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Abstract  

The main objective of this article is to test the hypothesis that utility preferences that 

incorporate asymmetric reactions between gains and losses generate better results than the classic 

Von Neumann-Morgenstern utility functions in the Brazilian market. The asymmetric behavior can 

be computed through the introduction of a disappointment (or loss) aversion coefficient in the 

classical expected utility function, which increases the impact of losses against gains. The results 

generated by both traditional and loss aversion utility functions are compared with real data from 

the Brazilian market regarding stock market participation in the investment portfolio of pension 

funds and individual investors. 
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I – Introduction and Objective 

This article aims at testing if the use of preference functions that incorporate asymmetric 

behavior between gains and losses (loss or disappointment aversion) generates better results than 

the traditional utility function in terms of participation of the stock market in the optimum 

investment portfolio based on data from the Brazilian financial market. 

The methodology assumes that investors have two investment options (the risk-free asset 

and the risky asset) and aim at maximizing the utility generated by their investment portfolio by 

choosing the optimum composition of risky asset (the market index, represented by the main 

Brazilian stock index, the Ibovespa) and risk-free asset (the return provided by government bonds, 

as represented by CDI, the inter-bank loan rate). In addition, it is also assumed that investors 

revaluate their investment portfolio annually, when they decide upon the composition of their 

investment portfolio based on expectations of risk and return of both assets mentioned above.  

Specifically, the following hypothesis will be tested: 

Hypothesis: The behavior of the Brazilian investors regarding the participation of the stock 

market in their investment portfolio can be better replicated by a loss aversion utility function (a 

utility that incorporates the first order risk aversion) than by a traditional utility function (a utility 

function that only considers the second order risk aversion, or aversion to variance). 

Data from the Brazilian market shows that individual investors (households) invest only 

between 5% and 8% of their investment portfolio in the stock market, suggesting that this type of 

investor may present a high second order risk aversion. On the other hand, data from ABRAPP (the 

Brazilian Association of Pension Funds) shows that, from 1995 to 2005, Brazilian pension funds 

invested on average from 27% to 41% of their portfolio in risky assets (including direct investment 

in the stock market or through investment funds), indicating a lower risk aversion from institutional 

investors.  

Since the utility function in its traditional form does not take into account the first order risk 

aversion (loss aversion), it demands a higher second order risk aversion to justify low levels of 

investments in stock market, such as the Brazilian market. On the other hand, the application of loss 

aversion utility functions could justify these low levels of stock market investments by applying 

lower risk aversion coefficients, since a great portion of the aversion is transferred to the loss 

aversion coefficient (i.e., first order risk aversion).  

This paper is divided as follows: Section II presents the theoretical background that justifies 

the application of a loss aversion utility function. Section III details the methodology and specifies 

the tested models. Section IV presents the results of the tests and Section V discusses the results, 

comparing them to real data from the Brazilian market. Section VI concludes the paper by 

presenting the main implications of the results.  
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II – Justification 

The concept of utility maximization, initially developed as a tool for microeconomic theory, 

has also become very important in financial analysis as a mathematical representation of individual 

and aggregate investors’ behavior. Among other applications, the utility function can be applied as a 

complementary concept for the development and testing of asset pricing models (e.g., CAPM), as 

well as for assessing if the market behavior is in accordance to what theory predicts.  

As in microeconomics, the utility theory in finance assumes that individual investment and 

consumption decisions aims at maximizing individual’s utility of wealth in the long run. Under this 

rationale, it is implicitly assumed that the representative agent has some form of utility function 

(which can be represented by a logarithmic, power, exponential, or any other form of utility 

function) based on which the investor decides how to maximize the utility of his/her 

investment/consumption decisions.  

However, the rise of several paradoxes resulting from the application of the set of axioms 

that supports the utility theory, and the incapacity of the model to replicate real economic decisions, 

has generated discussions regarding the adequacy of the traditional form of the utility function as an 

adequate representative model for investment and consumption decisions.  

Among the most important contributions to solve the paradoxes generated by the application 

of the original axioms that support the utility theory, Gul (1991) proposes a new set of axioms that 

supports asymmetric behavior from investors when assessing utility from gains and losses.  

Ang, Bekaert and Liu (2005) uses the axiomatic set presented by Gul (1991) to develop a 

new form of utility function. The main adjustment in the utility function is the introduction of the 

disappointment aversion coefficient, as follows:   
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where D = disappointment aversion coefficient (Dχ1)  

           uw = reference point to differentiate gains and losses (the certainty equivalent) 

           F(W) = cumulative density function of the risky asset return 

           K = Pr(Wχuw) + D x Pr(W>uw)  

If D<1, the outcomes below the certainty equivalent will have a higher weight than the 

outcomes above it, thus reflecting the disappointment aversion in the investor’s behavior.  

The authors also assume that investors have two investment opportunities: the risky asset 

(marker portfolio) and the risk-free asset.. The maximization problem is proposed as follows: 

Max (α) E[U(W,uw)] 

The utility generated is a function not only of the final wealth of the investor, but also of the 

referential value (uw) that differentiates gains and losses. The maximization problem is subject to 

the following restriction regarding wealth in period t+1: 
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W = αW0(exp(y) – exp(r)) + W0 exp(r) 

where α = percentage of the initial wealth invested in the risky asset 

 W = wealth in period t+1 

 W0 = initial wealth  

 y = risky asset continuously compounded return  

 r = risk-free asset continuously compounded return  

The authors remark that the use of the restriction in the form proposed above, based solely 

on the final wealth of the investment, allows to solve the problem by ignoring the consumption 

decisions of the investor.  

The authors use a power utility function, which presents Constant Relative Risk Aversion 

(CRRA): 

U(W) = W1-γ 

             1-γ 

Assuming W0=1 (since CRRA utility is the same for equal relative changes in initial wealth 

independently of the value of the initial wealth, the assumption for W0 does not affect the results), 

the authors compare the results of the proposed utility function with the maximization problem for 

the traditional form of the utility function as shown below: 

Max (α) E[U(W)] 

The first-order condition is:  

δE(U(W)) = 0 

                   δα 
where: 
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As observed by Ang et al (2005), due to the historically high risk premium paid by the 

American stock market, the traditional utility maximization problem generates solutions of 

maximum utility portfolio with high participation of the risky asset when reasonable levels of risk 

aversion are employed. According to the authors, this result is not compatible with real data from 

the American market, which shows that a great portion of the population does not invest in the stock 

market, in what became known as the “portfolio puzzle”.  

Barberis et al (2001) also test a loss aversion utility function, but they apply a different 

methodology than the one adopted by Ang et al (2005), among other things, by not using the 

certainty equivalent as a referential value to differentiate gains and losses. Instead of basing their 

model on the axiomatic set proposed by Gul (1991), the model developed by Barberis et al (2001) is 

based on the behavioral theory developed by authors such as Kahneman and Tversky (1979), which 

demonstrate that real decision behavior is not compatible with the independence axiom. Based on 

the behavioral theory, instead of being calculated mathematically, the referential value that 
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differentiates gains and losses can be represented by any parameter that represents a minimum 

wealth that the investor wants to have in the end of his/her decision horizon (e.g., initial wealth, 

wealth plus inflation, etc).  

Rabin (2000) mentions other problems resulting from the application of the traditional utility 

theory and the effect of the risk aversion coefficient. In his article, the author demonstrates that, if 

investors reject some types of lotteries with small wealth variation, the stability of the risk aversion 

imply that they will reject several lotteries of greater wealth variation, even if these lotteries present 

possibilities of extremely high gains. The following example clarifies his statement:  

Consider the lottery with 50 / 50 probability of winning $110 / losing $100. 

Under the assumption of a power utility function with the form presented before, and 

considering an investor with initial wealth of $10.000, the author demonstrates that, if the investor 

rejects the bet proposed above (in the case that γ=10, for example), the investor will also reject any 

other bet with 50% probability of losing $1.000 and 50% probability of winning any some of 

money, as high as it may be. In other words, by applying the utility function in its traditional form 

and under reasonable levels of risk aversion, this investor would not accept to invest all his/her 

investment portfolio in an asset that had 50% chance of offering extremely high returns, if it had 

50% possibility of losing 10% of his/her initial wealth. 

In summary, Rabin (2000) shows that the use of the same expected utility function (and the 

same risk aversion) to estimate the utility resulting from both small and large variations of wealth 

generates results that are not compatible with real economic decisions. As observed by the author, 

this paradox is a result of the concavity of the expected utility function, which is almost risk-neutral 

for small wealth variations. 

As proposed by the author, one way to solve this problem is to apply alternative forms for 

the utility function that accommodates higher risk aversion for small wealth variations than the 

traditional expected utility function, while maintaining reasonable levels of risk aversion for higher 

changes in wealth. According to the author, models that do not estimate the utility based solely on 

the probability of occurrence of each state, such as loss aversion utility functions, could solve this 

paradox.   

Following Rabin’s (2000) reasoning, Ang et al (2005) demonstrates that the use of loss 

aversion utility functions allows an investor to reject the initial 50 / 50 lottery proposed above, 

without implying that this investor will have to reject lotteries with greater wealth variation that 

would normally be accepted in real decisions. For example, by assuming an utility function with 

loss aversion coefficient D=0,9, an investor may reject the initial 50 / 50 bet of winning $110 / 

losing $100, and still accept several other 50 / 50 lotteries in which he/she could lose 10% of the 

initial wealth, as far as these lotteries offer reasonable possibilities of gains. 
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III - Methodology  

The maximization problem is based on the following assumptions: 

1. Investors have two investment options: the risky asset (the Brazilian stock market index) and the 

risk-free asset (CDI – the basic interest rate for Brazilian inter-bank loans); 

2. According to the model developed by Benartzi and Thaler (1995), investors revaluate their 

investments annually, and reallocate their investment portfolio in the end of each year according 

to his/her expectations of risk and return for the next year for both assets mentioned above; 

3. Investors do not: i) sell short the market index; or ii) borrow money to invest more than 100% of 

their investment portfolio in the risky asset;1 

4. The annual optimum investment portfolio is the one that maximizes utility according to either of 

the two alternative utility functions presented below: 

 

1. Traditional utility function:  

Max (α) E[U(W)] 

Such that: 

)()()]([ WdFWUWUE ∫
∞

∞−
=  

and 

U(W) = W1-γ 

             1-γ 

Subject to: 

W = 1 + (1-α)rf + αrm 

 
2. Loss aversion utility function: 

Max (α) E[U(W,Vr)] 

Such that:    
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and 

U(W) = W1-γ 

             1-γ 

Subject to: 

W = 1 + (1-α)rf + αrm 
 

                                                
1 Despite being possible to do both operations mentioned above, it was assumed that the investor would not invest this 
way since results generated by allowing short-selling of ther market index or borrowing money would not offer 
additional contributions for the objective of this paper.  
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Where:         

rf = return of the risk-free asset (CDI) 

rm = return of the risky asset (Ibovespa-the main Brazilian stock market index) 

α = percentage invested in the risky asset 

γ = second order risk aversion coefficient 

D = loss aversion coefficient (Dχ1) 

Vr = reference value to differentiate gains and losses  

F(W) = cumulative distribution function of the risky asset  

             (assumed as a normal distribution) 

K = Probability(W<Vr) + D x Probability(W>Vr) 
 

The form of the loss aversion utility function is similar to the one adopted by Ang, Bekaert 

and Liu (2005) – from now on to be referred as ABL. However, differently from ABL, the reference 

value (Vr) used to differentiate gains and losses in the present paper is not the certainty equivalent, 

but the initial wealth of the investor (W0=1). Since there is not a rule to determine the parameter 

that differentiates gains from losses, this parameter can be defined according to reasonable 

behavioral assumptions. Barberis et al (2001), for example, use the return from government bonds 

as a reference to differentiate gains and losses in their model. The use of the certainty equivalent 

generates several computational difficulties, as pointed out by ABL, since it is an endogenous 

variable of the maximization problem.  

The choice of the power utility function is justified for presenting Constant Relative Risk 

Aversion (CRRA), and for being extensively applied in several academic papers, including ABL.  

Regarding the risk aversion and the loss aversion coefficients, the tests were simulated under 

different values for γ (from 0,5 to 10) e for D (from 0,1 to 1,0), which comprise comprehensive 

intervals for reasonable values for these coefficients.   

As a reference for recent behavior of the assets in evidence, Table 1 below presents average 

monthly returns and standard deviations for Ibovespa (the Brazilian stock market index) and CDI 

from 1995 to 2005:  

 

Table 1: Mean Returns and Standard-Deviations  

(Ibovespa and CDI) 

  Monthly Ibovespa   Monthly CDI 

Year Mean Std-Dev   Mean Std-Dev 

1995 -0.11% 11.80%  3.59% 0.55% 

1996 4.20% 5.78%  2.00% 0.26% 

1997 3.13% 11.65%  1.91% 0.50% 

1998 -3.34% 16.26%  2.13% 0.48% 

1999 8.00% 9.85%  1.91% 0.53% 

2000 -0.94% 8.51%  1.42% 0.01% 

2001 -0.97% 9.48%  1.42% 0.00% 

2002 -1.54% 10.05%  1.42% 0.00% 

2003 5.83% 6.37%  1.42% 0.00% 

2004 1.38% 5.14%   1.40% 0.02% 

2005 2.06% 7.15%  1.47% 0.04% 
         Source: Economática 
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IV – Tests Results  
 

As described in the methodology, the tests aim at calculating the composition of the 

optimum investment portfolio that maximizes the utility of the investor for each of the proposed 

forms of the utility function, assuming one-year horizon for investment revaluation.  

The one-year investment rebalance assumption is based on the idea that investors assess the 

utility generated by their investment annually. Thus, under this rationale, the utility is assessed by 

the investor when he/se rebalances his/her investments, as opposed to the moment that the investor 

enjoys the consumption made available by the results of the investment. This differentiation was 

proposed by Kahneman and Tversky (1979) when they presented the prospect theory, an was also 

employed by Benartzi and Thaler (1995). The difference between evaluation horizon and planning 

horizon is of great importance in the prospect theory and in the models derived from it because, 

even if the investor will  make use of the income generated by his/her investment only in the 

retirement, the prospect theory assumes that the investor evaluates and asses the utility from the 

investments in shorter periods, and reallocates the investment portfolio based on these revaluations. 

This assumption is supported by empirical tests on investors’ behavior, which demonstrated that 

investors assess utility from investments every time that they evaluate their assets.    

Due to the impossibility of estimating investors’ risk and return expectancy for both assets 

based on historical data, and because the average annual risk premium of the Brazilian stock market 

was negative in the last ten years, the tests were simulated under arbitrary scenarios for risk and 

return. For the market portfolio, two return scenarios (2.0% and 2.5% per month, equivalent to 

26.8% and 34.5% per year respectively) and three risk scenarios (standard deviation for the monthly 

return of 5.14%, 10.70% and 16.26%) were assumed as expectancy parameters. These values 

comprehend a reasonable range for risk and return parameters for the stock market based on recent 

historical data. For the CDI (the risk-free asset), it was assumed a month return of 1.41%, which is 

close to actual values from 2000 to 2004. 

The following tables present the results regarding participation of the market portfolio 

(benchmarked by the Ibovespa) that maximizes the investment portfolio for different assumptions 

for the loss aversion (D) and risk aversion (γ) coefficients and for different scenarios for risk and 

return for the Ibovespa and CDI, as mentioned above. 
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Table 2 – Participation of Equity Investments in the Optimum Investment Portfolio  
 

Table 2.a  

(Assumptions: Ibovespa=2.00% per month, CDI=1.41% per month) 
            

LOW risk scenario for the stock market (standard deviation for the monthly return=5.14%) 

D γγγγ=0.5 γγγγ=1.5 γγγγ=2 γγγγ=3 γγγγ=4 γγγγ=5 γγγγ=6 γγγγ=7 γγγγ=8 γγγγ=9 γγγγ=10 

0.10 8.4% 8.4% 8.3% 8.3% 8.3% 8.2% 8.2% 8.1% 8.1% 8.1% 8.0% 

0.20 9.2% 9.1% 9.1% 9.0% 9.0% 8.9% 8.9% 8.8% 8.8% 8.7% 8.6% 

0.30 9.8% 9.8% 9.7% 9.7% 9.6% 9.5% 9.4% 9.4% 9.3% 9.2% 9.1% 

0.40 10.5% 10.4% 10.4% 10.3% 10.2% 10.1% 10.0% 9.9% 9.8% 9.7% 9.6% 

0.50 11.4% 11.2% 11.2% 11.0% 10.9% 10.8% 10.6% 10.5% 10.4% 10.3% 10.1% 

0.60 12.5% 12.3% 12.2% 12.0% 11.8% 11.6% 11.4% 11.3% 11.1% 10.9% 10.8% 

0.70 15.4% 15.3% 15.3% 15.3% 13.2% 12.9% 12.6% 12.3% 12.0% 11.8% 11.6% 

0.80 32.2% 19.9% 19.0% 17.8% 16.8% 16.0% 15.4% 15.3% 13.6% 13.2% 12.8% 

0.90 100.0% 90.1% 66.1% 41.4% 32.2% 24.5% 21.5% 19.5% 18.0% 16.9% 15.9% 

1.00 100.0% 100.0% 100.0% 75.2% 56.5% 45.3% 37.7% 32.3% 28.3% 25.2% 22.6% 

            

MEDIUM risk scenario for the stock market (standard deviation for the monthly return=10.70%) 

D γγγγ=0.5 γγγγ=1.5 γγγγ=2 γγγγ=3 γγγγ=4 γγγγ=5 γγγγ=6 γγγγ=7 γγγγ=8 γγγγ=9 γγγγ=10 

0.10 3.8% 3.7% 3.7% 3.7% 3.7% 3.6% 3.6% 3.6% 3.5% 3.5% 3.5% 

0.20 4.1% 4.0% 4.0% 4.0% 3.9% 3.9% 3.8% 3.8% 3.7% 3.7% 3.6% 

0.30 4.3% 4.2% 4.2% 4.0% 4.1% 4.1% 4.0% 4.0% 3.9% 3.8% 3.8% 

0.40 4.5% 4.5% 4.4% 4.4% 4.3% 4.3% 4.2% 4.1% 4.1% 4.0% 3.9% 

0.50 4.8% 4.7% 4.7% 4.6% 4.5% 4.4% 4.4% 4.3% 4.2% 4.1% 4.0% 

0.60 5.1% 5.0% 5.0% 4.9% 4.8% 4.7% 4.6% 4.5% 4.4% 4.3% 4.1% 

0.70 5.6% 5.4% 5.3% 5.2% 5.1% 4.9% 4.8% 4.7% 4.6% 4.4% 4.3% 

0.80 6.4% 6.1% 6.0% 5.8% 5.6% 5.4% 5.2% 5.0% 4.8% 4.6% 4.4% 

0.90 15.3% 8.4% 7.9% 7.2% 6.7% 6.2% 5.9% 5.5% 5.2% 5.0% 4.7% 

1.00 97.3% 34.7% 26.1% 17.4% 13.1% 10.5% 8.7% 7.5% 6.5% 5.8% 5.2% 

            

HIGH risk scenario for the stock market (standard deviation for the monthly return=16.26%) 

D γγγγ=0.5 γγγγ=1.5 γγγγ=2 γγγγ=3 γγγγ=4 γγγγ=5 γγγγ=6 γγγγ=7 γγγγ=8 γγγγ=9 γγγγ=10 

0.10 2.4% 2.4% 2.4% 2.3% 2.3% 2.3% 2.2% 2.2% 2.2% 2.1% 2.1% 

0.20 2.6% 2.5% 2.5% 2.5% 2.4% 2.4% 2.4% 2.3% 2.3% 2.2% 2.1% 

0.30 2.7% 2.7% 2.6% 2.6% 2.6% 2.5% 2.5% 2.4% 2.3% 2.2% 2.1% 

0.40 2.8% 2.8% 2.8% 2.7% 2.7% 2.6% 2.5% 2.5% 2.4% 2.3% 2.2% 

0.50 3.0% 2.9% 2.9% 2.8% 2.8% 2.7% 2.6% 2.5% 2.4% 2.3% 2.2% 

0.60 3.1% 3.1% 3.0% 2.9% 2.9% 2.8% 2.7% 2.6% 2.5% 2.4% 2.2% 

0.70 3.4% 3.3% 3.2% 3.1% 3.0% 2.9% 2.8% 2.7% 2.5% 2.4% 2.2% 

0.80 3.7% 3.6% 3.5% 3.4% 3.2% 3.1% 2.9% 2.8% 2.6% 2.4% 2.2% 

0.90 4.8% 4.3% 4.2% 3.9% 3.6% 3.4% 3.1% 2.9% 2.7% 2.5% 2.3% 

1.00 45.0% 15.1% 11.3% 7.5% 5.7% 4.5% 3.8% 3.2% 2.8% 2.5% 2.3% 
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Table 2.b  

(Assumptions: Ibovespa=2.50% per month, CDI=1.41% per month) 
            

LOW risk scenario for the stock market (standard deviation for the monthly return=5.14%) 

D γγγγ=0.5 γγγγ=1.5 γγγγ=2 γγγγ=3 γγγγ=4 γγγγ=5 γγγγ=6 γγγγ=7 γγγγ=8 γγγγ=9 γγγγ=10 

0.10 9.6% 9.5% 9.5% 9.5% 9.5% 9.4% 9.4% 9.4% 9.3% 9.3% 9.2% 

0.20 10.6% 10.6% 10.6% 10.5% 10.5% 10.4% 10.3% 10.3% 10.2% 10.2% 10.1% 

0.30 11.6% 11.6% 11.5% 11.4% 11.4% 11.3% 11.2% 11.1% 11.1% 11.0% 10.9% 

0.40 12.8% 12.6% 12.6% 12.5% 12.4% 12.2% 12.1% 12.0% 11.9% 11.8% 11.7% 

0.50 17.4% 17.4% 17.4% 17.4% 13.6% 13.5% 13.3% 13.1% 13.0% 12.8% 12.7% 

0.60 18.0% 17.5% 17.4% 17.4% 17.4% 17.4% 17.4% 17.4% 17.4% 14.2% 14.0% 

0.70 100.0% 72.5% 45.0% 26.6% 26.6% 19.9% 19.0% 18.3% 17.8% 17.4% 17.4% 

0.80 100.0% 100.0% 100.0% 72.5% 54.1% 37.5% 35.8% 26.9% 26.6% 26.6% 21.0% 

0.90 100.0% 100.0% 100.0% 100.0% 81.7% 63.4% 54.1% 45.0% 38.7% 35.8% 30.8% 

1.00 100.0% 100.0% 100.0% 100.0% 100.0% 83.3% 69.5% 59.6% 52.2% 46.5% 41.8% 

            

MEDIUM risk scenario for the stock market (standard deviation for the monthly return=10.70%) 

D γγγγ=0.5 γγγγ=1.5 γγγγ=2 γγγγ=3 γγγγ=4 γγγγ=5 γγγγ=6 γγγγ=7 γγγγ=8 γγγγ=9 γγγγ=10 

0.10 4.0% 4.0% 4.0% 3.9% 3.9% 3.9% 3.9% 3.9% 3.8% 3.8% 3.8% 

0.20 4.3% 4.3% 4.3% 4.3% 4.2% 4.2% 4.2% 4.2% 4.1% 4.1% 4.1% 

0.30 4.6% 4.6% 4.6% 4.6% 4.5% 4.5% 4.4% 4.4% 4.4% 4.3% 4.3% 

0.40 5.0% 4.9% 4.9% 4.8% 4.8% 4.7% 4.7% 4.7% 4.6% 4.6% 4.5% 

0.50 5.3% 5.3% 5.2% 5.2% 5.1% 5.0% 5.0% 4.9% 4.9% 4.8% 4.7% 

0.60 5.8% 5.7% 5.7% 5.6% 5.5% 5.4% 5.3% 5.2% 5.2% 5.1% 5.0% 

0.70 8.3% 6.4% 6.4% 6.2% 6.1% 5.9% 5.8% 5.7% 5.6% 5.4% 5.3% 

0.80 9.4% 8.6% 8.3% 8.3% 8.3% 8.3% 6.6% 6.4% 6.2% 6.0% 5.8% 

0.90 100.0% 34.7% 26.6% 17.4% 11.8% 10.1% 9.1% 8.4% 8.3% 8.3% 6.8% 

1.00 100.0% 64.0% 48.0% 32.1% 24.1% 19.3% 16.1% 13.8% 12.1% 10.7% 9.7% 

            

HIGH risk scenario for the stock market (standard deviation for the monthly return=16.26%) 

D γγγγ=0.5 γγγγ=1.5 γγγγ=2 γγγγ=3 γγγγ=4 γγγγ=5 γγγγ=6 γγγγ=7 γγγγ=8 γγγγ=9 γγγγ=10 

0.10 2.5% 2.5% 2.5% 2.5% 2.5% 2.5% 2.4% 2.4% 2.4% 2.4% 2.4% 

0.20 2.7% 2.7% 2.7% 2.7% 2.6% 2.6% 2.6% 2.6% 2.5% 2.5% 2.5% 

0.30 2.9% 2.9% 2.9% 2.8% 2.8% 2.8% 2.7% 2.7% 2.7% 2.6% 2.6% 

0.40 3.1% 3.0% 3.0% 3.0% 2.9% 2.9% 2.9% 2.8% 2.8% 2.7% 2.7% 

0.50 3.3% 3.2% 3.2% 3.1% 3.1% 3.0% 3.0% 2.9% 2.9% 2.8% 2.8% 

0.60 3.5% 3.4% 3.4% 3.3% 3.3% 3.2% 3.2% 3.1% 3.0% 3.0% 2.9% 

0.70 3.8% 3.7% 3.7% 3.6% 3.5% 3.4% 3.4% 3.3% 3.2% 3.1% 3.0% 

0.80 4.5% 4.3% 4.2% 4.1% 3.9% 3.8% 3.7% 3.5% 3.4% 3.3% 3.2% 

0.90 26.8% 8.3% 6.2% 5.4% 4.9% 4.6% 4.3% 4.1% 3.8% 3.6% 3.5% 

1.00 70.5% 27.7% 20.8% 13.9% 10.4% 8.4% 7.0% 6.0% 5.2% 4.6% 4.2% 
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V – Analysis of the Results  

 A preliminary analysis of the results presented in tables 2.A and 2.B shows that, when 

D<1.0 (i.e., when investors are assumed to present loss aversion), changes in the risk aversion 

coefficient (γ) have little impact on the level of participation of the stock market in the optimum 

investment portfolio, except when γ<2.0. This behavior indicates that the presence of the loss 

aversion coefficient reduces the importance of the risk aversion coefficient in the utility function, 

and the composition of the optimum portfolio is mostly determined by the level of this new 

coefficient. On the other hand, when D=1.0 (i.e., the utility function is on its traditional form, 

without loss aversion), changes in γ generates a sensibly higher impact on the participation of the 

stock market in the optimum portfolio.  

  

V.1 – Behavior of Pension Funds  

Although pension funds do not represent the average investment behavior of most Brazilian 

investors since the major part of the Brazilian population does not participate in pension funds, the 

comparison of the results generated by each utility function with actual data of pension funds 

investments allow to verify the hypothesis that either of these models can provide a good 

representation of the behavior of this kind of investor, generally assumed as more rational than the 

individual investor.  

From 1995 to 2005, annual equity investments (either direct investments in stocks or 

through equity investment funds) of the Brazilian pension funds represented between 27% and 41% 

of their total investments, as shown below:  

 

Graph 1  
Investment Portfolio Composition of Brazilian Pension Funds 
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1.B. Portfolio Composition per Investment Type 
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  “Others” include real asset investments and other types of investments not classified as fixed income or equity.  
  Source: ABRAPP and SPC 

 
According to Graph 1.A, the participation of equity investments in total investments of 

Brazilian pension funds suffered a small reduction from 1998 onwards, which was clearly 

compensated by an increase in fixed income investments, as shown in Graph 1.B. In addition, the 

graphs also show that pension funds also maintained a relatively stable participation of equity 

investments, despite the small reduction from 1998 onwards, suggesting that these investors might 

have had reasonably stable expectancies regarding risk and return of equity and fixed income 

investments during this period. From the point of view of the expected utility theory, the reduction 

of equity investments participation from 1998 could be justified either by i) a reduction of the 

expectancy of the risk premium paid by the stock market and/or ii) an increase in risk aversion from 

the managers/sponsors of these funds.  

Based on traditional expected utility theory, the comparison of the results presented in Table 

2.A (which assumes a risk premium expectancy of 7.3% per year) with Graphs 1.A and 1.B 

suggests that the actual composition of pension funds investments could be justified under the 

following assumptions: i) pension funds presented high second order risk aversion (γ≥5); and/or ii) 

pension funds had average or high expectancies regarding stock market risk.  

On the other hand, based on the loss aversion utility function, it is possible to generate 

similar participation results to actual pension funds investments, even if low expectancy for stock 

market risk is assumed, by applying loss aversion coefficients (D) between 0.8 and 0.9. 

Based on the results presented in Table 2.B (which assumes a stock market risk premium 

expectancy of 13.9% per year, higher than Table 2.A), it is possible to conclude that, when it is 

assumed that investors decisions are represented by a traditional utility function, the composition of 

the pension funds investments would be justified if investors: i) presented extremely high second 

order risk aversion (γ=10); and/or ii) had either medium or high risk expectancy for the stock 

market.  
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The loss aversion utility function, on the other hand, generates similar results to actual 

pension funds investments composition, even when assuming low risk expectancy for the stock 

market, by applying loss aversion coefficients (D) between 0.6 and 0.9.  

In summary, although the analysis presented above does not allow for the rejection of the 

hypothesis that either of the utility functions (i.e., traditional utility function and loss aversion utility 

function) could be used to represent the behavior of the pension funds, it is clear that recent equity 

investments participation in pension funds would be justifiable by the traditional utility function 

only if it is assumed that these investors presented high levels of second order risk aversion or high 

risk expectancy for the stock market.  

It is also interesting to observe that the reduction of equity investments in 1998 and the 

following years occurred in the middle of several international financial market crises, indicating 

that pension funds might be reacting by reducing their exposition to assets of greater volatility. 

However, there was not subsequent improvement of equity investments after the end of these crises, 

as would be expected.   

 

V.2 – Behavior of Individual Investors 

Contrary to the behavior of institutional investors, such as pension funds, individual 

investors are supposedly more susceptible to emotional reactions, where the psychological factor 

has a greater influence. The graph below displays the participation of stocks investments of the total 

investments in investment funds, savings and certificates of deposit from 1995 to 2005:  

 

Graph 2: Estimated Equity Investment Participation of Total  

Investments of Individual Investors 
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                     Source: ANBID, IPEAData 
                     Data from 1995 to 1999 are estimated 
                     Figures do not include direct investment in stocks 

 

Despite the fact that the figures above do not include direct investments in stocks from 

individual investors, and to the fact that investments from institutional investments are not 

deducted, it is possible to identify that the participation of equity investments of the total 

investments of individual investors was sensibly lower than the pension funds, ranging from 5.1% 

to 8.3% in the years between 1995 and 2005. It is also important to note that the data above 
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consider only investments in financial assets, without taking into account other types of 

investments, such as real estate.  

Comparing Graph 2 with Tables 2.A and 2.B, it is possible to conclude that, when a 

traditional utility function is assumed as the representative model, the low levels of equity 

investments from individual investors could be only justified by a combination of medium or high 

risk expectancies for the stock market and high levels of risk aversion (γ≥5). In addition, none of the 

simulations that assumed low levels of risk expectancy for the stock market (as represented by the 

simulation that assumed standard deviation of 5.14% for the monthly stock market return) generated 

results that were compatible to the levels of stock market participation as presented in Graph 2.   

However, when a loss aversion utility function is assumed as the representative model, (i.e., 

when D<1.0), it is possible to generate results of stock market participation in the optimum 

investment portfolio similar to those presented in Graph 2 as far as it is assumed either: i) low levels 

of risk expectancy for the stock market and extremely low levels for the loss aversion coefficient 

(such as D=0.1); or ii) medium or high risk expectancies for the stock market and loss aversion 

coefficient ranging from 0.5 to 1.0.  

  

VI – Conclusion  

One of the main difficulties of the analysis developed above refers to the estimation of 

expectancies for risk and return for the risky and the risk-free assets. Although it is easier to 

estimate expectancies for the return of the CDI (the benchmark for the risk-free rate), expectancies 

for risk and return for the risky asset are more difficult to estimate, specially if taken into account 

the high volatility of the Brazilian stock market. Assumptions based on historical market risk 

premiums, as estimated through the CAPM, implicitly assumes that risk and risk premium are 

constant, which are assumptions that could hardly be taken as acceptable in the Brazilian market.  

In addition, historical data of the last 10 years for the Ibovespa and the CDI indicate 

negative annual risk premium from investments in the Brazilian stock market, which, if taken as an 

assumption for the simulations of optimum investment portfolios, would generate portfolios with 

0% invested in the risky asset, unless it is assumed that the average investor is a risk-lover.  

Although the prices of future contracts of Ibovespa and CDI negotiated in the Brazilian 

Futures and Commodity Exchange (BM&F) could be used, in principle, as references for 

expectancies of return of these assets, the analysis of prices of Ibovespa futures show that, during 

the period from 1995 to 2005, these contracts were mostly negotiated with implicit negative risk 

premium, indicating that the return implicit in these contracts could not be used as references for 

expectancies for the Brazilian stock market return.  
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Given the difficulties in estimating return and risk for these assets for each year, an arbitrary 

range of reasonable values for risk and return for the Ibovespa and the CDI were assumed based on 

recent data on these assets, and which generated reasonable risk premium.  

Due to comprehensive range of values assumed for γ and D, and the consequent high 

number of simulations derived from them, the assumptions for risk and return expectancies were 

reduced to a few values to avoid an excess of simulations that would unnecessarily pollute the data 

and the analysis of the results. 

Although the CRRA utility function is independent of the initial wealth of the investor, 

which allows to reduce the number of assumptions in the tests, the use of other types of utility 

functions (such as a CARA utility function) could generate different results than those presented 

here. To solve this matter, simulations with other types of utility functions would be necessary.  

The annual revaluation assumption is supported by the behavioral hypothesis that investors 

revaluate their investments in a certain frequency and reallocate their investments according to their 

expectancies for risk and return for the next period. Although it is not possible to define which 

frequency better represent the behavior of the representative investor, Benartzi and Thaler (1995) 

suggest that the annual revaluation frequency is a reasonable interval for portfolio analysis since it 

reflects the interval in which the main reports from pension and investment funds are disclosed, and 

also represent the interval in which investors have to file their tax reports.  

Despite the impossibility of using scientific reasoning to support the annual revaluation 

assumption, the observed behavior of individual investors and pension funds suggest that these 

investors actually revaluate their investments from time to time. The annual revaluation assumption 

could be substituted by either one of these alternative assumptions: i) that investors do not revaluate 

their investments at all, meaning that their main objective would be to increase wealth in the long 

run, until their retirement (such as the pension funds sponsors), or to provide wealth for their 

inheritors (when T=∞); or ii) that investors revaluate their investments in intervals that could be 

longer or shorter than one year.  

However, as noted by Benartzi and Thaler (1995), the increase in the length of the 

revaluation interval of the investment portfolio generates increase in the participation of the risky 

asset in the optimum investment portfolio – a result that can be explained by the fact that the 

cumulative probability of negative returns decreases as the revaluation period increases. 

Consequently, if longer revaluation intervals are applied in the maximization problems, the 

optimum portfolio generated by both functions would have larger participation of the risky asset as 

those presented in tables 2.A and 2.B. However, these results would imply that, to justify actual 

pension funds investments in the stock market, these investors would have to be even more risk 

averse than the numbers shown in tables 2.A and 2.B, the same applying for individual investors.   
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Despite the limitations of the assumptions as presented above, which indicate the need to 

improve and widen the tests in future papers, it is acceptable to conclude, based on the results of the 

tests, that a traditional utility function could hardly be accepted as an adequate representation of the 

behavior of individual investors. Considering the low participation of the stock market in their 

actual investment portfolio in recent years, these figures could not be achieved unless it is assumed 

both that these investors i) anticipate extremely high risk for the stock market for those years (note 

that the standard deviation of 16.26% was only reached in 1998, in the middle of deep international 

and domestic economic crises) and ii) present high levels of risk aversion.  

Nevertheless, contrary to individual investors, it is not possible to reject the hypothesis that 

the traditional utility function is an adequate representation of pension funds investment decisions 

since reasonable assumptions for risk aversion and risk/return expectancies can be used to generate 

similar participation levels as those presented by real figures from these investors.  

The analysis of the results presented by the loss aversion function, on the other hand, show 

that this function does not require extremely restrictive assumptions regarding risk aversion and 

risk/return expectancies to generate results that are compatible with real data from both these 

investors, indicating that this type of function can be a better representation model for investors 

behavior, specially individual investors, who are more susceptible to the psychological factor when 

making their investment decisions.  
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