In our sample, 𝑇=2,751 days.
There are 254 individual forecasters in the sample, active in different sub samples, but all
forecasts are considered in the test.

There is typically a large number of missing observations per forecaster and the
average number of forecasts per individual is 923. The large number of missing observa-
20 For more information on the survey, see Carvalho and Minella (2012) and Marques (2013).
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tions is a relevant issue when using GMM as an estimation method, but we will not use
any interpolation method to complete the panel as it could interfere in the results.

Regarding some critics that the literature has considered so far about survey data,
we do not need to consider the issue of revised data here, as IPCA inflation data is
not revised in Brazil 21. Also, regarding incentives to report forecasts accurately, since
professional forecasters participate in a contest that reward the top 5 forecasters and this
is very well recognized by the market, these respondents have an economic incentive to
make and to report accurate predictions and we can assume that their survey responses
are reasonably accurate measures of their expectations.

2.4.2 Stylized Facts

First we test coefficients in unbiasedness regressions following the original approach
of Mincer and Zarnowitz (1969), using the full sample available of professional forecasters
from the Focus Survey. Our sample starts on October, 2004 and ends on December,
2014 (2,751 days). We conduct our tests using one-month-ahead inflation expectations
for IPCA inflation, as this is the official inflation measure that the BCB pursuits and the
main inflation measure predicted by agents.

We consider only one-month-ahead forecasts because rationality in Mincer and
Zarnowitz (1969)’s sense implies that errors must be serially uncorrelated for one-period-
ahead expectations. For two-month-ahead expectations, for example, the error made in
previous period in predicting inflation is not yet known when the expectations is formed,
so that the errors can follow a first-order moving-average process.

It should be noted that the IPCA inflation series is not revised and that individuals
have a very strong incentive to report their best forecasts available, as they are recognized
with the Top 5 prize if they perform well22. Referring to the current IPCA monthly
inflation data available as from month 𝑡, survey respondents submit forecasts for the
following month 𝑡 + 1, such that ℎ = 1.

As each agent responded to the survey sporadically in the sample and there is
typically a large number of missing observations per forecaster, we consider in our analysis
only individuals with a minimum number of 30 forecasts, not necessarily consecutive,
21 This is one of the four main critics that Keane and Runcle (1990) have about Zarnowitz (1984)’s

results, the influence of data revision on rationality tests results, as agents are trying to forecast
unrevised data. When studying rationality of forecasts applied to the US GDP deflator, they argued
that survey respondents are forecasting the realization reported by the Department of Commerce in
its preliminary release, approximately 45 days after the end of the quarter. So this should be taken
into account.

22 Here we can insure that our time series of realizations are not been subject to unforecastable data
revisions, as the IPCA series is not revised. All new information that has not been taken into account
is included in the current released indices, such that agents can update their forecasts accordingly to
take this into account. In this context, we can state that Keane and Runkle (1990)’s criticism about
using data that could be revised is not applied to this case.
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to eliminate individuals who are clearly outliers and did not take part of the survey
systematically. We follow Bonham and Cohen (2001)23 and check if our results are robust
to different choices of minimum response levels24. There is a total of 𝑁 = 201 institutions
with a minimum of 30 forecasts in the Focus Survey in this time span.

As explained in Section 2.3.1, for an individual forecaster, a test of rationality will
be performed by running the following regression:

𝜋𝑡+1 = 𝛼𝑖 + 𝛽𝑖 · 𝑓 1
𝑖,𝑡 + 𝜉𝑖,𝑡+1 (2.35)

where 𝜋𝑡+1 is the realized inflation rate at 𝑡 + 1, 𝑓 1
𝑖,𝑡 is the one-month-ahead forecast

submitted by individual 𝑖 at date𝑡, 𝜉𝑖,𝑡+1 is the regression error term and (𝛼𝑖, 𝛽𝑖) is the
vector of coefficients. The rationality test, according to Mincer and Zarnowitz (1969) will
be conducted, for each individual 𝑖, according to the following null hypothesis:

𝐻0 : (𝛼𝑖, 𝛽𝑖) = (0, 1) (2.36)

The estimated alphas and betas for the 201 institutions in our sample are plotted
on Figure 9.

Figure 9: Individual Alphas and Betas

The first thing to note from Figure 9 is that the heterogeneity between agents is
evident. The estimates are concentrated around 𝛼 = 0 and 𝛽 = 1 but there is a relevant
dispersion among individuals. For the estimated alphas, the average is 0,037, but the
23 Bonham and Cohen (2001) argue that unless these missing observations are random, the tests may

suffer from sample selection bias. Instead of trying to interpolate the forecasts by imposing a specific
forecast generating process on the individual, a methodology that is questionable in this case, we
investigate whether increasing the minimum response level produces different results.

24 When the minimum response level (MRL) is 20, 30, 40 or 50, the results are broadly unchanged.
The number of rational individuals remains constant at 28, while the total number of individuals
considered in the sample is reduced from 203 when the MRL is 20 to 198 when the MRL is 50. Hence,
the share of rational individuals fluctuate between 13,8% and 14,1% depending on the MRL.
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maximum is 0,76 and the minimum is -0,27. For the estimated betas, the average is 0,95,
with the maximum at 1,39 and the minimum at -0,30. This compares with the required
values of zero for the alphas and one for the betas, for the non rejection of the unbiasedness
hypothesis. On Figure 10 we plot the histograms and it is more clear that not only the
dispersion of estimates are big, but also there is an asymmetry in the distribution.

Figure 10: Histogram of Individual Alphas and Betas

As argued by Bonham and Cohen (2001), a test of micro-homogeneity is useful
to avoid both inconsistent consensus parameter estimates and misleading acceptance of
the unbiasedness hypothesis. When micro-homogeneity does not hold, it is meaningless to
interpret consensus regressions as informative about the rationality of such heterogeneous
individual forecasts. Figures 9 and 10 are an evidence of lack of micro-homogeneity among
agents and we will discuss this issue in more detail later. Table 3 shows average alphas
and betas for selected group of individuals.

Table 3: Average alphas and betas for selected groups

Groups Estimated Alphas Estimated Betas Number of Individuals
All Individuals 0,0370 0,9501 201
Only Rationals 0,0027 0,9957 28
90% Quantile 0,0316 0,9629 180
70% Quantile 0,0235 0,9765 140
50% Quantile 0,0208 0,9819 100
30% Quantile 0,0194 0,9844 60
10% Quantile 0,0190 0,9843 20

The first row shows average estimated coefficients for all individuals in our sample
with the minimum number of forecasts required, representing the average of our full sample
of institutions. The second row shows the average among individuals that are considered
rational after our joint hypothesis test reported in equation (2.36) and we can see that
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for only 28 individuals the null hypothesis of unbiasedness is not rejected25, representing
only 14% of our sample. This is in accordance with the main arguments of the literature
against the rational expectations hypothesis, that agents do not have full knowledge of
the true DGP of the economy and/or information is too costly to obtain and to process, as
was discussed in section 2.2. The other rows show the average coefficients for the quantiles
around the average.

Now we estimate two different systems using SUR regressions where individual
equations are the same as in equation (2.35), following Zellner (1962)’ methodology. The
first system consider all 201 individuals in the sample and the second system includes
only the 28 institutions that are considered rational in the individual tests previously
conducted. Tables 4 and 5 report the results. The first column of both tables describes the
null hypothesis of each test and the second column reports the p-value of the corresponding
𝐹 statistics.

Table 4: Joint Hypothesis Tests on Coefficients: All Individuals*

Hypothesis description 𝐻0 P-value
Micro-homogeneity in alphas 𝛼1 = ... = 𝛼201 0,0000
Micro-homogeneity in betas 𝛽1 = ... = 𝛽201 0,0000

Micro-homogeneity in alphas and equal 0 𝛼1 = ... = 𝛼201 = 0 0,0000
Micro-homogeneity in betas and equal 1 𝛽1 = ... = 𝛽201=1 0,0000
Micro-homogeneity in alphas and betas 𝛼1 = ... = 𝛼201; 𝛽1 = ... = 𝛽201 0,0000

Rationality 𝛼1 = ... = 𝛼201=0; 𝛽1 = ... = 𝛽201=1 0,0000

Notes: *Results for the full system of 201 individuals with the minimun number of 30 forecasts in the
sample.

Table 5: Joint Hypothesis Tests on Coefficients: Only Rational Individuals*

Hypothesis description 𝐻0 P-value
Micro-homogeneity in alphas 𝛼1 = ... = 𝛼28 0,1226
Micro-homogeneity in betas 𝛽1 = ... = 𝛽28 0,1131

Micro-homogeneity in alphas and equal 0 𝛼1 = ... = 𝛼28 = 0 0,1228
Micro-homogeneity in betas and equal 1 𝛽1 = ... = 𝛽28=1 0,1256
Micro-homogeneity in alphas and betas 𝛼1 = ... = 𝛼28; 𝛽1 = ... = 𝛽28 0,1883

Rationality 𝛼1 = ... = 𝛼28=0; 𝛽1 = ... = 𝛽28=1 0,1421
Notes: *Results for the joint system of 28 individuals considered rational in the individual OLS

regressions.

As expected, the first two rows of Table 4 show that the null hypothesis of micro-
homogeneity is rejected for the full system of individuals. Figure 9 already showed that
there is a big dispersion among individual coefficients, an evidence of heterogeneity that
now is confirmed with this test. The null hypothesis of joint rationality is also rejected
25 For a significance level of 5%.
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for all individuals. When considering only rational individuals, the results are different.
There is statistical evidence of micro-homogeneity for alphas and for betas at 5% or 10%
significance levels. There is also an evidence in favour of rationality in the joint test, as
the P-value is 0,1421.

When we turn to consensus estimation, we obtain the results presented in table 6.
The first row presents the results for all sample and the second row the results only for the
28 rational individuals. The interesting result is that in both cases, there is a rejection of
the null of rationality. Previously, we saw that when testing the 28 individual coefficients
jointly, there was an evidence in favour of micro-homogeneity and rationality. But when
we test the consensus between them, the consensus forecast is not rational26.

Table 6: Results for Consensus Estimation

Sample Alpha Alpha Beta Beta Sample Rationality Test
P-value P-value Size P-value

Full sample -0,0423 0,00 1,1271 0,00 552,951 0,00
(0,0004) (0,0008)

Only Rationals -0,0401 0,00 1,0984 0,00 77,028 0,00
(0,0010) (0,0020)

How can we conciliate these results? As we discussed in section 2.3.1, the aggre-
gation problem in this case means that we cannot test the consensus coefficient without
including the covariance structure of individual coefficients and forecasts in the regression.
Otherwise, we have this paradoxical result.

2.4.3 GMM Estimation Results

The empirical exercise aims to illustrate the methodology proposed in Section 2.3
and we apply our econometric framework to Brazilian data. The original sample has 2,751
days, but there is a large number of missing observations. On average, each institution
has 923 forecasts, but there is a large dispersion. Moreover, the missing observations are
different for each institution, such that when we apply the GMM method, the number of
days in the sample will be reduced to the days for which all institutions have forecasts.
A solution to this problem would be to interpolate data, but we do not not resort to
interpolation since it can significantly interfere with our results.
26 It could be argued that these results could be improved if we turn only to forecasts at critical dates.

In the Focus Survey, critical dates are the last day in the month that agents’ could report their
forecasts for inflation that will be considered in the Top 5 contest, what means that in this day they
have the most complete set on information to predict this variable and the higher incentive to provide
the best forecast available. However, when we test for rationality at critical dates, the results are not
improved and the null of rationality is rejected. Hence, we keep the full daily sample in our analysis
to have a richer data set.



Chapter 2. A New Encompassing Model for Rationality Tests 70

To understand the rationale behind the sample used in this exercise, we should
recapitulate that the main purpose of our approach is to conciliate tests about individual
rationality (individually and jointly) and consensus rationality. Hence, we start with the
28 institutions that are rational according to individual tests results, as discussed in the
previous subsection, and choose the five institutions with the higher number of forecasts,
resulting in a sample size with 1,087 observations27.

We first estimate the original system and then estimate the modified system, as
explained in Section 2.3.Table 7 presents the results of the coefficient estimates, standard
deviations and coefficient estimates28.

Table 7: Results for GMM Estimation: Original System vs. Modified System

Original System* Modified System*

Coefficient Estimate 95% Conf. Interval Estimate 95% Conf. Interval
alpha 1 0.0261 [0.0103;0.0419] 0.0353 [0.0201,0.0505]

(0.0081) (0.0077)
beta 1 0.9380 [0.9085,0.9676] 0.9209 [0.8923;0.9494]

(0.0151) (0.0146)
alpha 2 0.0675 [0.0517;0.0832] 0.0764 [0.0611;0.0918]

(0.0080) (0.0079)
beta 2 0.8696 [0.8385;.9007] 0.8527 [0.8223;0.8830]

(0.0159) (0.0155)
alpha 3 0.0324 [0.0155;0.0493] 0.0427 [0.0264;0.0590]

(0.0086) (0.0083)
beta 3 0.9527 [0.9191;0.9864] 0.9328 [0.9003;0.9653]

(0.0172) (0.0166)
alpha 4 0.0402 [0.0255;0.0549] 0.0506 [0.0362;0.0650]

(0.0075) (0.0074)
beta 4 0.9232 [0.8925;.9539] 0.9030 [0.8730;0.9330]

(0.0157) (0.0153)
alpha 5 0.0749 [0.0624;0.0874] 0.0817 [0.0693;0.0941]

(0.0064) (0.0063)
beta 5 0.8569 [0.8322;0.8815] 0.8442 [0.8199;.8685]

(0.0126) (0.0124)
*The instruments are contemporaneous values of the regressors for both estimations.

As expected, the coefficient estimates are not statistically different in all cases, for
both alphas and betas. It is expected as it is equivalent to estimate the original system
and the modified system, as it was showed in Section 2.3. There is a large intersection
between confidence intervals in all cases.
27 We did the same exercise with the ten institutions with higher number of forecasts and the resulting

sample size is 143 observations. The results are the same, but for simplicity we show the results with
5 institutions.

28 The instruments are the contemporaneous values of the regressors for both estimations.
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Now we test the five hypothesis related in Section 2.3 about the two systems, and
present the p-values in table 8. The first line of the table shows the results for the null
of micro-homogeneity in the 𝛼 parameters, or 𝛼𝑖 = 𝛼𝑗, for all individuals 𝑖, 𝑗, while the
second line presents the results for the null of micro-homogeneity in the 𝛽 parameters.
The third test is about micro-homogeneity in both parameters, at the same time, for all
individuals. The fourth line shows the results of joint individual rationality tests for all
individuals and the last line presents the results for the null of consensus rationality.

Table 8: Tests P-values: Original System vs. Modified System

Hypothesis Description Original System Modified System
P-value P-value

𝐻1 Micro-homogeneity in the 𝛼 parameters 0.0000 0.0000
𝐻2 Micro-homogeneity in the 𝛽 parameters 0.0000 0.0000
𝐻3 Micro-homogeneity in the 𝛼 and 𝛽 parameters 0.0000 0.0000
𝐻4 Individual rationality 0.0000 0.0000
𝐻5 Consensus rationality 0.0000 0.0000

The results of the tests on both systems coefficients presented in Table 8 show that
in all cases, the null hypothesis are rejected. The null of micro-homogeneity in alphas,
betas, or both of them is rejected for all cases. Also, individual rationality is jointly rejected
and also consensus rationality is rejected. Last, both systems show the same results for
the tests. This results suggest that, despite being individually rational, individuals might
not be jointly rational. Moreover, consensus forecasts might not be rational even if agents
are individually rational.

2.5 Conclusion
The increasing availability and refinement of survey-based data with micro-level

information on expectations of individuals has raised the possibility to build more refined
models and conduct different tests on expectations formation mechanisms. In this context,
a very important issue in the literature about rationality tests is related to which measure
of expectations should be used: individual or consensus.

Bonham and Cohen (2001) argues that "in general, consensus regressions should
not be used to test rationality; rationality can only be tested at the individual level", making
a point against consensus forecast rationality tests. However, we argued that the aggrega-
tion problem lies in the fact that the individual regression cannot be trivially generalized
for the consensus forecast because an important term is being omitted, the covariance
structure between parameters and individual forecasts. However, it does not mean that
rationality can only be tested at the individual level.
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We showed that it is possible to conciliate individual and consensus rationality
tests, by developing a new framework to test for rational expectations hypothesis. We
proposed a methodology that verifies the consistency of the above mentioned expectation
formation rule, where we explicitly allow for the possibility of heterogeneous expectations
at the individual level, but also keeping individual and consensus expectations at the same
system.

We advanced with respect to Keane and Runkle (1990)’s previous work, which
argued that almost all existing tests in the literature so far were either incorrect or in-
adequate. We proposed, within the scope of rationality expectations hypothesis tests,
a structure that encompasses tests at the individual level and at the consensus level,
something that so far, to our knowledge, has not been done in the literature.

First, we show how that the aggregation problem lies in the fact that the indi-
vidual regression cannot be trivially generalized for the consensus forecast because an
important term is being omitted, the covariance structure between parameters and in-
dividual forecasts. Then we represent all the individual equations of our data set in a
unique system and propose a transformation to this system that will help to solve the
aggregation problem, noting that the new system contains new parameter vectors that
are simply a linear combination of the original parameters from individual equations,
including a cross-sectional average of individuals (or, in other words, the consensus mea-
sure). Third, we show that, including the covariance structure between parameters and
individual forecasts, we can consistently estimate the parameters in the new system and,
in the context of traditional hypothesis testing, it is equivalent to conduct tests under the
two approaches.

We illustrate our framework with an empirical application to Brazilian data. Using
the Focus Survey database, kept by the Brazilian Central Bank, we estimate the two
systems, showing that the their estimation results are equivalent. We also show that
hypothesis tests in both systems regarding coefficients are equivalent.
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3 Constructing Coincident Indices of Eco-
nomic Activity for the Latin American
Economy

Abstract

This paper has three main contributions. The first is to propose an individual coinci-
dent indicator for the following Latin American countries: Argentina, Brazil, Chile,
Colombia and Mexico. In order to obtain similar series to those traditionally used
in business-cycle research in constructing coincident indices (output, sales, income
and employment) we were forced to back-cast several individual country series which
were not available in a long time-series span. The second contribution is to establish
a chronology of recessions for these countries, covering the period from 1980 to 2012
on a monthly basis. Based on this chronology, the countries are compared in several
respects. The final contribution is to propose an aggregate coincident indicator for
the Latin American economy, which weights individual-country composite indices.
Finally, this indicator is compared with the coincident indicator (The Conference
Board – TCB) of the U.S. economy. We find that the U.S. indicator Granger-causes
the Latin American indicator in statistical tests.

Key words: Latin America, Coincident Indicators, Business Cycles, Kalman
Filter, State-Space Models.
JEL Classification: C32, E32
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3.1 Introduction
An important concern of any modern society is to determine the current state of

the economy and what should it be in the near future. The lack of a direct measure for the
state of the economy has led to the construction of proxies that can be used in real time.
These are the so-called coincident indices of economic activity, see Burns and Mitchell
(1946), Stock and Watson(1988a, 1988b, 1993), Mariano and Murasawa (2003), Chauvet
(1998), Harding and Pagan (2002), Issler and Vahid (2006) and Chauvet et al. (2003).

A major difficulty in this line of research for Latin America is the scarcity of
reliable databases with a long time-series span in high frequency (monthly data). Indeed,
most business-cycle studies in Latin America relied on annual data, and the ones with
quarterly data are the exception; see, for example, Engle and Issler (1993), Calvo et al.
(1993), Heck et al. (2006) and, more recently, Aiolfi, Catão and Timmermann (2011).
Since business-cycle research worldwide is conducted using monthly data, the scarcity of
reliable high-frequency databases in Latin America has been a key obstacle for business-
cycle studies in the region as a whole and in individual countries.

This paper has three main contributions. The first is to propose a coincident
indicator for the following Latin American countries: Argentina, Brazil, Chile, Colombia
and Mexico, whose GDP amount to more than 70% of GDP of the region as a whole.
Based on previous research (Duarte (2004b), Issler and Vahid (2006) and Issler, Notini
and Rodrigues (2013)) we chose to compute coincident indices using the techniques put
forth by The Conference Board (TCB). In order to obtain similar series to those defined by
TCB in constructing coincident indices (output, sales, income and employment) we chose
to backcast various individual country series; see the discussion in Issler et al (2013), who
proposed a state-space procedure based on the interpolation method of Bernanke, Gertler
and Watson (1997) and Monch and Uhlig (2004). The back-casting method employed here
is highly flexible and nests a wide range of dynamic models in the state-space form to
back-cast the series of interest. As usual, the estimation of the unobserved components in
these models employs the Kalman filter.

The second contribution of the paper is to establish a chronology of recessions for
these countries, covering the period from 1980 to 2012 on a monthly basis. The dating
of recessions is a valuable tool in understanding the sources of business-cycle fluctuations
since it allows cross-country comparisons with other countries for which the understanding
of business-cycle fluctuations is more advanced. Our final contribution is to propose an
aggregate coincident index for the Latin American economy, weighting the individual
composite indicators for countries, and comparing the resulting coincident indicator with
its U.S. counterpart.

The empirical results allow investigating how synchronized regional economies in



Chapter 3. Constructing Coincident Indices of Economic Activity for the Latin American Economy 75

Latin America are in terms of business-cycle phases. They also allow comparisons with
composite indices from other regions, such as the U.S. or Europe. The composite regional
index for Latin America proposed here tracks reasonably well its economic activity, al-
though not all countries follow it closely. Indeed, for the sample of countries studied here,
on average, recessions are more frequent than in the U.S., the only exception being Chile.
Regarding the magnitude of the 2007-08 global financial crisis, all countries were affected
in a similar way. Finally, a chronology of recessions in the region was established and
compared with the chronology of the U.S. business cycle, supporting the idea that the
U.S. cycle Granger-causes the Latin-American cycle, but it is not caused by it.

This article is organized as follows: Section 3.2 contains a brief review of the inter-
national and the Latin American literature. Section 3.3 presents the Kalman filter model.
Section 3.4 presents the data and the main back-casting results. Section 3.5 presents the
coincident indices for the observed Latin American countries and their respective turning
points. Section 3.6 concludes.

3.2 Literature Review

3.2.1 International Experience

There has been a fair amount of research on cyclical indicators since the pioneering
work of Burns and Mitchel (1946). Although their research on the subject was focused
on the U.S. economy, the method could be applied in a “global scale”. Indeed, European
research based on their methods started after World War II while the same happened in
Latin America on the second half of the 1990s.

The National Bureau of Economic Research (NBER) is a research organization
founded in 1920, dedicated to promoting a better understanding of how the global econ-
omy works. The NBER Business Cycle Dating Committee maintains a chronology of the
U.S. business cycle and identifies the dates of peaks and troughs that shape economic
recessions or expansions.

The time it takes for the NBER committee to deliberate and decide that a turning
point has occurred is often too long to make these announcements practically useful. This
gives importance to two constructed indices, namely the coincident index and the leading
indicator index. The traditional coincident index constructed by the Department of Com-
merce is a combination of four representative monthly variables on total output, income,
employment and trade. These variables are believed to have cycles that are concurrent
with the latent “business cycle”.

TCB approach is somewhat heuristic since it requires no estimation of a formal
econometric model. Despite that, it works surprisingly well in practice. Issler and Vahid
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(2006) compared the dating abilities of TCB’s index with that of alternative econometric-
based indices: the state of the economy dated by TCB’s index is much closer to the states
dated by NBER than the ones dated by the techniques put forth by Stock and Watson
(1988a, 1988b, 1989, 1993) using a factor model and the techniques proposed by Issler
and Vahid themselves, based on a fitted structural model for NBER’s decisions.

As an alternative to heuristic methods, such as TCB’s, several authors have pro-
posed methods of building indices supported by sophisticated econometric and statistical
techniques. Stock and Watson (1988a) were the first to apply the tools of modern time-
series econometrics to build an approach able to construct leading and coincident indices,
to detect turning points of economic activity, and to predict the probability of a recession.
Their models formalize the idea that the reference cycle is best measured by looking at
co-movements across several aggregate time series and making their experimental index
an estimate of the value of a single unobserved variable - the “state of the economy”.
The observable variables used in estimating the state of the economy are the usual coin-
cident series: industrial production, income, sales and employment, which are forecasted
employing additional leading series.

An important empirical drawback in Stock and Watson‘s approach was its failure
to detect the U.S. recession in 1990-1991. Many papers tried to improve on Stock and
Watson‘s method while keeping the formal building block of a structural econometric
model. We review here just a few of them.

Chauvet (1998) improved on Stock and Watson‘s model with the inclusion of
regime switching as proposed by Hamilton (1989). The idea is to capture asymmetries
between expansions and contractions of the economic activity. It relies in the fact that
contractions are more abrupt and shorter than expansions.

Forni et al. (2000) proposed an alternative approach to Stock and Watson‘s which
is very close to the latter in spirit. In its more recent versions, these authors build a
dynamic common-factor model instead of a static one, i.e., based on current and lagged
coincident series, not just current coincident series.

Mariano and Murasawa (2003) extended Stock and Watson’s model in order to
allow the use of mixed-frequency series, where GDP (quarterly measured) plays a key
role. The coincident index is now the common factor of all four coincident series and also
to interpolated monthly GDP, a sub-product of the analysis.

Finally, Issler and Vahid (2006) proposed fitting a structural instrumental-variable
PROBIT model to detect NBER’s state of the economy, where common cycles are imposed
among the coincident series and past observations for the coincident and leading series
are used as instruments.
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3.2.2 Latin America Experience

Latin America is notoriously absent in the well-known historical business cycle
studies by Sheffrin (1988) and Backus and Kehoe (1992), and only Brazil is covered in
more recent work along similar lines. Instead, recent research on Latin American business
cycles has been either country-specific, covering only short periods of time, or focused on
specific transmission mechanisms (Hoffmaister and Roldos (1997), Kydland, Zarazaga et
al. (1997) and Neumeyer and Perri (2005)).

A major difficulty in this line of research for Latin America is the scarcity of reliable
databases with a long time-series span. Therefore, research on business cycles in the region
was not as developed as in other regions or countries of the world. Calvo, Leiderman and
Reinhart (1993) established that U.S. recessions and low international interest rates are
key factors in explaining capital flows to Latin America, which ultimately generate output
booms.

Engle and Issler (1993) used the Beveridge-Nelson trend-cycle decomposition to
test for the existence of common trends and common cycles in the real GDPs of Argentina,
Brazil, and Mexico during 1948–86. Unlike the present paper, they do not establish the
dating of business cycles in these countries or for the region as a whole. Despite that, they
found that the inverted Latin American business cycle closely follows the U.S. business
cycle. Aiolfi, Catão and Timmermann (2011) develop a dynamic common factor approach
to reconstruct new business cycle indices for Argentina, Brazil, Chile, and Mexico from
an unprecedentedly comprehensive dataset on sectorial output, trade, fiscal and financial
variables spanning 135 years.

In the case of Brazilian economy, with the exception to the work of Contador (1977)
and Contador and Ferraz (1999), research on coincident and leading indices is fairly young
and most of the literature dates from the 2000’s. Chauvet (2001) and Picchetti and Toledo
(2002) use common-factor models to generate a monthly coincident indicator of economic
activity. Chauvet (2002) uses a two-state Markov Chain characterizing a recession or an
expansion to propose a chronology for Brazilian business cycles.

On a broader study on Brazil, Issler, Notini and Rodrigues (2013) followed Duarte
(2004a) and applied TCB’s methodology to construct a coincident index of economic
activity. They devote a lot of effort in reconstructing coincident series using a novel State-
Space representation. Once they obtain a long enough span of the usual series used in
TCB’s method, they compute a new composite coincident index of Brazilian economic
activity, whose dating of recessions is close to those in Duarte (2004a) and to those implied
by the monthly GDP estimate proposed by Issler and Notini (2008).
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3.3 Theoretical underpinnings

3.3.1 The Methodology of TCB

The first constructed coincident index of U.S. economic activity was implemented
by the Census Bureau, a task that was later transferred to The Conference Board (TCB)
- a non-profit private entity whose main purpose is to do research on this field.

Since 1995, by order of the Department of Commerce of the U.S., TCB established
a series of leading, coincident, and lagging indicators of economic activity. The coincident
indicator is an average of the four coincident series - production, income, sales and employ-
ment. TCB uses a simple average of the standardized differenced (logged) series, which is
a way of treating equally the fluctuations of all four series in computing the index. TCB
approach is somewhat heuristic since it requires no estimation of a formal econometric
model. Despite that, it works surprisingly well in practice; see the comparison in Issler and
Vahid (2006) using the TCB index and alternative econometric-based indices in trying to
replicate the NBER dating decisions.

The ideas behind TCB‘s method are twofold: simplicity and robustness. Simplicity
is used because they weight information in coincident and leading indices with equal
weights, once one control for the fact that different signals carry different information
depending on their variance. One simple way to treat every series equally in this context
is to standardize them, equally treating the standardized series. Robustness comes into
play here since standardizing is a way of robustly treating different realizations of the
same random variable.

The coincident series is an equally-weighted linear combination of four coincident
series (income (𝐼𝑡), output (𝑌𝑡), employment (𝑁𝑡), and sales (𝑆𝑡)) once we control for the
fact that the growth rate of these series have different variances. Hence, the coincident
indicator uses weights constructed as:

Δ𝑙𝑛(𝐶𝐼𝑡) = 1
4

⎡⎣Δ𝑙𝑛(𝐼𝑡)
𝜎Δ𝑙𝑛(𝐼)

+ Δ𝑙𝑛(𝑌𝑡)
𝜎Δ𝑙𝑛(𝑌 )

+ Δ𝑙𝑛(𝑁𝑡)
𝜎Δ𝑙𝑛(𝑁)

+ Δ𝑙𝑛(𝑆𝑡)
𝜎Δ𝑙𝑛(𝑆)

⎤⎦ (3.1)

Where 𝜎Δ𝑙𝑛(𝐼), 𝜎Δ𝑙𝑛(𝑌 ) , 𝜎Δ𝑙𝑛(𝑁) and 𝜎Δ𝑙𝑛(𝑆) are respectively the standard deviations
of income, output, employment, and sales growth. It is straightforward to construct the
level series 𝑙𝑛(𝐶𝐼𝑡) or 𝐶𝐼𝑡 once we possess Δ𝑙𝑛(𝐶𝐼𝑡).1

1 Equation 3.1 presents a simplified version of TCB’s coincident index, which is, in fact, computed
recursively, using a version of growth rates that are also growth-neutral regarding level increases and
decreases.
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3.3.2 Back-casting

In order to obtain similar series that are employed by The Conference Board (TCB)
in constructing coincident indices (output, sales, income and employment) we were forced
to back-cast various individual country series. In back-casting series, we followed Issler,
Notini and Rodrigues (2013), who proposed a state-space procedure based on the inter-
polation method of Bernanke, Gertler and Watson (1997) and the extensions made by
Monch and Uhlig (2004). In both papers, the Kalman filter is used to interpolate GDP
from quarterly to monthly frequency, where monthly auxiliary series help in estimating
monthly GDP. Issler, Notini and Rodrigues (2013) back-cast the income and employment
series of the Brazilian economy to compose a coincident index for Brazil for 1980-2009.

We start the discussion with the interpolation method of Bernanke, Gertler and
Watson (1997) and Mönch and Uhlig (2004). It is assumed that unobserved monthly GDP
(labeled as 𝑦+

𝑡 here) follows an AR(p) process explained by pre-determined regressors 𝑥𝑡

and an AR(1) error term. The term 𝑥𝑡 contains co-variates, which should have a high
correlation with the series being interpolated: much of the contemporaneous behavior of
the interpolated series comes from them. Also in 𝑥𝑡 are deterministic series such as a
constant and/or seasonal dummies, which together with these co-variates, explain the
behavior of 𝑦+

𝑡 . The model for 𝑦+
𝑡 has two equations:

(1 − 𝜑1𝐿 − ... − 𝜑𝑝𝐿𝑝)𝑦+
𝑡 = 𝑥𝑡𝛽 + 𝑢𝑡 (3.2)

𝑢𝑡 = 𝜌𝑢𝑡−1 + 𝜖𝑡 (3.3)

Observed quarterly GDP (labeled as 𝑦𝑡 here) is:⎧⎪⎨⎪⎩𝑦𝑡 = ∑︀2
𝑖=0 𝑦+

𝑡−𝑖, 𝑡 = 3, 6, 9, 12, ...

𝑦𝑡 = 0, otherwise.

Hence, quarterly GDP, which we can only observe on months 𝑡 = 3, 6, 9, 12, etc.,
is the sum of the corresponding monthly GDPs in that quarter. Otherwise, it is just set
to a fictional value of zero. Notice that setting 𝑦𝑡 = 0 for the months we do not observe
GDP is a way of making quarterly GDP observable at the monthly frequency.

In the Kalman-filter literature for mixed frequency models, a fictional value is
usually assumed for missing observations. Zero is the most frequent choice. However, the
crucial step is to also impose that the fictional data has a very large variance, so that the
zero value is discounted and overwritten by the Kalman-filter technique. This is exactly
how Bernanke, Gertler, and Watson and Mönch and Uhlig proceed.

If we assume that the polynomial (1 − 𝜑1𝐿 − ... − 𝜑𝑝𝐿𝑝) is of order one, i.e., 𝑝 = 1
with coefficient 𝜑 , the state-space form of Bernanke, Gertler and Watson (1997) and
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Mönch and Uhlig (2004) is the following:

𝜉𝑡 =

⎛⎜⎜⎜⎜⎜⎜⎝
𝑦+

𝑡

𝑦+
𝑡−1

𝑦+
𝑡−2

𝑢𝑡

⎞⎟⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎝
𝜑 0 0 𝜌

1 0 0 0
0 1 0 0
0 0 0 𝜌

⎞⎟⎟⎟⎟⎟⎟⎠ ·

⎛⎜⎜⎜⎜⎜⎜⎝
𝑦+

𝑡−1

𝑦+
𝑡−2

𝑦+
𝑡−3

𝑢𝑡−1

⎞⎟⎟⎟⎟⎟⎟⎠+

⎛⎜⎜⎜⎜⎜⎜⎝
𝑥𝑡𝛽

0
0
0

⎞⎟⎟⎟⎟⎟⎟⎠ +

⎛⎜⎜⎜⎜⎜⎜⎝
𝜖𝑡

0
0
𝜖𝑡

⎞⎟⎟⎟⎟⎟⎟⎠ (3.4)

H′
𝑡𝜉𝑡 (3.5)

where equations (3.4) and (3.5) are respectively the state and the observation equations
and the matrix H′

𝑡 is time-varying, with the following format:

H′
𝑡 =

⎧⎪⎨⎪⎩ [1 1 1 0] , 𝑡 = 3, 6, 9, 12, ...

[0 0 0 0] , otherwise.
(3.6)

One interesting feature of their approach is that it encompasses several data in-
terpolation models. To assess the quality of interpolation, Bernanke, Gertler and Watson
(1997) propose the use two measures of fit. Denoting by ̂︀𝑦+

𝑡|𝑇 the smoothed estimate of
monthly GDP, and by ̂︀𝑢𝑡|𝑇 the same estimate of the error term 𝑢𝑡, they consider:

𝑅2
𝑙𝑒𝑣𝑒𝑙 =

𝑉 𝐴𝑅(̂︀𝑦+
𝑡|𝑇 )

𝑉 𝐴𝑅(̂︀𝑦+
𝑡|𝑇 ) + 𝑉 𝐴𝑅(̂︀𝑢𝑡|𝑇 ) (3.7)

𝑅2
𝑑𝑖𝑓𝑓 =

𝑉 𝐴𝑅(Δ̂︀𝑦+
𝑡|𝑇 )

𝑉 𝐴𝑅(Δ̂︀𝑦+
𝑡|𝑇 ) + 𝑉 𝐴𝑅(Δ̂︀𝑢𝑡|𝑇 ) (3.8)

Bernanke, Gertler and Watson (1997) claim that it is more informative to report
the 𝑅2 in first differences since the same statistic in levels will always be close to unity.

Issler, Notini and Rodrigues (2013) adapt the state-space representation in (3.4)
and (3.5) to the problem of back-casting a series for which we observe part of its realiza-
tions, but not all, and where both the target variable as well as the covariates are in the
same frequency (monthly, in our case). In some sense, this is quite close to the problem
worked out in Bernanke, Gertler and Watson (1997) and Mönch and Uhlig (2004). They
follow their solution, setting to zero all the missing observations to be back-cast, also
imposing that the fictional data has a very large variance.

The details of the back-casting method are as follows: suppose we possess a total
of 𝑡 = 1, 2, ..., 𝑇 *, ..., 𝑇 , observations on 𝑥𝑡. However, for series 𝑦+

𝑡 , we only possess data
from 𝑡 = 𝑇 * + 1, ..., 𝑇 , with missing values from 𝑡 = 1, 2, ..., 𝑇 *. Let the order of the
polynomial (1 − 𝜑1𝐿 − ... − 𝜑𝑝𝐿𝑝) to be unity, i.e., 𝑝 = 1 , with coefficient 𝜑, recalling that
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now we need not impose the time-aggregation restriction in (3.5). The state-space form
of our problem collapses to the following:

𝜉𝑡 =
⎛⎝ 𝑦+

𝑡

𝑢𝑡

⎞⎠ =
⎛⎝ 𝜑 𝜌

0 𝜌

⎞⎠ ·

⎛⎝ 𝑦+
𝑡−1

𝑢𝑡−1

⎞⎠+
⎛⎝ 𝑥𝑡𝛽

0

⎞⎠ +
⎛⎝ 𝜖𝑡

𝜖𝑡

⎞⎠ (3.9)

H′
𝑡𝜉𝑡 (3.10)

where (3.9) and (3.10) are respectively the state and the observation equations
and the matrix H′

𝑡 is time-varying, with the following form:

H′
𝑡 =

⎧⎪⎨⎪⎩ [1 0] , 𝑡 = 𝑇 * + 1, ..., 𝑇

[0 0] , otherwise.
(3.11)

Notice that the back-cast problem is simpler than the interpolation problem, since
we do not have to impose high to low-frequency constraints in the data which are present
in (3.5). The key to the problem lies in the choice for H′

𝑡 in (3.10). Issler, Notini and
Rodrigues (2013) make the latent variable 𝑦+

𝑡 identical to 𝑦𝑡 for the periods in which the
latter is observed (notice that there is no error term in (3.10)). This has two consequences.
First, the algorithm will forecast 𝑦+

𝑡 to be identical to 𝑦𝑡 for 𝑡 = 𝑇 * + 1, ..., 𝑇 . Second,
it will use the available data to estimate a model and will use this model to forecast
the latent variable in the periods in which it is not observable, i.e., from 𝑡 = 1, 2, ..., 𝑇 *.
Under correct specification, this model can produce the optimal forecasts of the latent
variable consistent with all available future information. That will be simply given by the
smoothed forecast of 𝑦+

𝑡 , i.e., by ̂︀𝑦+
𝑡|𝑇 .

3.4 Empirical Results

3.4.1 The Coincident Series

An important part of this paper is the choice of variables to be included in the
coincident indicator for specific Latin American countries, namely: Argentina, Brazil,
Chile, Colombia and Mexico. As stressed earlier, a major difficulty in this line of research
for Latin America is the scarcity of reliable databases with long time series.

We follow Issler, Notini and Rodrigues (2013) to back-cast some of the coincident
series for each country. Back-casting was conducted in two steps. First we selected the
covariate series, which could potentially explain the variations of the target series. In some
back-casting equations we used the monthly GDP as an auxiliary variable. Whenever
that was the case, monthly GDP data were estimated following Issler and Notini (2008)’s
interpolation method.
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If necessary, all coincident series used in this paper are extended to cover the period
from January 1980 to June 2012 on a monthly basis. They were also were seasonally
adjusted using the X-12 procedure. Details about the data used in the paper, the co-
variates series with their sources and the measures of fit can be found in the Appendix
C.

After obtaining the four coincident series for each country, three tests unit-root
tests were applied and results are shown in Table 4 in Appendix. All series showed signs
of unit roots in the tests and were consequently transformed into first differences (logs)
prior to the combination that led to the indexes.

In order to validate the coincident indices, and consequently the back-casting pro-
cedure adopted here, we compared the dating results for each country coincident index
with that of its quarterly GDP. Datings were obtained by applying the Bry and Boschan
(1971) algorithm as modified in Harding and Pagan (2002). States of the economy for
the GDP and the coincident index were compared based on a variant of the Quadratic
Probability Score (QPS) proposed by Diebold and Rudebusch (1989)2. As Appendix C
shows, the results were very similar, attesting the quality of the interpolation procedure
adopted here, and, consequently, the quality of our coincident indicators.

3.4.1.1 Argentina

Argentina is a tough case, since none of the four coincident series were available
on a monthly basis from January 1980 to June 2012. We used industrial production data
from the Monthly Survey of Manufacture, released by Argentina’s National Institute of
Statistics and Censuses (INDEC), available since 1994. This index is available for the
entire industrial sector.

Employment data is particularly scarce in Argentina, since the broader series which
covers the whole economy is available only quarterly since 2003. Longer series are available
only in terms of the percentage of employed persons, and most of the sample only on a
semiannual basis. Thus, the solution to approximate the number of employed people was
to use the monthly number of employees in the supermarket sector, released by the INDEC
since January 1997.

As a measure of income, we used an index of private nominal wages, which is
2 The Quadratic Probability Score, labeled as QPS, is given by:

𝑄𝑃𝑆 =
∑︀𝑇

𝑡=1(𝑃𝑡 − 𝑅𝑡)2

𝑇

where 𝑃𝑡 denotes the predicted state outcomes from a candidate indicator (coincident indicator) and
𝑅𝑡 denotes the observed state outcome of the reference series (GDP). Both are equal to one for a
recession and zero otherwise; 𝑇 is the total number of sample observations. By construction, the value
of 𝑄𝑃𝑆 ranges between zero and one, with zero indicating a perfect fit for the state of the economy
of the reference.
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extracted from the INDEC and constructed as a weighted average of indicators of the
formal and the informal sectors. For the real income measure, the nominal index was
deflated by the consumer prices index. Although the series is short as it is available
since October 2001, it is the only indicator that displays a broad income measure of the
economy.

In the case of an absent aggregate indicator of retail sales for the entire economy,
we used data from INDECs Encuesta de Centros de Compras (Shopping Centers Survey),
which covers thirty shopping centers since January 1997, about 50% of which are located
in Buenos Aires.

To back-cast the coincident series, we used an auxiliary variable to interpolate GDP
(following the methodology proposed by Issler and Notini (2008)) to monthly frequency:
the volume of monthly sales of cement provided by Association of Portland Cement since
1980. Those two series, interpolated GDP and cement sales, were then used as covariates
in back-casting the series in the coincident index.

All four Argentina coincident series are plotted in Figure (11), which includes the
results of the back-cast series. The non-shaded areas in the graphs below depict the actual
sample in which we observe them.

Figure 11: Argentina: Coincident Series

3.4.1.2 Brazil

Here we follow Issler, Notini e Rodrigues (2013) in constructing our coincident
series. The only difference regarding their work is that we update the data of their paper



Chapter 3. Constructing Coincident Indices of Economic Activity for the Latin American Economy 84

until June 2012 since their index had been only computed until November 2007. For
output, we use industrial production computed by IBGE available from January 1980. As
there is not a long span of sales series in Brazil, we thus use total Brazilian production
of corrugated paper, which is computed by ABPO, as a proxy for sales. The employment
measure is the total number of persons - 10 years old and above - who have a job according
to IBGEs Monthly Employment Survey, available since March 2002. The real income
series, extracted from the same Survey, work as a proxy for income. The coincident series
are plotted in Figure (12) which includes the results of the back-cast series. The non-
shaded areas in the graphs below depict the actual sample in which we observe them.

Figure 12: Brazil: Coincident Series

3.4.1.3 Chile

For employment, the general indicator of employment in the economy is used,
available from January 1986. For back-casting this series, the manufacturing employment
series is used – available from the International Financial Statistics (IFS) database of
the International Monetary Fund. In the case of income, we employ an index of real
compensation per hour series published by the National Institute of Statistics (INE),
which is available from April 1993. To back-cast it, we use as auxiliary variables the
monthly GDP , employment in the manufacturing sector, and the industrial production
index, both available since 1980 in the IMF database.

Retail sales, released by the “Camara Nacional del Comercio” (National Commerce
Chamber) of Chile, is used as the sales proxy. It is available on a monthly basis since
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January 1991. To back-cast it, we chose as covariates monthly GDP and the employment
in the manufacturing sector.

The industrial production index published by INE is available only since 1991.
However, the IMF provides a monthly production series available since 1980 that was
used as co-variate in the back-casting procedure.

The coincident series are plotted in Figure (13), which includes the results of the
back-casted series. The non-shaded areas in the graphs below depict the actual sample in
which we observe them.

Figure 13: Chile: Coincident Series

3.4.1.4 Colombia

In the case of Colombia, the industrial production and income series were extracted
from the Monthly Manufacturing Survey. The first series has been available since 1980,
whereas the real income variable is available from 1990. The measure of retail sales is
based on the Muestra Mensual de Comercio al por Menor (Monthly Retail Survey), which
represents the actual sales excluding the share of fuel sales. The employment series is based
on the total employment in the economy, which is monthly released in the Household
Survey since 2001. All four series are published monthly by the National Administrative
Department of Statistics (DANE).

To back-cast the employment and sales series, we used as covariates the industrial
production index and the real imports of consumer and capital goods released monthly
by DANE. The coincident series are plotted in Figure (14), which includes the results of
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the back-cast series. The non-shaded areas in the graphs below depict the actual sample
in which we observe them.

Figure 14: Colombia: Coincident Series

3.4.1.5 Mexico

The National Institute of Statistics and Geography (INEGI) releases a monthly
coincident indicator, similar to the TCB index. In this work, we estimate the INEGI index
from 1980.

The industrial production and nominal income series are available since 1980 in
the INEGI’s Monthly Industrial Survey. In the second series, the monthly Consumer Price
Index released by INEGI was employed to deflate the nominal income and build the real
income series. As in the Mexican case, there is not a broad survey of employment that
covers the whole economy monthly. Therefore, the Insured Workers index, released since
1994 by the Secretary of Labor and Social Commercial Establishments was used. These
last two series were back-casted.

To back-cast the series, we used the industrial production series, the income series
and the interpolated monthly GDP. The coincident series are plotted in Figure (15), which
includes the results of the back-casted series. The non-shaded areas in the graphs below
depict the actual sample in which we observe them.
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Figure 15: Mexico: Coincident Series

3.5 The coincident indicator
For each country, using the now available coincident series from 1980 through

2012, we constructed a coincident index using equation (3.1). Then, the turning points of
each-country composite index was detected using the Bry and Boschan (1971)’s dating
algorithm.

3.5.1 Argentina

In the case of Argentina, we have 7 recessions in the period, averaging one recession
every 4.6 years. The average duration of the recessions is 12.7 months, one of the highest
among the countries analyzed. Figure (16) shows the coincident indicator, with shaded
areas depicting recession periods.

Table (9) below lists Argentina’s recessions from 1980:1 to 2012:06 when turning
points dating is made using Bry and Boschan (1971)’s technique.

3.5.2 Brazil

Brazil has the highest number of recessions of all Latin-American countries ana-
lyzed here: a total of ten. On the other hand, the average length of these recessions is low:
10.6 months. In other words, Brazil had shorter cycles (expansions and recessions), but
are more frequent. Figure (17) presents the Brazilian coincident indicator. On average,
Brazil had one recession every three years.
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Figure 16: Argentina: Coincident Indicator

Table 9: Argentina: Turning Points

Peak Dates Through Dates Duration (months) Amplitude
1980:04 1981:05 14 3.14
1984:06 1985:08 15 3.59
1988:03 1990:03 25 9.49
1992:06 1992:11 6 1.12
1994:09 1995:09 13 4.49
2001:06 2002:03 10 6.24
2008:09 2009:02 6 2.31

The turning points of Brazilian business cycles are summarized in Table 10.

Table 10: Brazil: Turning Points

Peak Dates Through Dates Duration (months) Amplitude
1980:10 1981:09 12 3.63
1982:07 1983:02 8 2.2
1987:02 1988:10 21 4.38
1989:08 1990:04 9 11.43
1991:07 1991:12 6 4.92
1994:12 1995:07 8 4.56
1997:10 1999:02 17 1.98
2000:12 2001:09 10 2.66
2002:10 2003:06 9 2.48
2008:09 2009:02 6 1.76
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Figure 17: Brazil: Coincident Indicator

3.5.2.1 Chile

The Chilean economy has the smoother trend growth among all countries analyzed
here. During the more than 32 years we focus on, there were four recessions lasting about
12 months each. However, there was only one severe recession, as Figure (18) shows.

Figure 18: Chile: Coincident Indicator

The turning points are summarized in Table (11).

3.5.3 Colombia

The Colombian economy showed eight recessions from 1980 to 2012, with an av-
erage of one recession every four years. Among the analyzed countries, Colombia was the
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Table 11: Chile: Turning Points

Peak Dates Through Dates Duration (months) Amplitude
1981:08 1983:06 23 15.62
1989:12 1990:08 9 2.21
1998:08 1999:01 6 0.98
2008:02 2008:12 11 1.22

economy with the lowest average recession duration: 10 months. Figure (19) shows the
coincident indicator, where the shaded areas correspond to the recession’s periods.

Figure 19: Colombia: Coincident Indicator

The Colombia turning points are summarized in Table 12.

Table 12: Colombia: Turning Points

Peak Dates Through Dates Duration (months) Amplitude
1981:03 1981:12 10 4.85
1983:10 1985:01 16 2.43
1988:07 1988:12 6 3.27
1990:03 1991:04 14 2.25
1998:04 1998:12 9 2.87
2000:12 2001:05 6 1.13
2008:02 2008:11 10 2.91

3.5.4 Mexico

The Mexican economy shows the highest average recession’s duration among the
countries analyzed. From 1980 to 2012, six recessions were recorded, which lasted 14.5
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months, on average. Figure (20) shows the coincident indicator, where recessions periods
are depicted by shaded areas.

Figure 20: Mexico: Coincident Indicator

Mexico’s turning points are summarized in Table 13.

Table 13: Mexico: Turning Points

Peak Dates Through Dates Duration (months) Amplitude
1982:04 1983:11 20 12.18
1985:07 1986:10 16 6.39
1987:11 1988:07 9 2.29
1994:12 1995:10 11 10.85
2000:08 2001:10 15 1.12
2008:02 2009:05 16 4.69

3.5.5 Latin America

After building and analyzing each country indicators, we propose a Latin America
aggregate indicator, where each country was weighted by their respective standard devia-
tion, using the idea behind equation (3.1). Figure (21) shows the Latin America indicator,
where shaded areas depict recession periods.

There were common recession periods in the early 1980’s, where several countries
faced balance of payments problems as a result of fixed exchange rate regimes combined
to the global financial instability brought by the two oil shocks. Another region common
recession period was the one followed by the Mexican crisis, which hit many emerging
economies due to the confidence crisis and increased investor risk aversion. Finally, the
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Figure 21: Latin America: Coincident Indicator

2000-02 recessions impact most countries due to the global nature of the crisis, which
started with the bursting of the technology sector bubble.

Regarding the 2008 global financial crisis, the Mexican economy was the most
affected because of its heavy dependence on the U.S. economic cycle. However, all the
economies in the region suffered with the global slowdown after a while. Despite that, at
the beginning of the 2008 crisis, which first hit first the more mature economies, some
authors believed that emerging economies would decouple from advanced economies. This
proved to be wrong, but only after a while. It is relevant to test empirically whether there
is any relationship between the Latin America coincident indicator and the United States
indicator. Both are presented in Figure (22).

Figure 22: US and Latin America Coincident Indicators
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We now examine whether there is Granger-causality between the coincident index
of the U.S. proposed by TCB and our Proposed Latin-American coincident index. The two
do not cointegrate. Thus, we take the first-difference of the two series prior to performing
Granger-causality tests using the Sims version of the test. The lag length chose were 3 and
6, both are optimally chosen by different information criteria. The results are clear: the
U.S. coincident indicator Granger-causes the Latin-American coincident indicator, but it
is not Granger-caused by it. This means that the U.S. index is a good leading indicator
for Latin American economic activity.

Finally, we investigate the degree of business-cycle synchronization across the
Latin-American countries applying the Concordance Index (CI) proposed by Harding and
Pagan (2002). The CI measures the degree of co-movement between one country/region
specific cycle (𝑦𝑗𝑡) and other country/region cycle (𝑦𝑟𝑡). It counts the fraction of time both
series are simultaneously in the same state of expansion (𝑆𝑡 = 1) or contraction (𝑆𝑡 = 0).
Mathematically, for a total of n periods, we compute the concordance index to be:

𝐼𝑗𝑟 = 𝑛−1[𝑆𝑗𝑡 = 1, 𝑆𝑟𝑡 = 1] + 𝑛( − 1)[𝑆𝑗𝑡 = 0, 𝑆𝑟𝑡 = 0] (3.12)

If two cycles are exactly pro-cyclical then the index would be unity, while a value
of zero marks it down as being exactly counter-cyclical. We compute the CI for each pair
of countries and summarize the main results in Table 14. As could be noted, the Latin
America countries cycles showed a high degree of co-movement (CI on average above 0.70
in all the cases covered).

Table 14: Harding and Pagan (2002)’s Concordance Index

Argentina Brazil Chile Colombia Mexico Latin Amrica
Argentina 1 0.72 0.69 0.70 0.69 0.78

Brazil 1 0.73 0.71 0.72 0.77
Chile 1 0.83 0.78 0.91

Colombia 1 0.78 0.74
Mexico 1 0.82

Latin America 1

3.6 Conclusion
This paper has three main contributions. The first is to propose a coincident

indicator for specific Latin American countries: Argentina, Brazil, Chile, Colombia and
Mexico. In order to obtain similar series to those defined by The Conference Board (TCB)
when constructing coincident indices (output, sales, income and employment), we chose to
back-cast various individual country series. When back-casting, we followed Issler, Notini



Chapter 3. Constructing Coincident Indices of Economic Activity for the Latin American Economy 94

and Rodrigues (2013), who proposed a state-space procedure based on the interpolation
method of Bernanke, Gertler and Watson (1997) and the extensions made by Mönch and
Uhlig (2004).

The second contribution is to establish a chronology of recessions for these coun-
tries, covering the period from 1980 to 2012 on a monthly basis. These results are validated
comparing the quarterly chronology of recessions using official GDP data and the coin-
cident series constructed. The last contribution is to propose an aggregate indicator for
the Latin American economy, weighting the individual composite indicators for the five
countries analyzed here.

The composite regional index for Latin America tracks reasonably well its economic
activity, although not all countries follow the behavior of the composite index. For the
countries surveyed, on average, recessions are more frequent than in the U.S., the only
exception being Chile. Regarding the magnitude of the 2007-08 global financial crisis,
all five countries were affected. Finally, a chronology of recessions in Latin America was
established and the Latin-American cycles were compared to the U.S. business cycles,
finding that the U.S. cycle Granger-causes the Latin American cycle but it is not caused
by it.
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APPENDIX A – Technical Appendix

The central theoretical issue of this paper is consistent and efficient estimation of
what is called in the econometric literature as ’long-run variance’. This refers to the calcu-
lation of a covariance matrix that accounts for conditional heteroskedasticity of regression
disturbances and serial correlation of cross products of instruments and disturbances, or in
other words, heteroskedascitity and autocorrelation consistent (HAC) covariance matrix
estimation. In our main application, heteroskedasticity and autocorrelation is of unknown
form, but this poses no problem in this theory, as will be discussed here, due to the
development of non parametric procedures, the focus of this appendix.

Let 𝜃 be a (𝑘×1) vector of unknown parameters and ℎ𝑡 a (𝑞×1) vector of functions
of the data and parameters, 𝑞 ≥ 𝑘. The generalized moments estimators (GMM1) of the
true value of the parameter 𝜃 uses an orthogonality condition, 𝐸[ℎ𝑡(𝜃)] = 0 and chooseŝ︀𝜃 as the solution to:

𝑚𝑖𝑛𝜃 ℎ𝑇 (𝜃)′̂︁𝑊𝑇 ℎ𝑇 (𝜃) (A.1)

where 𝜃 ∈ Θ ⊂ ℛ𝑘, ℎ𝑇 (𝜃) = 1
𝑇

∑︀𝑇
𝑡=1 ℎ𝑡(𝜃) is the vector of sample moments of ℎ𝑡(𝜃) and

𝑊𝑇 is a symmetric positive semi-definite matrix. Here, ℎ𝑡 = 𝑍𝑡 · 𝑢𝑡 is an orthogonality
condition used to identify a 𝑘-dimensional parameter 𝜃, for a (𝑞 × 𝑙) matrix of intruments
𝑍𝑡 and a (𝑙 × 1) vector of regression disturbances 𝑢𝑡, where 𝑢𝑡 is unobservable. However,
this poses no problem as we are able to write 𝑢𝑡 as a function of observable data and
regression parameters, such that 𝑢𝑡 = 𝑢𝑡(𝜃).

When we have an overidentified model, with more orthogonality restrictions than
the number of parameters to be estimated, the GMM setup includes a weighting matrix
that will attribute weights to the orthogonality conditions in the estimation process. This
weighting matrix will have an important role in the covariance matrix estimation, as we
will explain later. Hansen (1982) has shown that the asymptotic covariance matrix of ̂︀𝜃
is given by:

𝑉𝑇 = (𝐻 ′
𝑇 𝑊𝑇 𝐻𝑇 )−1(𝐻 ′

𝑇 𝑊𝑇 𝑆𝑇 𝑊𝑇 𝐻𝑇 )(𝐻 ′
𝑇 𝑊𝑇 𝐻𝑇 )−1 (A.2)

where 𝐻𝑇 = 1
𝑇

𝐸

(︃
𝜕ℎ𝑡(𝜃)

𝜕𝜃

)︃
, 𝑊𝑇 converges in probability to a deterministic matrix 𝑊 and

the law of large numbers guarantees that ℎ𝑇 (𝜃) = 1
𝑇

∑︀𝑇
𝑡=1 ℎ𝑡(𝜃) converges in probability

1 See Hansen (1982).
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to the sample analog evaluated at 𝜃0, 1
𝑇

𝐸

(︃
𝜕ℎ𝑡(𝜃0)

𝜕𝜃0

)︃
. But we don’t know much about

𝑆𝑇 = 1
𝑇

∑︀𝑇
𝑠=1

∑︀𝑇
𝑡=1 𝐸[ℎ𝑡(𝜃)ℎ𝑠(𝜃)′].

Thus, as it is possible to estimate all the terms in the equation (A.2) but 𝑆𝑇 ,
the main concern in the literature regarding asymptotic estimation of GMM covariance
matrix is related to the consistent estimation of 𝑆𝑇 , accounting for possible heteroskedas-
ticity and autocorrelation. This is relevant for the construction of confidence intervals,
hypothesis tests and for the formation of an optimal GMM estimator. Hansen (1982) has
shown that the GMM estimator with the smallest possible variance is obtained when this
weighting matrix is chosen optimally, and in this case the asymptotic variance takes the
form (𝐻 ′

𝑇 𝑆−1
𝑇 𝐻𝑇 )−1, where the optimal weighting matrix converges in probability to 𝑆−1.

Changing variables, we may rewrite 𝑆𝑇 as:

𝑆𝑇 = Γ0 +
𝑇 −1∑︁

𝑗=−𝑇 +1
(Γ𝑗 + Γ′

𝑗) (A.3)

where Γ𝑇 (𝑗) = 1
𝑇

∑︀𝑇
𝑡=𝑗+1 E[ℎ𝑡(𝜃)ℎ𝑡−𝑗(𝜃)′] if 𝑗 ≥ 0 and Γ𝑇 (𝑗) = 1

𝑇

∑︀𝑇
𝑡=−𝑗+1 E[ℎ𝑡(𝜃)ℎ𝑡−𝑗(𝜃)′]

if 𝑗 ≤ 0. Therefore, 𝑆𝑇 can be written as a sum of all sample autocovariances, with Γ𝑗

denoting the (𝑞 × 𝑞) autocovariance.

If the autocovariances are zero after a lag 𝑛, we could just replace population
variables for sample variables in equation (A.3) to obtain the truncated estimator, which
was the first estimator proposed in the literature:

̂︀𝑆𝑇 = Γ0 +
𝑚∑︁

𝑗=1
(̂︀Γ𝑗 + ̂︀Γ′

𝑗) (A.4)

The main obstacle to the truncated estimator is that the number of nonzero auto-
covariances of ℎ𝑡(𝜃) should be known a priori. But even in this case, truncated estimator
need not yield necessarily a positive semi-definite matrix in many applications, as West
(1997) shows through simulations, what turns this option into little use.

A wide strand of literature used spectral density estimation in the HAC estimation
context. This was motivated by the fact that when the process ℎ𝑡(𝜃) is second order
stationary, it has spectral density matrix equal to:

𝑓(𝜆) = 1
𝜋

∞∑︁
−∞

Γ(𝑗)𝑒−𝑖𝑗𝜆 (A.5)

where Γ(𝑗) = 𝐸ℎ𝑡(𝜃)ℎ𝑡−𝑗(𝜃)′ and 𝑖 =
√

−1. When 𝑇 → ∞ in the equation A.3, this limit
equals 2𝜋 times the spectral density matrix at frequency zero (𝜆 = 0). The estimators
proposed by White (1984b), Gallant (1987) and Newey and West (1987a) correspond to
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kernel density estimators evaluated at 𝜆 = 0, and these were the main early contributions
to the development of this literature, alongside the work of Andrews (1991).

Therefore, the most widely used class of estimators relies on smoothing of auto-
covariances. The idea is to use a series of weights that obey certain properties and will
guarantee a positive semi-definite estimator. Andrews (1991) considers that the estimator
can be represented as

̂︀𝑆 = Γ0 +
𝑙∑︁

𝑗=1
𝜅(𝑗, 𝑙)(̂︀Γ𝑗 +̂︁Γ′

𝑗) (A.6)

as Γ𝑗 = Γ−𝑗, for a series of kernel weights 𝜅(𝑗, 𝑙). To obtain consistent estimators, we need
𝜅(𝑗, 𝑙) near zero for values of 𝑗 near 𝑙, the bandwidth parameter, as autocovariances at
large lags are estimated imprecisely, and also 𝜅(𝑗, 𝑙) → 1 for each 𝑗. Andrews considered
the class of kernel estimators of the spectral density matrix proposed by Parzen (1957)
and showed that the quadratic spectral kernel is asymptotically optimal whithin the class
of kernels that generate positive semi-definite estimates.

Andrews and Monahan (1992) considered prewhitened kernel estimators with vec-
tor autoregression (VAR) employed in the prewhitening stage. They showed through
Monte Carlo simulations that prewhitening is "effective in reducing bias, improving con-
fidence interval coverage probabilities and reducing overejection of 𝑡 statistics constructed
using kernel HAC estimators". However, prewhitening inflate the variance and MSE of
kernel estimators. They argue that when there is considerable temporal dependence in the
data, standard kernel HAC covariance matrix estimators often yield confidence intervals
whose test statistics reject too often. The idea behind prewhitening is to transform the
data into an uncorrelated sequence before applying a kernel estimator when constructing
a HAC covariance matrix estimator.

Therefore, the use of a HAC estimator involves the specification of a kernel function
and bandwidth parameter. In our main application, we use the Bartlett kernel as proposed
by Newey and West (1987a)2 and, regarding the bandwith parameter, we use the data
dependent method proposed by Newey and West (1994). As we can see, many authors
suggested different kernel functions as a rule for weighting the autocovariances. The main
ones are summarized in table 15.

The use of a HAC estimator involves not only the specification of a kernel function,
but also a choice of the bandwidth parameter, i.e., the number of autocovariances that
will be included. This is relevant because Andrews (1991) showed that ̂︀𝑆𝑇 converges at
different rates for different rules for choosing 𝑚. Newey (1987b) showed that for a given
kernel it was necessary for consistency to let the bandwidth increase with the sample size,
2 The Bartlett kernel is defined as 𝜅(𝑗, 𝑙) = 𝑙+1−𝑗

𝑙+1 .
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Table 15: Main Kernel Functions

max width=
Kernel Formula

Truncated 𝑘(𝑥) =

⎧⎨⎩1 if |x| ≤ 1
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Bartlett 𝑘(𝑥) =

⎧⎨⎩1-|x| if |x| ≤ 1
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Parzen 𝑘(𝑥) =

⎧⎪⎪⎨⎪⎪⎩
1-6x2 + 6|𝑥|3 if 0 ≤ |𝑥| ≤ 1/2
1(1-|x|)3 if 1/2 ≤ |𝑥| ≤ 1
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Quadratic Spectral 𝑘(𝑥) = 25
12𝜋2𝑥2

(︃
𝑠𝑒𝑛(6𝜋𝑥/5)

6𝜋𝑥/5 − 𝑐𝑜𝑠(6𝜋𝑥/5)
)︃

but left open the question of how many autocovariances to include, for a given sample.

Andrews (1991) and Andrews and Monahan (1992) proposed procedures for se-
lecting the bandwidth optimally, but those require the knowledge of the ARMA model
governing residual autocorrelation. Newey and West (1994) proposed a data dependent
model to automatically choose the bandwidth parameter, even when the form of the auto-
correlation is unknown. They show that this automatic selection procedure tends to lead
to more accurately sized test statistics than traditional procedures, and one could obtain
even more accurate statistics if prewhitening is combined with this procedure.They show,
contrary to Andrews (1991), that if the bandwidth is selected accordingly to their optimal
procedure, choice of kernel is of secondary importance.

More recently, there is a literature that argues that even if the estimator is not
consistent, it is possible to find well defined test statistics to carry out hypothesis testing,
setting bandwidth equal to the sample size (see Kiefer, Vogelsang and Bunzel (2000) and
Kiefer and Vogelsang (2002).

In this Appendix, our focus was to summarize the most important developments
on non parametric HAC estimation procedures, as we followed this methodology. However,
the literature developed also classes of estimators when ℎ𝑡(𝜃) follows a parametric model,
such that a moving average process3 or an autoregressive process4.

3 See Hansen and Singleton (1982), Eichenbaum (1988), Cumby et al. (1983), Hodrick (1992) and West
((WEST, 1997))

4 Haan and Levin (1997).
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APPENDIX B – Assumptions and Proposi-
tions of Gaglianone and
Issler (2015)

In this appendix, we replicate the main assumptions and propositions of Gaglianone
and Issler (2015) that are relevant to obtain the main result of the paper, that survey
forecasts are an affine function of the conditional expectation of the target variable.

The techniques reproduced here are appropriate for forecasting a weakly stationary
and ergodic univariate process {𝑦𝑡} using a large number of forecasts, in this case the result
of an opinion poll on the variable in question. Individual forecasts of 𝑦𝑡, computed using
information sets lagged ℎ periods, are 𝑓ℎ

𝑖,𝑡, 𝑖 = 1, 2, . . . , 𝑁 , and 𝑡 = 1, 2, . . . , 𝑇 . Therefore,
𝑓ℎ

𝑖,𝑡 are ℎ-step-ahead forecasts of 𝑦𝑡, formed at period 𝑡 − ℎ, and 𝑁 is the number of
respondents of this opinion poll regarding 𝑦𝑡.

They consider a setup which has two layers of decisions to be made. In the first
layer, individuals (survey respondents) form their optimal point forecasts of a random
variable 𝑦𝑡 by using a specific loss function under different assumptions about knowledge
of the DGP of 𝑦𝑡. These optimal forecasts 𝑓ℎ

𝑖,𝑡 will be available as survey results, where
potentially 𝑁 → ∞ and 𝑇 → ∞. In the second layer of decisions, an econometrician will
be the final user of this large number of forecasts and he operates under an MSE risk
function1. Hence, his optimal forecast in this second layer of decision making is E𝑡−ℎ (𝑦𝑡).

Assumption A1 (Loss function) [Gaglianone and Issler (2015), Patton and Timmer-
mann (2007))] 𝐿𝑖 depends solely2 on the forecast error 𝑒𝑖

𝑡,𝑡−ℎ ≡ 𝑦𝑡 − ̃︀𝑓ℎ
𝑖,𝑡, that is, 𝐿𝑖 =

𝐿(𝑒𝑖
𝑡,𝑡−ℎ).

Assumption A2 (Shape of the Loss function) [Gaglianone and Issler (2015), Patton
and Timmermann (2007))] The loss function exhibits the following properties: (i) 𝐿𝑖(0) =
0; (ii) 𝐿𝑖(𝑒𝑖) is continuous, homogeneous and non-negative ∀𝑒𝑖 ∈ R; and (iii) 𝐿𝑖(𝑒𝑖) is
monotonic non-decreasing (for 𝑒𝑖 > 0 or 𝑒𝑖 < 0), and differentiable at least twice almost
everywhere.
1 They argue that this assumption can be modified, but it potentially covers reasonably well some

interesting cases, which are of practical importance, e.g., the government, a central bank, a large
risk-neutral firm, etc.

2 According to Patton and Timmermann (2007), although it rules out certain loss functions (e.g., those
which also depend on the level of the predicted variable), many common loss functions are of this
form.



APPENDIX B. Assumptions and Propositions of Gaglianone and Issler (2015) 114

Assumption A3 (Asymmetry of the Loss function) [Gaglianone and Issler (2015),
Patton and Timmermann (2007))] The loss function 𝐿𝑖(𝑒𝑖) can be decomposed as 𝐿𝑖(𝑒𝑖) =
𝑔𝑖(𝑒𝑖)ℎ𝑖(𝑒𝑖), where 𝑔𝑖(𝑒𝑖) is a non-negative and symmetric function about 𝑒𝑖 = 0; 𝑔𝑖′(𝑒𝑖)

and 𝑔𝑖′′(𝑒𝑖) exist almost everywhere; ℎ𝑖(𝑒𝑖) =

⎧⎨⎩ 𝛽𝑖
1 ; 𝑒𝑖 < 0

𝛽𝑖
2 ; 𝑒𝑖 > 0

where {𝛽𝑖
1; 𝛽𝑖

2} are positive

constants.

Assumption A4 (DGP - stationarity and regularity of the CDF) [Gaglianone and
Issler (2015)] The univariate time series 𝑦𝑡 is a weakly stationary and ergodic process and
the conditional cumulative distribution function (CDF) of 𝑦𝑡 , given 𝐹𝑡−ℎ, is absolutely
continuous, with continuous densities 𝑓𝑡,𝑡−ℎ uniformly bounded away from 0 and ∞ at
the points 𝐹 −1

𝑡,𝑡−ℎ(𝜏), ∀𝜏 ∈ (0; 1), where 𝜏 denotes the quantile level with respect to the
(conditional) CDF of 𝑦𝑡.

Proposition 1 (Asymmetric Loss) [Gaglianone and Issler (2015)] Denote by 𝑀𝑒𝑑𝑡−ℎ(𝑦𝑡)
the conditional median of 𝑦𝑡. If A1-A4 hold, then: (i) If 𝛽1 ̸= 𝛽2 then 𝐹𝑡,𝑡−ℎ( ̃︀𝑓ℎ

𝑖,𝑡) ̸= 0.5,
where 𝐹𝑡,𝑡−ℎ is the conditional CDF of 𝑦𝑡; (ii) If 𝛽1 > 𝛽2 then ̃︀𝑓ℎ

𝑖,𝑡 < 𝑀𝑒𝑑𝑡−ℎ(𝑦𝑡); (iii)
If 𝛽1 < 𝛽2 then ̃︀𝑓ℎ

𝑖,𝑡 > 𝑀𝑒𝑑𝑡−ℎ(𝑦𝑡); and (iv) for two forecasters 𝑖 and 𝑗 such that
𝛽𝑖

1/𝛽𝑖
2 < 𝛽𝑗

1/𝛽𝑗
2 < 1, then, ̃︀𝑓ℎ

𝑖,𝑡 > ̃︀𝑓ℎ
𝑗,𝑡 > 𝑀𝑒𝑑𝑡−ℎ(𝑦𝑡).

Proposition 2 (DGP - parametric PDFs) [Gaglianone and Issler (2015)] If A1-A4
hold and the conditional PDF of 𝑦𝑡 is: (i) Gaussian, Two-piece Normal, or Logistic, then,̃︀𝑓ℎ

𝑖,𝑡 = 𝑘ℎ
𝑖 +E𝑡−ℎ(𝑦𝑡); (ii) Log-normal or Weibull, then, ̃︀𝑓ℎ

𝑖,𝑡 = 𝛽ℎ
𝑖 E𝑡−ℎ(𝑦𝑡); (iii) (𝑎 = 1, 𝑏 > 0),

then, ̃︀𝑓ℎ
𝑖,𝑡 = 𝑘ℎ

𝑖 + 𝛽ℎE𝑡−ℎ(𝑦𝑡); (iv) Beta(𝑎 > 0, 𝑏 = 1), then, ̃︀𝑓ℎ
𝑖,𝑡 = 𝛽ℎ

𝑖 𝜙(E𝑡−ℎ(𝑦𝑡); 𝜏𝑖), where
𝜙(E𝑡−ℎ(𝑦𝑡); 𝜏𝑖) = exp( ln(𝜏𝑖)

E𝑡−ℎ(𝑦𝑡)) and 𝜏𝑖 ≡ 𝐹𝑡,𝑡−ℎ( ̃︀𝑓ℎ
𝑖,𝑡).

Assumption A5 (DGP - location-scale) [Gaglianone and Issler (2015)] The DGP of
𝑦𝑡 follows a location-scale model, with conditional mean and variance dynamics defined as
𝑦𝑡 = 𝑋 ′

𝑡,𝑡−ℎ𝛿 +
(︁
𝑋 ′

𝑡,𝑡−ℎ𝛾
)︁

𝜂𝑡, in which (𝜂𝑡|𝐹𝑡−ℎ) ∼ 𝑖.𝑖.𝑑. 𝐹𝜂,ℎ (0, 1), where 𝐹𝜂,ℎ (0, 1) is some
distribution with zero mean and unit variance, which depends on ℎ but does not depend
on 𝐹𝑡−ℎ; 𝑋𝑡,𝑡−ℎ ∈ 𝐹𝑡−ℎ is a 𝑚 × 1 vector of covariates (which includes the intercept, and
that can be predicted using information available at time 𝑡 − ℎ) and 𝛿 = [𝛿0; 𝛿1; ...; 𝛿𝑚−1]
and 𝛾 = [𝛾0; 𝛾1; ...; 𝛾𝑚−1] are 𝑚 × 1 vectors of parameters.

Proposition 3 (Location-scale model) [Gaglianone and Issler (2015)] If A1-A5 hold,
then: (i) the optimal forecast is a linear function of the conditional mean of 𝑦𝑡, so that̃︀𝑓ℎ

𝑖,𝑡 = 𝑘ℎ
𝑖 + 𝛽ℎ

𝑖 E𝑡−ℎ(𝑦𝑡); (ii) in the absence of scale effects on the DGP (𝛾1 = 𝛾2 = ... =
𝛾𝑚−1 = 0) it follows that 𝛽ℎ

𝑖 = 1, for all 𝑖, i.e., ̃︀𝑓ℎ
𝑖,𝑡 = 𝑘ℎ

𝑖 + E𝑡−ℎ(𝑦𝑡).

Assumption A6 [Gaglianone and Issler (2015)] Define [̂︁𝑘ℎ
𝑖 ; ̂︁𝛽ℎ

𝑖 ] = [̂︀𝛼0(𝜏𝑖)− ̂︀𝛼0̂︀𝛼1
̂︀𝛼1(𝜏𝑖); ̂︀𝛼1(𝜏𝑖)̂︀𝛼1

],
where [̂︀𝛼0(𝜏𝑖); ̂︀𝛼1(𝜏𝑖)] are the resulting estimates (intercept and slope) of a standard linear
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quantile regression of 𝑦𝑡 onto [1; 𝑥𝑡,𝑡−ℎ] at quantile level 𝜏𝑖. In addition, let the average
coefficients ̂︁𝛼𝑗 = ∑︀𝐾

𝑘=1 ̂︀𝛼𝑗(𝜏𝑘)Δ𝜏𝑘, for 𝑗 = {0; 1}, be computed as Riemann sums over a grid
of 𝐾 equidistant quantile levels 𝜏𝑘 ∈ [𝜏1, 𝜏2, ..., 𝜏𝐾 ], such that 𝜏𝑘 = 𝑘

𝐾+1 and Δ𝜏𝑘 = 1
𝐾+1

for 𝑘 = [1, ..., 𝐾].3

Proposition 4 [Gaglianone and Issler (2015)] If A1-A6 hold, then, the optimal (feasible)
forecast of 𝑦𝑡 conditioned on 𝐹𝑡−ℎ is of the form: 𝑓ℎ

𝑖,𝑡 = 𝑘ℎ
𝑖 + 𝛽ℎ

𝑖 · E𝑡−ℎ(𝑦𝑡) + 𝜀ℎ
𝑖,𝑡, where 𝜀ℎ

𝑖,𝑡

accounts for finite sample parameter uncertainty, and [̂︁𝑘ℎ
𝑖 ; ̂︁𝛽ℎ

𝑖 ] are consistent estimates of
[𝑘ℎ

𝑖 ; 𝛽ℎ
𝑖 ].

Assumption A74 [Gaglianone and Issler (2015)] Let 𝜀ℎ
𝑡 =

(︁
𝜀ℎ

1,𝑡, 𝜀ℎ
2,𝑡, ... 𝜀ℎ

𝑁,𝑡

)︁′
be a 𝑁 × 1

vector stacking the errors 𝜀ℎ
𝑖,𝑡 associated with all possible forecasts. Assume that the

vector process
{︁
𝜀ℎ

𝑡

}︁
is covariance-stationary and ergodic for the first and second moments,

uniformly on 𝑁 , and that E
(︁
𝜀ℎ

𝑖,𝑡

)︁
= 0 for all 𝑖 and 𝑡, given ℎ. Furthermore, assume that

lim
𝑁→∞

1
𝑁2

𝑁∑︁
𝑖=1

𝑁∑︁
𝑗=1

⃒⃒⃒
E
(︁
𝜀ℎ

𝑖,𝑡𝜀
ℎ
𝑗,𝑠

)︁⃒⃒⃒
= 0, (B.1)

for all 𝑡 and 𝑠, given ℎ.

Assumption A85 [Gaglianone and Issler (2015)] Assume that plim
𝑁→∞

1
𝑁

∑︀𝑁
𝑖=1 𝛽ℎ

𝑖 = 𝛽ℎ ̸= 0,⃒⃒⃒
𝛽ℎ
⃒⃒⃒

< ∞, plim
𝑁→∞

1
𝑁

∑︀𝑁
𝑖=1 𝑘ℎ

𝑖 = 𝑘ℎ,
⃒⃒⃒
𝑘ℎ
⃒⃒⃒

< ∞, and plim
𝑁→∞

1
𝑁

∑︀𝑁
𝑖=1 𝑓ℎ

𝑖,𝑡 = 𝑓ℎ
·,𝑡,

⃒⃒⃒
𝑓ℎ

·,𝑡

⃒⃒⃒
< ∞, for all

𝑡 = 1, 2, · · · , 𝑇 .

Assumption A96 [Gaglianone and Issler (2015)] Assume that the identification condi-
tions for GMM estimation are met and that there is a unique set of values 𝜃ℎ

0 = [𝑘ℎ
0 ; 𝛽ℎ

0 ]′,
ℎ = 1, 2, · · · , 𝐻, that solve the orthogonality condition E

[︁(︁
𝑓ℎ

𝑖,𝑡 − 𝑘ℎ
𝑖 − 𝛽ℎ

𝑖 𝑦𝑡

)︁
⊗ 𝑧𝑡−𝑠

]︁
= 0,

for each ℎ separately7.

The following proposition is an important result, as it allows for consistent esti-
mation of E𝑡−ℎ (𝑦𝑡).
3 Also assume that regularity conditions A1-A2 of Koenker (2005) on 𝑥𝑡,𝑡−ℎ are met, and that 𝛼(𝜏) is

continuous and Riemann-integrable on [0, 1].
4 Assumption A7 guarantees that the errors 𝜀ℎ

𝑖,𝑡 can be diversified away, and that cross-sectional
dependence is not a problem. It is required in a GMM context in order to ensure that

E𝑡−ℎ

(︂
plim
𝑁→∞

1
𝑁

∑︀𝑁
𝑖=1 𝑣ℎ

𝑖,𝑡

)︂
= 0.

5 Assumption A8 just requires finite convergence of different cross-sectional averages, which bounds the
degree of cross-sectional and time-series dependence due to spatial dependence. They are expected to
hold on a stationary-ergodic context.

6 Assumption A9 deals with GMM identification and is standard in the literature.
7 Also further assume that the additional regularity conditions used by Hansen (1982) in proving 𝑇

-consistency of GMM estimates ̂︁𝜃ℎ = [̂︁𝑘ℎ;̂︁𝛽ℎ]′ are met as well.
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Proposition 5 [Gaglianone and Issler (2015)] If A1-A9 hold, then, the feasible Extended
BCAF (Bias Corrected Average Forecast) 1

𝑁

∑︀𝑁
𝑖=1

𝑓ℎ
𝑖,𝑡− ̂︀𝑘ℎ̂︁𝛽ℎ

, based on 𝑇 -consistent GMM

estimates ̂︁𝜃ℎ =
[︁̂︁𝑘ℎ; ̂︁𝛽ℎ

]︁′
, obeys the condition plim

(𝑁,𝑇 →∞)𝑠𝑒𝑞

(︃
1
𝑁

∑︀𝑁
𝑖=1

𝑓ℎ
𝑖,𝑡− ̂︀𝑘ℎ̂︁𝛽ℎ

)︃
= E𝑡−ℎ (𝑦𝑡),

where (𝑁, 𝑇 → ∞)𝑠𝑒𝑞 denotes the sequential asymptotic approach proposed by Phillips
and Moon (1999), when we let first 𝑁 → ∞, and then let 𝑇 → ∞.

We now turn into the more complicated case where in the sequential asymptotics
we let first 𝑇 → ∞, and then 𝑁 → ∞, or, that we let 𝑇 → ∞ with 𝑁 fixed.

Assumption A10 [Gaglianone and Issler (2015)] Let 𝜀ℎ
𝑡 =

(︁
𝜀ℎ

1,𝑡, 𝜀ℎ
2,𝑡, ... 𝜀ℎ

𝑁,𝑡

)︁′
be a 𝑁 × 1

vector stacking the errors 𝜀ℎ
𝑖,𝑡 associated with all possible forecasts. Assume that the

vector process
{︁
𝜀ℎ

𝑡

}︁
is covariance-stationary and ergodic for the first and second moments,

uniformly on 𝑁 , and that E(𝜀ℎ
𝑡 |𝑡−ℎ) = 0 for all 𝑡, given ℎ.

Assumption A11 [Gaglianone and Issler (2015)] Define 1
𝑁

∑︀𝑁
𝑖=1 𝛽ℎ

𝑖 = 𝛽ℎ and 1
𝑁

∑︀𝑁
𝑖=1 𝑘ℎ

𝑖 =
𝑘ℎ. Assume that, for all 𝑁 , the identification conditions for GMM estimation are met
and that there is a unique set of values 𝜃ℎ

0 = [𝑘ℎ
0 ; 𝛽ℎ

0 ]′, ℎ = 1, 2, · · · , 𝐻, that solves the
orthogonality condition aforementioned for each ℎ separately. We further assume that the
additional regularity conditions used by Hansen (1982) in proving consistency of GMM
are met as well.

Proposition 6 [Gaglianone and Issler (2015)] If A1-A6 and A10-A11 hold, then, the

feasible Extended BCAF (Bias Corrected Average Forecast) 1
𝑁

∑︀𝑁
𝑖=1

𝑓ℎ
𝑖,𝑡− ̂︀𝑘ℎ̂︁

𝛽ℎ
, based on 𝑇 -

consistent GMM estimates ̂︁𝜃ℎ =
[︂̂︁
𝑘ℎ; ̂︁𝛽ℎ

]︂′
, obeys plim

𝑇 →∞

(︃
1
𝑁

∑︀𝑁
𝑖=1

𝑓ℎ
𝑖,𝑡− ̂︀𝑘ℎ̂︁

𝛽ℎ

)︃
= E𝑡−ℎ (𝑦𝑡), where

we let 𝑇 → ∞, with 𝑁 fixed. The convergence to E𝑡−ℎ (𝑦𝑡) also happens when we let

first 𝑇 → ∞ and later let 𝑁 → ∞, that is, plim
(𝑇,𝑁→∞)𝑠𝑒𝑞

(︃
1
𝑁

∑︀𝑁
𝑖=1

𝑓ℎ
𝑖,𝑡− ̂︀𝑘ℎ̂︁

𝛽ℎ

)︃
= E𝑡−ℎ (𝑦𝑡), where

(𝑇, 𝑁 → ∞)𝑠𝑒𝑞 denotes the sequential asymptotic approach proposed by Phillips and
Moon (1999).

Assumption A12 [Gaglianone and Issler (2015)] Let first hold 𝑁 , 𝑇 , and ℎ fixed,

and define 𝑌1 =
(︃

1
𝑁

∑︀𝑁
𝑖=1

𝑓ℎ
𝑖,𝑡− ̂︀𝑘ℎ̂︁

𝛽ℎ

)︃
. Letting now 𝑇 → ∞, this defines plim

𝑇 →∞
𝑌1 ≡ 𝑌2 =(︃

1
𝑁

∑︀𝑁

𝑖=1 𝑓ℎ
𝑖,𝑡− 1

𝑁

∑︀𝑁

𝑖=1 𝑘ℎ
𝑖

1
𝑁

∑︀𝑁

𝑖=1 𝛽ℎ
𝑖

)︃
. If both 𝑁, 𝑇 → ∞, this defines plim

𝑁,𝑇 →∞
𝑌1 ≡ 𝑌3 = 𝑦𝑡 + 𝜂ℎ

𝑡 =

E𝑡−ℎ(𝑦𝑡).

Assumption A13 [Gaglianone and Issler (2015)] lim sup
𝑁,𝑇

𝑃 {‖𝑌1 − 𝑌2‖ > 𝜀} = 0, ∀𝜀 > 0,

where ‖𝐴‖ is the Euclidean norm (𝑡𝑟 (𝐴′𝐴))1/2.
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Proposition 7 [Gaglianone and Issler (2015)] If A1-A13 hold, then, both feasible ex-

tended BCAFs
(︃

1
𝑁

∑︀𝑁
𝑖=1

𝑓ℎ
𝑖,𝑡− ̂︀𝑘ℎ̂︁

𝛽ℎ

)︃
and

(︃
1
𝑁

∑︀𝑁
𝑖=1

𝑓ℎ
𝑖,𝑡− ̂︀𝑘ℎ̂︁𝛽ℎ

)︃
, based respectively on 𝑇 -consistent

GMM estimates ̂︁
𝜃ℎ =

[︂̂︁
𝑘ℎ; ̂︁𝛽ℎ

]︂′
and ̂︀𝜃ℎ =

[︁̂︁𝑘ℎ; ̂︁𝛽ℎ
]︁

,obey plim
(𝑇,𝑁→∞)

(︃
1
𝑁

∑︀𝑁
𝑖=1

𝑓ℎ
𝑖,𝑡− ̂︀𝑘ℎ̂︁

𝛽ℎ

)︃
=

plim
(𝑁,𝑇 →∞)

(︃
1
𝑁

∑︀𝑁
𝑖=1

𝑓ℎ
𝑖,𝑡− ̂︀𝑘ℎ̂︁𝛽ℎ

)︃
= E𝑡−ℎ(𝑦𝑡), regardless of the order in which 𝑁 and 𝑇 diverge.

Under different assumptions, their results above imply that we can estimate con-
sistently E𝑡−ℎ (𝑦𝑡), respectively, as follows:

̂︀E𝑡−ℎ (𝑦𝑡) = 1
𝑁

𝑁∑︁
𝑖=1

𝑓ℎ
𝑖,𝑡 − ̂︁𝑘ℎ̂︁𝛽ℎ

, or,

̂︀E𝑡−ℎ (𝑦𝑡) = 1
𝑁

𝑁∑︁
𝑖=1

𝑓ℎ
𝑖,𝑡 − ̂︁

𝑘ℎ̂︁
𝛽ℎ

,

depending on whether we let first 𝑁 → ∞, and then let 𝑇 → ∞, or, we either let first
𝑇 → ∞, and then let 𝑁 → ∞, or hold 𝑁 fixed after 𝑇 → ∞. In any case, estimation
of
[︁
𝑘ℎ, 𝛽ℎ

]︁
or of

[︁
𝑘ℎ, 𝛽ℎ

]︁
is performed by GMM under 𝑇 -asymptotics. These estimates of

E𝑡−ℎ (𝑦𝑡) can be viewed as bias-corrected versions of survey forecasts.
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